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Permutations and Combinations

This column is aimed at Class Xl students so that they can prepare for competitive exams such as JEE Main/Advanced, etc. and
be also in command of what is being covered in their school as part of NCERT syllabus. The problems here are a happy blend
of the straight and the twisted, the simple and the difficult and the easy and the challenging.

e The Factorial : Let n be a positive integer. Then,
the continued product of first # natural numbers is
called factorial n, to be denoted by n ! or m .

Also, we define 0! = 1.
When 7 is negative or a fraction, ! is not defined.
Thus,n!=n(n-1) (n-2)...3-2-1.

e  Exponent of prime p in n!: Let p be a prime number
and #» is a positive integer (i.e. natural number).
If E,(n) denote the exponent of the prime p in the
positive integer n, then exponent of prime p in n! is
denoted by E P(n!) and defined by

Ep(n!) = Ep (1.2.3...(n-1n)

AACi

where k is the largest positive integer satisfying
pk <n< pk +1

PERMUTATIONS

The ways of arranging a smaller or an equal number of
persons or objects at a time from a given group of persons
or objects with due regard being paid to the order of
arrangement are called the (different) permutations.
The number of all Permutations of » things taking r at
atime is denot'ed by "p,. "p, is always a natural number
and 'p, = (1—1)!

Three different things g, b and c are given, then different
arrangements which can be made by taking two things
from three given things are ab, ac, bc, ba, ca, cb. Therefore
the number of permutations will be 6.

o
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NUMBER OF PERMUTATIONS WITHOUT

REPETITION

e  Arranging n objects, taken r at a time equivalent to
filling r places from # things.

rplaