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Nature of Roots

I concept of the month [

This column is aimed at preparing students for all competitive exams like JEE, BITSAT etc. Every concept has
been designed by highly qualified faculty to cater to the needs of the students by discussing the most complicated

and confising concepts in Mathematics.

By. DHANANJAYA REDDY THANAKANTI

Introduction: |

The nature of roots is a simple concept,which |
categorises the roots of a given polynomial into |
imaginary, real, unequal or equal with out |
finding actual roots of the Polynomial. |

Quadratic Equation: In quadratic equation , the |

nature of roots can be obtained from the |
discriminate of the quadratic equation. The |
discriminant tells us what kind of solutions to |
expect when solving quadratic equation. |

I
It is possible to predict whether or not the roots |
of a quadratic equation are real or unreal, or if |
there exists double roots without explicitly |
solving for the roots. |

I
The discriminant of a quadratic equation of |

the form g’ +bx+c=0 is the quantity |

b* —4ac. When a, b, c are real, this is a |
notable quantity, because if the discriminant is :
positive, the equation has two real roots; if the |
discriminant is negative, the equation has two
nonreal roots; and if the discriminant is 0, the I
equation has a real double root. |
|
|
I
I
I

Polynomials of degree n

The discriminant can tell us something about
the roots of a given polynomial

p(x)=ax"+a x"' +..+a, of degree n

(Bangalore)

with all the coefficients being real. But for
polynomials of degree 4 or higher it can be
difficult to use it.So using following theorems
we can predict the nature of roots.

Descartes Rule of Signs: Descarte’s rule of

signs is a method used to determine the number
of positive and negative roots of a polynomial.
The rule gives an upper bound on the number
of positive or negative roots, but does not
specify the exact amount.

Positive Roots: If the terms of a polynomial
with real coefficients are ordered by
descending variable exponent, then the number
of positive roots of the polynomial is equal to
the number of sign differences between
consecutive nonzero coefficients or is less than
that by an even number. Multiple roots are
counted separately.

Negative Roots: The bound for negative
roots is a corollary of the positive root bound.
The number of negative roots is the number
of sign changes after multiplying the

coefficients of odd-power terms by —1, or
fewer than that by a positive even number.

Rational Root Theorem: Given a polynomial

p(x)=ax"+a, x"' +..+ax+a, with
integral coefficients, a, # 0. The Rational Root
Theorem states that if P(x) has a rational



I
- ey orime nositive |
root q with p, g relatively prime positive |

integers, p is a divisor of a, and g is a divisor |
of a,. |
As a consequence, every rational root of a |
monic polynomial with integral coefficients |
must be integral. |
Multiple Root: A multiple root is a root with |
multiplicity » > 2, also called a multiple point |
or repeated root.If a polynomial has a multiple |
root, its derivative also shares that root.
Location of Roots Theorem: The location of
roots theorem is one of the most intutively |
obvious properties of continuous functions, as
it states that if a continuous function attains |
positive and negative values, it must have a ]
root (i.e. it must pass through 0).
Applications of the Intermediate Value |
Theorem: We can use the Intermediate Value |
Theorem (IVT) to show that certain equations |
have solutions, or that certain polynomials have |
roots. |
Corollary of Rolle‘s Theorem: Between any |
two roots of a differentiable function there is |
at least one root of its derivative.

|
|
Sy L1 I
AUR\CHRY 4 |
1. Let geR and let f:R—>R be given by :
f(x)=x°-5x+a. then I

I

(a) f(x) has three real roots if 4 >4 ]
(b) f(x) has only real root if 4 >4 }
(c) f(x) has three real roots if a <-4 |

|

|

|

|

(d) f(x) has three roots if 4<a<4
2. Corresponding to the equation
X \2 X ¥ _ _
[x_”) +(x_J =a(a-1) mark the wrong |
option
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(a) four real roots, if a>2
(b) two real roots if 1<a<2
(c) no real roots if a<-1

(d) four real roots if a<-1

. The total number of values of g so that

x> — x—a=0 has integral roots, where g e N
and 6 <4 <100, is equal to
(@2 (b4 ()6 (d)8

. Prove that 355 55 +4=0

i) three real roots when 2<a<2

ii) one real root and 4 complex roots when
a > 2ora < -2 Canyou tell the sign of the real
root?

. Prove that when 4,b>0,n>2 and &" > "',

the equation x” —nax+n(n—1)b=0
has

i) exactly two real roots if n is even.
ii) exactly three real roots if n is odd

. Prove that the equation x° _g4°x+5=0 has

i) exactly two real roots when g >1.
ii) Two real and equal roots when g =1.
iii) no real roots when a<1.

. Prove that when a > 1, the equation

% —5a*x+4 = (increases from —wfo +w.

. Consider a Cubic equation,

x’ — px+2=0,p e R. Analyse the nature of

roots of the equation for different real values
of p. Then the given cubic has

(i)p<3 (a) three distinct real roots
(i)p>3 (b) unique negative real root
(iii)) 0<p<3 (c) unique positive real root
(ivyp<0 (d) a root of multiplicity 2
) p=1

. Match the following for the equation

x* +a|x|+1=0. where a is a parameter.

Column I Column II
(a)No real roots (Pla<-2
(b) Two real roots (¢

(c) Three real roots MDa=-2

(d)Four distinct real roots (s)a >0
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HINTS & SOLUTIONS

1.Sol:(b,d) f(x)=x°-5x+a
f(x)=0:>xs—5x+a=0
>a=5x-x" =g(x)
= g(x)=0 when x=0,5" 5" and
g'(x)=0=>x=l,71
Also g(-1)=-4and g(1)=4

. graph of g(x) will be as shown below.

From graph
4

_5114 -1 ; :/\\ 51/
-4

if a e(-4,4)

then g(x)=a is

f(x)=0 has 3 real roots

If a>40ra<—4

then f(x)=0 has only one real root.

. (b) and (d) are the correct options.
2.Sol: (c)

(s )

when g < -1= All roots are real

22 ) 2x
(z__l)_xzx_l =a(a-1)

X

when 1< g <2 = only two real roots
2

z*-z-a(a-1)=0, where z= 21

when g >2 = all roots are real

z=aorz=1-a

2x? 2 "

|:—

=aor

s | |

a
’ a a-1
x=%+|—— or x=%,|—
a-2 a+l1

3.Sol:(d) x* - x-a=0,D=1+4a=o0dd
D must be perfect square of some odd integer.

Let D=(24+1)°
=1+4a=1+42" +44
=a=A(A+1).

Now, a €[6,100]

= a=6,12,20,30,42,56,72,90
Thus g can attain eight different values.

4.S0l: The equation is p(x)=0 (1
where p(x)=3x’-5x"+a
p'(x)=15(x* - x*)
=15x" (x+1)(x-1)
p'(x)=0
=x=0,0,-1,1
p(0)=a
p(-1)=a+2
p(l)=a-2

= J .:1 |0 W

i) 2<a<2
x -0 -1 0 1 o0
signof p(x) —o +ve can'tsay —ve +ve
Thus p(x) canges sign in each of the intervals
(—e0,-1),(-11) and (1,=), so tha Eq (1) has

at least one (or an odd number of) root in
each of these intervals, hence at least 3 real

roots. Since there are 3 turning points of p(x),



sign of p(x)

5.Sol: The given equation is

therefore Eq (1) cannot have more than 4 real |
roots.
I

If any of the intervals has more than one real |
root, it will have at least 3 real roots. So that |
the total number of real roots will be least 5, |
which is not possible. I
Hence there are exactly 3 real roots one in |
each of the subintervals.

ii) Two cases arise:

|
I
I
I
I
/ -1 I

I
Case 1: a >2 I
X -0 -1 0 +1 o }
signofp(x) -ve +ve +ve +ve+ve |
There is a change of sign in the interval |
(-e0,~1) only so that Eq (1) has at least one }

root in this interval. Since there is no turning I
point in this interval, there is exactly one root |

in (—c0,—1). The root is negative.
The other 4 roots are complex.
Case 2: g<-2

-1 0
-ve

X —00

—-ve -ve -ve +ve
There is a change of sign in the interval (1,0)

only, so that (1) has at least one root in this

|
|
|
I
+1 w I
I
I
I
interval. Since there is no turning point in this }

interval, there is exactly one root in (1,%0). The |

root is positive. The other 4 roots must be |
complex.

I
I
I
I
I
I
I
I
I

p(x)=0
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Where p(x)=x"-nax+(n-1)b

p(x)=mx""-na

= n(x"" —a)
p'(x)=0
= n(JI:"’1 —a)= 0

S
== a"‘cis(%—’rj,k =0,1,...,n-2
n_

where cos@ =cos@+isin@

i) n iseven,

In this case, n—-1 is odd, so that Eq (2) has
only one real root, namely
Now p(a)=a" —naa+(n-1)b

=a"' —na"' +(n-1)b

= —(n—l)[a:' —b]

<0(,n22,a">b"")

Thus p(a)<0,p'(a)=0

X —o0 a o]
signof p(x) +ve

+ve —ve

since p(x) changes sign in each of the intervals

(—0,@)and (a,x), so that there is at least
one real root root in each of these in - tervals.
Since there is only one turning point Eq (1)
cannot have more than 2 real roots. Thus there

are exactly two real roots.
ii) n is odd

L
- o

. n-1 is even, Eq (1) has 2 real roots.,

1
x=tq*!

= ta(say)
~.p(a)=a" —naa+(n-1)b
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6.Sol: The equation is

l) a>1. Then p(a)<0

=-(n-1)[an'1 —b]<0

similarly P(-a)=(n —1)[a"”1 +b]> 0
Thus p(a) <0, p(—a) >0
p'(a)=p'(-a)=0

signof p(x)

L+ o]

—ve +ve —ve +ve

Since p(x) changes sign in each of the
intervals (-w,-@),(-a,a)and (a,), Eq(1)
has atleast one root in each of these intervals.

Also p(x) has only 2 turning points so that it
cannot have more than 3 real roots.

p(x):O

p(x)=x°-6a’x+5

p'(x)=6x"—6a’

p'(x): 6(1’ - as)
p'(x)=0

=x-a’=0

M

=>x= acis%,k=0,l,2,3,4.

where cis §=cos@+isiné. Thus, p'(x)=0

has only one real root, namely x=a has at
the most two real roots.

p(a) =-5a’+5
=5(1-a°)

signof p(x)

p(x) changes sign in (—,a) and (a,%) so

that p(x) has at least one root in each of these
intervals.
Hence it has atleast two real roots. Since there
is only one turning point, it cannot have more
than two real roots.

*. equation (1)has exactly 2 real roots.

a=1.

p'(x)=5x*-5a" = S(x" —a‘)

= S(Jc2 + az)(x+a)(x—a)

Real roots of p'(x)=0 are +q Thus a,—a
are the turing point of p(x).

p(—a) = 4(as + l) >0

pla)= —4(as —l)<0 as a>1.
x —0

signof p(x)

—a a (e 0]

—ve +ve —ve +v

Thus p(x) has change of sign in each of the
intervals 1, =(—,~a),l, =(-a,a),1; =(a,»)
so that it has a root in each of these intervals.
Thus p(x) has at least 3 real roots. Between
any two real roots of p(x)=0 there is a real
root of p'(x)=0 and p'(x)=0 has exactly
two real roots .. p(x) =0 can not have more

than 3 real roots. polynomial of degree > 1.

O 1
Then p'(1)=0, p(1)=0
Also 1 is a simple (not repeated) root of
p'(x)=0.
.1 is a double root of Eq (1)

Thus Eq (1) has two real equal roots, namely
x=1



8. Sol:

iii) a<1.
Oof al
In this case p(a)>0.
% —® a ®
signof p(x) +ve  +ve  +ve

since there is no change of signs, (1) has no
real root.

7.80l: p'(x)=5x*-5a"*
=5(x4 —a‘)

=5(x2 +a2)(x+ a)(x—a)

Real roots ofp'(x)=0 are +q Thus a,—a
ar the turing point of p(x).

p(-a)= 4((:1s +1) >0
p(a)=—4(a"-1)<0asa>1.

x —0

signof p(x) —ve

—a a o0

+ve -ve +ve

Thus p (x) has change of siign in each of the
intervals

I, =(—»,-a),I,=(-a,a),1,=(a,®)
so that it has a root in each of these intervals.

Thus p(x) has at least 3 real roots.
Between any two real roots of p(x)=0

there is a real root of p'(x)=0 and

p'(x)=0 has exactly two real roots

p(x) =0 can not have more than 3 real
roots.

i—> b
(ii)—> a
(iii)—> b
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(iv v—> b
- d

The given equaiton is x* - px+2 =0, which
2
can be rewritten as }’=P=Iz+;,p€R
y=p,y€R is aset of lines parallel to x-axis
2, 2
The graph of y=x A
Observations:

As x — +w,y — x*. As x becomes larger, the
sketech behaves like that of a parabola i.e,

thefirst factor x2 dominates the second factor

X

ii) As x > 0+,y > andas x>0,y > - for

At (1,3)'y" has a turning point as % vanishes

2
at (1,3). The graph of y=x" +» is as shown
above.

9.80l: a > s;b—>r;c > q;d > pwhen a >0, we

have no roots as all the terms are followed by
+ve sign. Also for a = -2, we have

x*-2|x|+1=0 or |x[-1=0=>x=+la<-2,

for given equation
—_— 2 —
x| = %” >0

|-a| > J/a® - 4. Obviously, the equation has no

three real roots for any value of a.
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Distance: Distance between the points P(x,, y,)
and O(x,, y,) is
PO= J(xz -x) +(»,-»)

Section Formula: The coordinates of a point I
dividing the line segment joining the points |

(%) and (x,,y,) internally,in the ratio m: |
I

m.x2+wc, myz+ny,
n are » .
m+n m+n

Mid Point: In particular, if m = n, the coordinates
of the mid-point of the line segment joining the

points (x,,y,) and (x,,y,) are

(x; +%, y1+y,]_
g * 3

Area: Area of the triangle whose vertices are
(x,,yl),(x,,yz) and (x,,y,) is

|
|
|
|
|
I
|
|
I
I
I
’ |
EIXJ(yz_y:)'I'xz(yJ_y1)+x:(y1_yz) :
|
Slope of a Line: |
Definition. If g is the inclination of a line /, then |
tan @ is called the slope or gradient of the line :
I
The slope of a line whose inclination is 9(° is |
not defined. |

The slope of a line is denoted by m.Thus,
m = tan 6,60 = 90°.

(1) Two points are given: Let P(x,,y,) and
Q(x,,y,) be two points on non-vertical line /

whose inclination is g, Obviously, x, # x,,

m= Yo~ N
X, =%

Parallelism and Perpendicularity : In a
coordinate plane, suppose that non-vertical
lines / and [/, have slopes m, and m,,
respectively.

(1) Hence, two non vertical lines /, and /, are
parallel if and only if their slopes are equal.
(2) Two non-vertical lines are perpendicular
to each other if and only if their slopes are
negative reciprocals of each other,
ie., mm, =1

Angle between Two Lines: Thus, the acute
angle (say @) between lines L, and L, with
slopes m, and m,, respectively, is given by

m,—m
1+mm,

tan@ =

> as 1+mm, #0

The obtuse angle (say ¥ ) can be found by
using y =180° - 6.



Collinearity of three points: If 4, Band Care |
three points in the X¥- plane, then they will lie |
on a line, i.e., three points are collinear if and |
only if slope of AB = slope of BC. |

Various Forms of the Equation of a Line: |

Horizontal and vertical lines : If a horizontal |
line L is at a distance a from the x-axis then |
ordinate of every point lying on the line is either I
a or —a. Therefore, equation of the line L is I
either y=a or y=-a. Choice of sign will
defined upon the position of the line according I
as the line is above below the y-axis. Similarly, |
the equation of a vertical line at a distance b |
from the y-axis is either x=p or x=—b, :

Point-slope form: The point (x, y) lies on the
line with slopem through the fixed point (x,, |
¥,), if and only if, its coordinates satisfy the |
equation |

y-y,=m(x-x,) I

Two-Point form: The equation of the line passing :

through the points (x;,y,) and (x,,y,) isgiven |

by

I

Y, ) |
y-y="—"x-x) |

X=X |

Slope-Intercept form: |
(1) The point (x, y) on the line with slope m |
and y “intercept c lies on the line if and only |

if y=mx+c |

(2) Suppose L with slope m makes x - intercept |
d. Then equation L is I

y=m (x -d ) l

Intercept - form: Thus, equation of the line |
making intercepts @ and b on x- and y- axis, |
respectively, is |

I

I

|

E o+ 2 = 1
a b
Normal form: The equation of the line having
normal distance p from the origin and angle |
@ which the normal makes with the positive |
direction of x-axis is given by |
Xcos@+ ysinw=p |
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r.

General Equation of a Line: Any equation of
the form Axt+ By+C = 0, where 4 and B are
not zero simultaneously is called general linear
equation or general equation of a line.

Different forms of Ax+ By+C=0: The general
equation of a line can be reduced into various
forms of the equation of a line, by the following
procedures:

Slope-Intercept form: If B0, then Ax+

A C
By+C = 0 can be written as y=—EI—§

A
where m__E and C——E-

| Intercept form: If C #0, then Ax+ By+C=0

can be written as

o= L
K-
A B

C C
where a=—; and bz—E-

Normal form: The normal form of the equation
Ax+By+C=01is xcos@+ ysinw= p where

4 . B
O=t—r—— sma=t—-—,
JA+B Je " =

C
P=iﬁ Proper choice of signs is

made so that p should be positive.
Distance of a Point From a Line: The
perpendicular distance (d) of a line AX+BY

+C=0 from a point ) x,,y, ) is given by
J= Ax + By, +C
JA + B
Distance between Two Parallel Lines: The

distance d between two parallel lines y = mx+
c, and y = mx+ c, is given by

— |c, _Cz|

Fm SO B
Ji+m®
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If lines are given in general form,i.e.,
Ax+By+C, =0 and Ax+By+C, =0, then above

. A line passing through origin and is

perpendicular to two given lines 2x+ y+6=0

/4 3z 5t V4 ()12 ()12 ()12 ()6
M 6 ) 4 ®) 2 @) 3 11.If > 0,b >0 the maximum area of the
5. Joint equation of pair of line through (3,-2) triangle formed by the points 0(0,0),
and parallel to x* —4xy+3y* =0 is A(acos,bsinf) and B(acosd,—bsin8) is
(1) x*+3y* —4xy-14x+24y+45=0 (in sq unit)
(2) X +3y" +4xy—14x+24y+45=0
() % +3y* +4xy —14x+ 24y —45=0

(4) x*+3y" +4xy—14x-24y—-45=0

(1) - when &="

3ab y 4
= F:
2) 2 when 4

|
|
femnia A Todkesthe fn : and 4x+2y-9=0. The ratio in which the
4-16-C | origindivides this line, is
TP 1B M1:2 ()2:1 @)4:2 (@)4:3
|
NPT |
IQJ"\:’J;{ : = | 7. If the line Z+2 =1 moves such that
g | = P
1 1 1
: F+§=F, then the locus of the foot of
1. The point on the lines 3x+4y =35 which i
PISEUE BRI DO AR oo Wik | the perpendicular from the origin to the line is
equidistant from (1, 2) and (3,4) is | (1) Straight line (2) Circle
3) Parabol 4) Elli
1) (7,-4) @ (15,-10) : WA 0 Sl
| 8- If A(-1,2),B(5,1),C(6,5) are the vertices
) (1/7’8/7) ) (0’5/4) | of a parallelogram 4BCD. The equation to
2. If 2a+b+3c=0, then the line ax+by+c |  thediagona through Bis
=0 passes through the fixed point thatis | (1) x+y+6=0 (2) x+y—-6=0
2 | (B)x—-y—-4=0 4 x-2y-1=0
m (3! @ (0.1) |
3 | 9. The points (-1,0) and (-2,1) are the two
2 3 : extremities of a diagonal of a parallelogram.
(€) 3’ (4) None of these | I (—6,5) is the third vertex, then the fourth
3. If (x,y) is equidistant from (@ + b,b —a) and : wesieak el iy
1) (2,-6 2) (2,-5
(a—b,a+b), then | M ) B)(2-5)
Warsby=0  @a-py=0 | DO o B,
. o s £ - | 10. The area (in square unit) of the triangle formed
() gy _() * W= : by x+y+1=0 and the pair of straight lines
4. The angle between lines J§x+ y=1 and | X 3xp+2y'=0is
x+3y=1is |
|
|
|
|
|
|
|
|
|
|
|
|



b
3) “7 when 9=-Z

2
(4) a*b*

12. The circumcentre of a triangle formed by the
lines xy+2x+2y+4=0and x+y+2=0,
is
(1) (0,-1) () (-1,0)
®3) (L1) @ (-1,-1)

13. The two vertices of triangle are (2,-1),(3,2)

and the third vertex lies on x+ y =5. The
area of the triangle is 4 units, then the third
vertex is
(1) (©,5)or(1,4)  (2)(50)0r(4,1)
(3)(5,00r(1,4) (4)(0,5)or (4, 1)

14. The product of the perpendicular from (-1,2)
to the pair of lines
2x" —5xy+2y" +3x-3y+1=0

(1) L (2 L 3) s C)) >
12 5 5 6

15. If slopes of lines represented by
kx* +5xy + y* =0 differ by 1, then k =
12 2)3 (3)6 4)8

16. If the equation 12x* + 7xy — py* —18x+gqy
+6 = () represents a pair of perpendicular
straight lines, then
(1) p=12,¢g=-1 () p=-12,9=1
(3) p=12,9=1 4) p=lg=1

17. The equation 12x* + 7xy +ay” +13x— y+3
+3 = ( represents a pair of perpendicular lines.
Then the value of ‘a’ is

7
M7 @-19 G-12 @12
18. If the angle bewteen two lines represented
by 2x* +5xy+3y’ +7y+4=0is tan' m,

then m is equal to

|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
M1/s @1 U5 @7 :
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19. If the equation 4x” + hxy + y* =0 represent
coincident lines, then % is equal to
()1 23 (3)2 (4)4

20. Find the equation of the bisector of the obtuse
angle between the lines 3x -4y +7=0 and
-12x-5y+2=0.
(1) 21x+77y-101=0
(2) 99x-27y+81=0
(3) 2Ix-77y+101=0

(4) None of these
21. If the slope of one of the lines given by

ax’ +2hxy + by’ = 0 is two times the other,
then

(1) 8#* =9ab (2) 8h* =9ab’

(3) 8 =9ab (4) 8h=9ab’

22. The equation of perpendicular bisectors of
sides AB and AC of a AABC are x—y+5
=0 and x+2y=0 respectively. If the
coordinates of vertex A4 are (1,-2), the
equation of BC'is

(1) 14x+23y-40=0
(2) 14x-23y+40=0
(3) 23x+14y—-40=0
(4) 23x-14y+40=0

23. The angle between the lines

xX—-xy—-6y"-Tx+31y—-18=01is

n; @r 07 @3
4 6 2 3
24. One possible condition for the three points
(a,b)(b,a) and (a*,~b*) to be collinear, is
(1) a-b=2 (2) a+b=2

() a=1+b @ a=1-b
25. The angle between the lines represented by

the equation 2x” +3xy -5y’ =0, is

T T
(1) 3 (2) 5
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12 7 the ratio 7:5 is
® m"[;) () tan’ [—5) (1) (16, 18) (2)(18,16)
. . . 19 8 8 19
26. If @ is the angle between the pair of straight (3) [?,gj (4) [5’?]

lines x* —5xy+4y* +3x-4=0, then tan’* @

: 33. The distance of the point (1, 1) from the line
is equal to

2x—-3y—4=0 in the direction of the line
(1) 2 (2)E (3)i (4)2 x+y=11is
16 25 25 25 ’
27. The number of rational values of m for which
the y-coordinate of the point of intersection
of the lines 3x+2y=10 and x=my+2 is
an integer is
(12 24 (3)6 438

28. Area of the traingle with vertices (-2,2),
(1,5) and (6,-1) is
M15 @35 (3)292 (4332

1

W Oz O F @y
34. The area of the triangle formed by the points

(a,b+c),(b,c+a),(c,a+b) is

(1) abe @ a+b* +¢

(3) ab+bc+ca 4)0
35. If y-intercept of the line 4x —ay =8 is thrice

its x-intercept, then the value of a is equal to
29. If the pair of lines x* —2nxy—y* =0 and 3 4 3 4
m; @3 O @

represents the bisectors of the angles between | 345 A ray of light along x+ ~./§y= J3 gets

IS Y reflected upon reaching x-axis, the equation
(1) l+l=0 @ l_l=0 of the reflected ray is

"o il (1) By=x-3 () y=V3x—3
(3) nm-1=0 4) nm+1=0

() VBy=x-1 (4) y=x+3
37. The equation of the straight line which passes
through the intersection of the lines

x—y-1=0 and 2x-3y+1=0 and is
parallel to x-axis, is

30. If the points (1, 0), (0, 1) and (x, 8) are collinear,
then the value of x is equal to
(OR] @-6 )6 @) -7
31. The equations of the straight lines passing

I
|
|
|
|
|
I
|
|
|
|
|
|
|
|
|
|
|
I
:
x' —2mxy — y* =0 are such that one of them |
I
I
I
|
|
|
I
I
|
|
through the point (4, 3) and making intercepts I
|

I

I

|

|

I

I

|

|

|

on the coordinate axes whose sum is -1, is 1) y=3 2 y=-3
(1) x )y d %+%=1 (3) x+y=3 (4) None of these
Bk 38. The equation of the line passing through (a,b)
x y x y
——==-1 —+==-1
@3 3= md 5+ and parallel to the line ~+5° =1 is
x. ¥ ¥
——l +==1
3 and 29 (1)3 % 3 @ f+1 2
“4) None of these
32. The coordinate of the point dividing internally | 3) *.Y_ o @ 2.9 .00
a b a b

the line joining the points (4,-2) and (8, 6)in |



39. If the sum of slopes of the lines given by

x* —4pxy+8y* =0 is three times their
product then p has the value

1 3
m, @+ 3 @

40. The area of the triangular region whose sides

are y=2x+Ly=3x+1and x=4 is
(15 (2)6 ()7 48

41.The pair of lines /3. ’—4xy+~/§y’=0 are

V4
rotated about the origin by - in the

anticlockwise sense. The equation of the pair

in the new position is

() ¥ -By=0 () »-By"=0
(3) V3x' —xy=0 (4) None of these

42, Orthocentre of the triangle formed by the lines

x+y=1and xy=0 is
(1)(0,0)
(3)(1,0)

2 (©,1)
) -LD

43.1f x’+y* +2gx+2fy+1=0 represents a
pair of straight lines, then f* + g* is equal to

mo @1 ()2 4)4

44. The reflection of the point (-3,2) with respect

totheline y+5=0 is

) (-5.-2) ) (-1,-2)
3 (-3,-12) @) (-3,-2)

g S 4 :

45. The slopes of the straight lin E_Z=3 is

N O
Wiz @5 @F &
ANSWER KEY
52 2.4 3.4 4.1 51
6.4 . 8.2 9.3 10.3
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-

1.1 124 13.3 142 183
16.3 17.3 18.1 19.4 20.1
21.1 22.1 23.1 24.3 25.4
26.3 27.3 28.4 29.4 30.4
3.1 32.3 33.1 34.4 35.4
36.1 37.1 38.2 39.4 40.4
41.3 42.1 43.2 44.3 45.3

HINTS & SOLUTIONS

1.Sol: Let the point (x,,y,) be on the line

ie., 3x, +4y, =5 (1
Also, which is equilateral from (1, 2) and (3,

4)

ie.,

simplying, we egt

(xl _1)2 +(y1 _2)1
=(xl _3)2

+(yl _4)2

4x, +4y, =20
on solving Egs. (1) and (2), we get

x, =15,y

=-10

2.Sol: Given, 2g+b+3c=0

ie.,

3

oo —(20+b)

putcin ax+by+c=0

2 b
ie., ax+by——a—-—=0
ie., by 375

2 1
i -=1+bly——=1|=0
ie., a[x 3) (J’ 3)

comparing coefficients of line terms

2 1
ie, x——=0 and y—§=0

3

2

= 3

x:—,y:

1

3

3.Sol: According to question,

{x-(a+p)f +{y-(b-a)}
={x~(a-b)} +{r—(a+)f

@)

)
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=5 x* +(a+b) —2x(a+b)+y’
+(b-a) -2y(b-a)
=x'+(a-b) -2x(a-b)+y
+(a+b) —2y(a+b)

— bx—ay=0

4.50l: Given equation of lines are

\/ix+y=1 (1
and x++3y=1 )]
Let m, and m, be slopes of (1) and (2) then

1

3

Let ¢ be angle between them

m, :—\/E,mz =-

5.S0l: Given equation x* —4xy +3y* =0

4
s m’|+mz=§ and mxmz=§

On solving these equations, we get

Let the lines parallel to given line are
y=mx+c and y=myx+c,

1
A y=§x+c1 and y=x+c,

Also, these lines passes through the point
(3-2)

—2=§x3+c,

= ¢, =-3
and -2=1x3+c¢,
= c,=-5

. Required equation of pair of lines is
(3y-x+9)(y-x+5)=0
= x"+3y" —4xy-14x+24y+45=0

6.S0l: Equation of line perpendicular to

2x+ y+ 6 =0 and passes through origin is
x-2y=0
Now, the point of intersection of 2x+ y+6=0

. [_E _6
and x—-2y=0is 5 s
Similarly, the point of intersectionof x -2y =0

daxs2y-9-01is (3o
and 4x+2y-9=0 is 5’10
Let the origin divide the line x —2y =0 inthe
ratio 4:1
That is using section rule, we get
9, 12
.-
A+l
_12

5
i
9

=

w|©e
N

ik

N
w |

=

. oo i, B
7.Sol: Equation of line is ;-i-— =1 (1)

b
Let the foot of the perpendicular drawn from

the origin to the line be P(x,,,)

4‘"
A

\ B (0, b)

P (x,, )

b

+ Ala, 0)

U‘T’\ i




8.50l: Diagonals of parallelogram bisects each

Any perpendicular line through origin to the |
given line is drawn, such that product of their |
slope is —1. [

ie., %X_%=—1=>by, =ax, (2
Since, P lies on the line 4B, so

o .

a b
=5 bx +ay, =ab 3)
From (2) and (3), we get

ab’ a’b

2 2 l
ATE=TT (..L+l_ij

Thus, the locus of P(x,,y,) is x*+y"' =c

which is a circle.

other. That is diagonal BD passes through mid
point of AC.

5 7
so midpoint of BD is [E ; 5)

.. Equation of diagonal passing through (5, 1)

57).
and IL
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>

£
y-1= 52 (x-5)
=-5
2
= y—1=—1(x—5)
= y+x—6=0

9.Sol: Since the given points are extremities of a

diagonal, that is vertices of a parallelogram.
A(-2,1),B(-6,5). C(-1,0) and D(x,y).

C(-1,0)
D(x,y) (

B (-6. 5
A(-2. 1) el

We know that, diagonals of parallelogram
bisect each other. We have

-2-11+0) (x-6 y+5
g "2 2 * 3

-3 x-6 1 y+5
= 3T myTy
— x=-3+6 and y=1-5
== x=3 and y=-4

Thus, coordinates of fourth vertex of
parallelogram are (3,—4).

10.Sol: Given pair of straight lines is rewritten

asx’ —2xy—xy+2y"' =0
(x—2y)(x—y)=0

ie., xX=2y,x=y (1)

Also, x+y+1=0 2)

On solving eqs (1) and (2), we get

A(—%,—%J,B(—%,—%}C(0,0)

2 1y

3 3
agme=1l = L 4

. Area of 2| 2 2
0 0 1
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_l[l_l]_l[l-_i
213 6] 206] 12

1 0 0 1
11.Sol: Area of A=E acos@ bsing 1
acosf) —bsinf 1
1 .
= A =5|[l(—absm fcosb
—absinfcos0)|
_ absin260
2
Since, maximum value of sin2¢ 1, when
9==
4
g =
2

12.Sol: Given lines are
xy+2x+2y+4=0
and x+y+2=0
rewriting the eq (1), we get
(x+2)(y+2)=0

1., x=-2 and y=-2

Now the coordinates of vertices are
(-2,0),(0,-2),(~2,-2) which is forming a

right angled triangle (-2,-2)

. circumcenter of the triangle is mid point of

the hypotenuse (-1,-1).

13.Sol: Slnce, the third vertex (x,,y,) lie on the

line x+ y =5.
18 x+y =5
= yl=5_xl

. Coordinate of Cis (x,,5-x,).
Given, area of AABC = 4 units

(M
@)

2 -1 1
) %3 2 1=4
' x 5—=x 1
using R, > R, ~R and R, >R, - R,
2 -1 1
1 3 0|=8
xr—42 6-x 0
6—x —3(x,—2)=18
6—x -3x +6=18
12-8=4x, or 4x =20

x=lorx=5

U4l

y.=5-1=4o0r y=0
C(x,7,)=C(1,4) or C(5,0)

14.Sol: 2x* —5xy+2y* +3x-3y+1=0

= (x—2y+1)(2x—y+1)=0

-, Two equations are x—-2y+1=0 and
2x-y+1=0.

Length of perpendicular from (-1,2) are
-1-4+1

sl (B v

-2-2+1

P1=T

4
=‘£ and

3

V5

12

. Product =p,-p, = 5

15.Sol: Given pair of lines be

kx* +5xy+y' =0 (1)
On comparing eq (1) with
ax’ +2hxy + by’ =0, we get
a=k,b=1and 2h=5

Let m, and m, be two slopes of pair of lines.
—2h

ie., m+m,= 5 -5



and m,mz=%=k
Now, (m,—m,) =(m +m,) —4mm,
=5 (1) =(-5)" -4k
[given, m, —m,=10r m,—m =1]
= 1=25-4k
= 4k=24=k=6

16.S0l: The second degree equation will |

represent a pair of perpendicular straight lines,

if
a h g
h b f|=0
g f ¢

Given pair of line is

and g +5=0

12x* +7xy— py* —18x+qy+6=0
12 7/2 -9

7/2 -p q/2(=0
-9 ¢g/2 6

N

and 12-p=0=p=1

12 7/2 -9
7/2 -p ql/2(=0
-9 g/2 6

g’ 7 9q
12| <722 |-—| 21+2
> ( 4J 2( 2]

—6%‘]+972=0=>q=1

17.Sol: Comparing the given equation with

standrad equation, we get g =12 and b=agq,

for perpendicular lines

18.Sol: Here, a=2,b=3,h=

Mathematics Times | January Il

>

coefficient of x* + coefficients of y* =0

12+a=0
= a=-12

(SRR

2\/h* —ab

a+b

tan@ =

19.Sol: The given equation is

4x’ +hxy+y*' =0 (1)
This equation represent coincident lines, if
o h* =ab

-

K =16
h=4

20.Sol: Given equations of lines are

3x-4y+7=0

and -12x-5y+2=0

we have aa, +bb, =3x(-12)+(—4)(-5)
=-36+20=-16

= aa,+bb, <0

. Obtuse angle bisector is

3x—4y+7 _ -12x-5y+2

VEHE) (12 +(5)

= 13(3x-4y+7)=-5(-12x-5y+2)

— 2lx+77y-101=0

21.Sol: We have, ax’ +2hxy+by’ =0

Let slope of one line is m
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. Slope of another line is 2m.

2h
we know that, m, +m, =——

b
d mm =2
an 12 b
m+2m=—E
b
—2h
Im=——
= b
and m(2m)=3
b
a
am =2
= -
On eliminating m, we get
2(__2”) .
3b b
= 8h* =9ab
22.Sol: Let B(x,,y,) and C(x,,y,) be two
x+1 y-2
vertices and P( ’2 ,ylz )lieson

perpendicular bisector x —y+5=0

%+l »n-2_ 4
2 2
- x -y =-13 ey

A(l, -2)

I)

N
¥ c
(\[.i,\'\ ™ (x5 ¥2)

Also, PN is perpendicular to AB

=4 x+y=-1 2)
On solving eqs (1) and (2), we get
x==7,9.=6

. The coordinates of B are (~7,6). Similarly,

11 2
the coordinates of C are (?,3)

Hence, the equation of BC is

2 6
y-6= 51 (x+7)

~14
= y—6=§(x+7)

= 14x+23y -40=0

23.Sol: Given equation is

x—xy—6y" —Tx+31y—-18=0

Here, a=1,b=-6,h =_?1

2J(—;} ~1x(-6)

‘ 1+(-6) ‘

f=tan"
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a b 1
b-a a-b 0/=0

=

a-a -b'-b 0 tan 6 = 5

[applying R, >R, —R,R, >R, - R|]
a b 1 B

(a-b)| -1 1 0=0 2=y

= P - =4_=3x\ﬁ=zxz=z
5 5 V4 5 2 5

= (a—b)(b’+b—a’+a)=0
= (a-b){(a+b)—(a*-b)}=0 - mza=%

= (a-b)(a+b)(1-a+b)=0

= a=boOr g+b=00r g=1+5
25.50l: Given equation is

27.Sol: From the given equation,
3(my+2)+2y=10

2x" +3xy-5y"=0 = y(3m+2)=4
On comparing with 4
ax’ + 2hxy + by’ =0, we get = Y 3m+2
2 h=3p-_s since, yez=>3m+2
et > 41,4244
tﬂnﬂ_“—ab = m:_l’_l,_i,o,g’_z
3 28.So0l: Area of triangle having vertices
; [E] b (-"u)ﬁ):(xp}’;) and (x,,y,)isgivenby
-2 Jeow
9 Area” 5| 1
2 £+10 x oy 1
o3 2 2 1
- 1 51
_‘/E . Required area™ 7
B 11
=5 9=tan-(_ZJ =1[—2(S+1)—2(1—6)+1(_1_3o)]
& 2

26.50l: Given equation of straight line is
X' —-5xy+4y’+3x—-4=0

1
=—|-12+10-31
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33.Sol: The equation of a line through P(L1)

and parallel to x+ y =1, is

30.Sol: Let 4(1,0),B(0,1) and C(x,8)

Since, A4, B and C are collinear, then slope of

3 l 32.Sol: Here, x, =4,y, =-2,x, =8,y, =6 and
2 | m:n=7:5
N 3 ' | . x=mxz+"x1=7x8+5’(4
-, Area =" sq units | = m+n 12
29.Sol: Equation ofbisectorsof’theanglebetweenl 56+20 76 19
x'=2nxy-y* =0 | T2 12 3
|
= x’+zxy—y’=0 | and y=T21
n | m+n
This equation is identical to | Tx6+5 ( 2)
X X1 —
¥ —2mzy -y =0 | T 745
|
22/n=1 | _42-10_32 8
—2m I 12 12 3
1
| 33
=5 nm+1=0 |
|
|
I

AB =Slope of BC | x-1 _ y-1
= 0-1 x-0 I 4 4
= —1=; | Then, the coordinates of M given by
> - : x_31=y_31='- LA, PO
31.Sol: Let the equation of the line be | oty sty k 7 "'ﬁ
4 4
Xy
;+g=l (1 I -» Mlieson 2x-3y—-4=0
which passes through (4, 3). |
= e | 2[1—LJ—3[1+L]—4=0
4.3 N B
—+Z=1 @ |
. ¢ | 2r 3r
Its is given that g+ p=—1 3) | =y 2—3—3—ﬁ—4=0
On solving egs. (1) and (2), we get
a=-2b=1ora=2b=-3 _5_5_1'___
On substituting the values of @ and b in eq ~ V2

Y=l and Z+2L =1

271 g -3

|

|

"

|

(1), we get | . re 2
LY 34 : Hence, ppf =2



a b+c 1
34.Sol: Area of triangle = % b c+a 1
c a+b 1

a a+b+c 1
=—|b a+b+c 1
¢ a+b+c 1

[Applying ¢, > ¢, +¢,]

al 1
b1 1=0
cl1

_a+b+c

35.S0l: Given, equation of line is 4x —ay =8 (1)
We can write eq. (1) in intercept form as,

d Y

s B, |

e

Hence, x-intercept=2

8
and y-intercept= — r

According to question,

- Bes. B

1
36.S0l: As the slope of incident ray is "B

1
the slope of reflected ray has to be ﬁ
The point of incidence is (\6,0)- Hence the

1
equation of reflected ray is ¥ = E(x -3 )

By-x=—3.
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x~\/§y-~/§=0

37.Sol: The equation of any line through the point

of intersection of the lines x—y—1=0 and
2x-3y+1=01is
(x—y—l)+i|‘.(2x—3y+1)=0

= (22+)x-y(34A+1)+(A-1)=0 (1)
The line in eq. (1) will be parallel to x-axis, if it
is of the form ¥ = constant, therefore
coefficient of xineq. (1) =0

ie., 2/1+1=0=>A=—%

1
On putting 1=—5 in eq. (1), we get y=3

This is the equation of the required line.

38.Sol: Given equations of line is %"'% =1 (1)
= bx+ay=ab
= bx+ay—ab=0
b
m=——
a

So, equation of line passing through (a,b) and
parallel to eq. (1) is

b
_b=—Z(x—
y a(x a)
ay —ab=—-bx+ab
ay +bx =2ab

Z+£=2

b a

x ¥
Zyd=2
= a b

4p

3 3
39.Sol: ——(=-—-=>p=—

8 8 4

40.Sol: We have, y=2x+1Ly=3x+1, x=4

Intersecting points of above lines are
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. Area of triangle xy =0 represents line x=0 and y=0
1 % ! Triangle formed by lines x + y =1,x=0and
= 5 XV 1 y=0is AABC
: .
X W -+ AABC isright angled triangle at /B,
, 011 Orthocentre of A4BC is at B(0,0)
=3 4 9 1 43.Sol: Given equation of pair of straight lines is
4 13 1 X+y +2gx+2f+1=0

Since, the necessary and sufficient condition

Xy

»
)

I
I
I
I
I
I
I
I
I
. I
=EI:0(9_ 13)_1(4_4)"'1(52_36)] : for pair of straight lines is
I
=lx16=8 | “ 5§
2 I h b f|=0
41.S0l: The given equation of pair of straight lines | g f ¢
can be rewritten as (\Ex—y)(x—\/gy)=0‘ I i @
; h g
Their seperate equations are. : 0 1 fl=0
1 | =
I _ e
= y=1an60°x and y=tan30°x | = 1(1-7%)+g(0-g)=0
After rotation, the separate equation are | = 1-f*-g*=0
y=1tan60°x | = fegi=1
and y=tan30°x I 44.Sol: Conceptual
= =) 40 el | 45.S01: We have, = —2 =3
. combined equation in the new position is l ’ " 10
x(ﬁx—y):() Of\/gz—xy=0 I = 2x—-5y=60
| =
42.Sol: Given lines are x+y=1 and xy=0 | S]ope=7
A |
A0, 1) : =%
I
I
I
I
I

B C(1,0
(0, 0)
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FUNDAMENTAL THEOREM
[2018-2019) | (a)8 (b)4 ()11 (d) 28

. If x™.y"=7889, where and are prime numbers | 9. N=69° +5-69" +10-69° +St"69+1- How
then valueof x+y is --- [Chandigarh] : R ORI e A}i‘elangana]
(a) 30 (b) 60 (c) 100 (d) 300 5 216 69 ) 125

. GCDof4and 19 is--- [Gujarat] : ® ®) © @

(a)l (b) 4 (c) 19 (d) 76 1 y .

. The H.C.F and L.C.M of two numbers are 12 | R gl g s 20-n g
and 240 respectively. If one of these number | square of an integer ? [Telangana]
is 48 what the others numbers will be ? | (@1 (b)12 ()3 (d)4

[Uttarakhand] |
(a) 58 (b) 60 (c) 70 (d) 80 |

. If the L.C.M of 12 and 42 is then the value |

of ‘m’is [Tamil Nadu] |
1
@0 ®8 @5 @ |

. A positive integer n has 60 divisors and 7n |
has 80 divisors. What is the greatest integer & |
such that divides n ? [Telangana] [
(a0 (b) 1 (c)2 (d3 |
. What is the largest integer that is a divisor of |

(n+1)(n+3)(n+5)(n+7)(n+9) :

for all positive even integer n ? [Telangana] |
(a3 (b)5 (c) 11 (d) 15 |
. The sum of 18 consecutive positive integers is
a perfect square. The small possible value of
this sum is [Telangana] |
(@) 169 (b)225 (d)361 |
[2015-2016] :
. For how many values of n ( Where n is an |
) . 8(n’—3n’+5) ]
integer ), the expression o1 is
[Punjab] |

(c)289

an integer ?

11. If a number is divided by 6, the remainder is
3 then what will be the remaimder when the
square of the same number is divided by 6

again [Uttar pradesh]
(a) 0 (b) 1 (c) 12 (d)3
12. The HCF of two expressions p and q is 1.
Their LCM is : [Chandigarh]
1
@ptq ®pg (©pg @ g

13. If the L.C.M of two prime numbers is 2520
and H.C.F is 12. Its one number is 504, then
the other number will be [Madhya Pradesh]

(a) 50 (b) 65 (c) 40 (d) 60
14. The HCF of any two prime numbers a and
b, is [Rajasthan]
(a) a (b) ab (c) b (d)1
15. The unit digit in the decimal expansion of'is :
[Tamil Nadu]
(a) 1 ()3 (©5 (d)7

16. If GC.D of two numbers is 8 and their product
is 384, then their L.C. M is [Gujarat]
(a) 24 (b) 16 (c) 32 (d) 48
17. The GC.D of the numbers '@ _1and 2> _1
is [Andhra pradesh]

)*-1 -1 @ [



Mathematics Times | January £

ANSWER KEY

l.¢c 2..a 3.b 4.b 8.c
6.d 7.5 8.a 9. 10.d
11.d 12.¢ 13.d 14.d 15.d
16.d 17.0

HINTS & SOLUTIONS

1.S0l: Given that x”y" =7889.Since x and y are
prime numbers. Then factorising R.H.S , we

get

>y =7 2%
; x=7and y=23
Hence  x+y=7+23=30

I
|
|
|
|
I
I
|
|
|
|
I
I
|
|
|
|
I
2.Sol: Since 4 is even and 19 is odd Therefore |
only one common factor exists. That would I
be the GC.D |
3.Sol: As we know, the product of any two I
integers is equal to the product of their LCM |
and GCD. :
Let the missing number be k. solving the |
following equation I
240x12=48xk |

I

|

|

|

I

I

I

I

|

|

I

I

|

|

|

I

I

240x12

ie k= =60
48
4.Sol: L.C.M of 12 and 42 is 84. That is
10m+4=84
ie., 10m =80
m=8

5.Sol: Let the prime factors of n be
P.p, D, p, and 7, where p #7
ien=p*xp*xp”x—p“xT"
Also given that number of divisors of 7 is 60.
That is (@, +1)(a, +1)(a, +1)
«(a, +1)(k+1)=60 (D

also Tn=P"*P**P* % *P" xT"

Number of divisors of 7n is 80.

That is (@, +1)(a, +1)(a, +1)...
(a,+1)(k+2)=80

Form (1) and (2), we get

(a,+1)(a, +1)(a, +1)...(a, +1)(k+2) _80

(a,+1)(a, +1)(a, +1)...(a, +1)(k+1) 60

@

_ k+2_ 4
ie., 53
: k=2
6.50l: Let p(n)=(n+1)(n+3)(n+5)

(n + 7)(n + 9)
since n is even, so (n+1),(n+3),(n+5)
(n+7) and (n+9) are five consecuitive odd
numbers. Thatis p(n) is a multiple of 3 and

5,50 p(n) is divisible by 15, which is the

largest integer divisor.
7.So0l: Denoting the first term of the sequence
by a then it is arithmetic sequence with

common difference 4 =1, has the sum,
a+(a+1)+...+(a+17)=18(a)
+(142+...+17)

=18a+%+(l7x18)

=9(2a+17)

For the sum to be a perfect square, the term
2a + 17 must be perfect square, by inspection,
we can see that this first occurs when a = 4,
This gives the minimal sum, which is

0%25=225
8(n’ —3n’ +5)
2n-1
Rewritting above expressions as
35
2n-1

8.S0l: Given that

4n* -10n -5+



9.S0l: This indeed the binomial expansion of

10.Sol: Method 1. Let X’ =

clearly 45? —10n —5 isaninteger forall ne z

2n-1
must be an integer. It is easy to verify that |

.. S I
is an integer when n € {-17,-3,-2,0, |
2n-1 I
n el,3,4,18} For 5 >9 and ns—17,(2n—l) |

Can’tdivide 35.

so that order to get an integer

(69+1) so
70° =(2x5%7)

=2x5x7
so the total number of factors is
(5+1)x(5+1)(5+1)=216.

n :
20-n’ with x>0
(note that the solutions x < 0 do not give any
additional soultions for n). Then rewriting,

20x’

n=
*+1
that x? +1 divided 20. Listing the factors of I
20, we find that x =0, 1, 2, 3 are the only (D) I
solutions (respectively yielding n=0,10,16,18). :

. Since ged (x*,x* + 1) =1, it follows

n
20-n

Method 2. If =k* 20, then »>0and

I
I
" I
20-n>0, otherwise will be |
20—-n I
negative. Thus 0 <n <19 and |
gm_2 2P e 19 . I
20-(0) 20-n 20-(19) I
Checking all k for which 0 < k* <19, wehave |
0,1, 2,3 as the possibilities. (D)

Mathematics Times I January [

11.Sol: Let the number be x.
x=6g+3

Squaring both sides, we get
x*=36q" +9+369=36(q" +q)+6+3
Thus, when square of the given number is
divided by 6 then remainder is 3.

12.Sol: The product of two polynomials is equal
to the product of their HCF and LCM
we have HCF x LCM = pq
Given HCF = 1,So LCM=pq

13.Sol: Given that LCM of two numbers is 2520
and HCF is 12. Let the other number is x.

we have 2520x12=504x x

30240
xX=—-
504
=60
14.Sol: Given two prime numbers a and b then
HCF ofaand b is 1
15.Sol: We know that
7' =77 =49,7 =343,7" =2401
7° =16807,7° =117649
. Unit digit in the expansions of 7”ie.,(7°)’
Will be 7.

16.Sol: We have product of GCD and LCM is
equal to product of two numbers

1, 8 xLCM =384
384

17.S0l: We know 4" — p” is always divisible by
a -b whether n is even or odd.

2"-1=(2*)"-1° isdivisibleby 2 _1
2"'=(2*)'-1° is divisible by 2 _1
GCDis 2> _q
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SOLVED PAPER

* Mathematics x

KVPY -8X

1. The number of four-letter words that can be | with diameter AC. Let Ebe a pointof C, such
formed with letters @, b, ¢ such that all three | diat BE 1 PRy, Pl' "
letters occur is | - Is perpendicular . e a

(@30 (36 ()81 (d) 256

point on C, such that DF is perpendicular to
AB, and E and F lie on opposite sides of 4B.

2
(1. 2 Then the value of sin Z/FEC is
2. Let A={9€R.[;Slﬂ(0)+;008(9)) i

1 2 1 2
1 , @ O ©43 @
- sin2 (8)+ = cos? (9)} . Then 5. The number of integers x satisfying

2
1 x =x

“3x*+det|1 x* x*|=0

1 X x®

(a) 1 ()2 )5 @8
6. Let P be anon-zero polynomial such that P(7
+ x) = P(I1 — x) for all real x, and P(1) = 0.

|
|
|
|
|
|
|
I
(a) An [0,72] is an empty set |
|
|
|
|
|
: Let m be the largest integer such that (x —1)"
|
|
|
|
|
|
|
|
|
|
|
|
|

(b) An [0, 7r] has exactly one point
(c) AN [0, 7] has exactly two points

d 4N [0, :z] has more than two points
3. The area of the region bounded by the lines x
divides P(x) for all such P(x). Then m equals
(a1 (b)2 ()3 (@4

=1, x=2, and the curves x(y—ex)=sinx

and 2xy=25inx+x3 is (1
f(x) xsin| — | whenx#0
2 1 2 7 7. Let fix) = - o
(a) e —e 6 (b)e —e 6 1 whenx =0
(© ez—e-i-% (@ 32_34_% and A={xeR:f(x)=l}.ThenAhas
. ) o (a) Exactly one element
4. Let AB be a line segment with midpoint C, (b) Exactly two elements
and D be the midpoint of AC. Let C, be the (c) Exactly three elements
(d) Infinitely many elements

circle with diameter AB, and C, be the circle



8. Let S be subset of the plane defined by

§={(x,»):|x|+2|y[} =1. Then the radius of

the smallest circle with centre at the origin and
having non-empty intersection with §'is
1 1 1 2
@3 ®OF ©F; @OfF
9. The number of solutions of the equation
sin(9x)+sin(3x)=0 in the closed interval
[0,27]is

@7 (b) 13

10. Among all the parallelograms whose diagonals

I
|
I
|
I
|
|
|
|
I
|
I
(c) 19 |
are 10 and 4, the one having maximum area :
I
I
|
I
|
I
|
|
I
I
I
|
|
|
|

(d) 25

has its perimeter lying in the interval

(a) (19, 20] (b) (20, 21]
(©) (21,22] (d) (22,23]
11. The number of ordered pairs (a, b) of positive

2a-1 2b-1

integers such that b and . e

both integers is

(a)1 (b) 2

()3 (d) more than 3

12. Letz = x + iy and w = u + iv be complex
numbers on the unit circle such that

22 +w? =1. Then the number of ordered

pairs (z, w) is

(@0 (b) 4 (c)8 (d) infinite
13. Let E denote the set of letters of the English |

alphabet, V' = {a, e, i, 0, u}, and C be the |

complement of ¥in E. then the number of four- |

letter words (where repetitions of letters are |

allowed) having at least one letter from Vand |

at least one letter from C is

(a) 261870 (b) 314160

(c)425880 (d) 851760

I
|
|
14. Let o,,0,,0, be planes passing through the :
origin. Assume that ¢, is perpendicularto |
the vector (1, 1, 1), o, is perpendicular to a :

vector (a, b, c), and o, is perpendicular to :

thevector (az,bz,cz). What are all the |
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positive values of a, b, and ¢ so that
0, N o, N0, is a single point ?

(a) Any positive value of a, b, and ¢ other
than 1

(b) Any positive values of a, b and ¢ where
cither a#b,b#c,a#c

(c) Any three distinct positive values of a, b,
and ¢

(d) There exist no such positive real numbers
a, b, and ¢

15. Ravi and Rashmi are each holding 2 red cards

and 2 black cards (all four red and all four
black cards are identical). Ravi picks a card
at random from Rashmi, and then Rashmi
picks a card at random from Ravi. This
process is repeated a second time. Let p be
the probability that both have all 4 cards of the
same colour. Then p satisfies

(@) p<5% (b) 5% < p<10%
() 10% < p<15% (d)15%<p

16. Let 4, 4, and A, be the regions on g2

defined by
4 ={(::,y):.\:20,y20,.‘:'.x+2y—;u:2 - >l>x+y},

4, ={(x,y):xZO,y20,x+y>1>—x2+y1},
A,={(x,y):xZO,yZO,x+y>1>x3+y3}.

Denote by |4, |4,

,and |4;| the areas of
theregions 4, 4,, and A4, respectively. Then
@|4,[>[4]>[4]  ®) [4]>|4,]>]4,]

© |4|=|4,|<|4| (@ |4]=|4|>|4,|

17.Letf: R — R be a continuous function such

that f(x*) =f(x*)forall x e R. Consider
the following statements

I. fis an odd function

II. fis an even function

III. fis differentiable everywhere
Then
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(a) Iis true and III is false
(b) II is true and III is false
(c) both I and III are true
(d) both II and IITI are true
18. Suppose a continuous function f :[0,0) - R
satisfies

769 = 27O gran x50,
0

Then £(1) equals

(a) e (b) ¢ @© ¢ (@) ¢°
19.Leta > 0, a # 1. Then the set of all positive

real numbers b satisfying (1+4a?) (1+5%)=

4abis

(a) an empty set

(b) a singleton set

(c) a finite set containing more than one
element

(@ (0,)
20. Letf: R — R be a function defined by f{x)
. r 2
_sm(x ) if x#0
— x

0 ifx=0

Then, at x=0, fis
(a) Not continuous
(b) Continuous but not differentiable
(c) Differentiable and the derivative is not
continuous
(d) Differentiable and the derivative is
continuous
21. The points C and D on a semicircle with AB
as diameter are such that AC =1, CD =2,
and DB = 3. Then the length of 4B lies in the
interval
(a) [4,4.1) (b)[4.1,4.2)
(c) [4.2,4.3) (d) [4.3,)
22. Let ABCbe a triangle and let D be the midpoint
of BC. Suppose cot ( Z CAD) :cot (ABAD)

=2:1. If G is the centroid of triangle ABC,

then the measure of /BG4 is
(a)90° (b)105° (c)120° (d)135°
23. Let f(x) =x*-2x"+x*+x* —x—1 and

g(x) =x* —x* — x* —1 be two polynomials.

Let a, b, ¢ and d be the roots of g(x) = 0.
Then the value of f{a) + f(b) + f{c) + f{d) is
@5 ®O0 (c) 4 @5

24.Let g =it j+k,b=2i+2 j+k and
Py 5;+ ;_]; be the three vectors. The area

of the region formed by the set of points whose
position vectors , satisfy the equations
o Ed |r—b|+|r—-’:‘ =4 is closed to

the integer

@4 (b9 () 14 19

25. The number of solutions to sin (n' sin’ («9))
+sin (7 cos’ (8)) = 2cos (% cos(f)))

satisfying 0 <@ < 2r is
(@)1 (2 (©4 @7

%
1+x

1
26.Let / = I & % Conider the following
0

assertions:

Then

(a) Only I is true

(b) Only II is true

(c) Both I and II are true
(d) Neither I nor II is true

27.Let f: (—1,1) — R be a differentiable

function satisfying (f'(x))‘ = 16(f(x))2
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11. ¢ 12.¢ 13.a 14.c 15.a

forall x&(-1,1),£(0)=0.Themmberof | " 7' 10 joa 204

such funcitons is 21.b 22.a 23.b 24.a 25.d
(a)2 (b)3 26.a 27.d 28.a 29.b 30.a
()4 (d) More than 4

28.For xR, let f(x)=|sinx‘ and

()= [ 1 (Oat L p(s)=8(x) 2.
Then
(a) p(x+7r)=p(x) for all x

(b) p(x + n') E p(x) for at least one but
finitely many x

HINTS & SOLUTIONS

1.Sol: First, we choose one of the three letters to
be the letter that is repeated. That’s three
possibilities.

Next, we find all distinct permutations of
our four letters. There is a letter that appears
twice, and two other letters that each appear
once. To count these permutations, we use the

!
M 1z
211/
Therefore, total number four-letter words can
be formed with the given conditions is

3x12=36.
2.Sol: Given

(%sin(ﬂ) + %cos(a))z = %sin2 (B) +§c¢).§'2 (0)

Upon simplification, above equation reduces
to

©p (x + 71') #p (x) for inifinitely many x multinomial coefficient ( 2‘} 1) -

(d) p is one-one function
29. Let 4 be the set of vectors a = (a,, az,a3)

3 2 g 2

q i

satisfying (Z —,] =2+~ - Then
im1 2 i1 2

(a) 4 is empty

(b) 4 contains exactly one element

(c) 4 has 6 elements

(d) 4 has infinitely many elements

1.2 4 4
—sin’ (0)+—cos® (0)+—_sin(0)cos (0
30.Let £ :[0,1] > [0,1] bea contimous fimction | 9 |2 g st (4= gain( ) | 2)

1, 2
such that x* +( f (x))2 <1 forall x&[0,1] = 5‘“"1 (6")+§cas2 (9)

That is 2 sin@cos @ = sin* 8 + cos*

1
: f1(x)
and [ £ (x)ds =% Then -,[1—x2dx = sin(20) =1
0 :
3 ; , 1 arhich § .
- i.e. to sin(26) =1, which is possible only for
n
Ea ka V2 -1 L2 &=— in [0,7]. So the given equation has
(a) 12 (b) 15 (© F (d) 10 4

only one solution

3.Sol: Since x never vanishes in [1,2], we can

ANSWER KEY

1.b 3.b 4. a
6.b 7.a 8.b 9.b 10. ¢

divide by x and recast the equations of the
two curves as

_sinx

y=f(x)=—=+¢ O]

X
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sinx x’ |
and  y=g(x)=—-+ @) |
X 2 I
xZ
respectively. For all x20,e"21+x+ o 8|

|
the graph of y=f(x) is above that of |

can be seen by repeated differentiation. So

found easily from the right-angled triangle
FGE. Let 2r and r be the radii of C andC,
respectively. Then by direct calculation,

FE=r* +9r* =\/10r. Since FG=r,we

h sing_E__r b
ave FE Jl_Or \/1_0

y=g(x) forall 1<x<2.

A

5.Sol: The determinant can be simplified by taking
out xandx’ as common factors from the
second and the third columns respectively.

\J

That gives
1 x » 1 1 l]
2 4|_ .3 2
Therefore, the area, say A, of the region det/1 x° x"|=xdet|]l x x
1 2 x¢ 1 » #|

given by 4 The determinant on the R.H.S. is a

Vandermonde deter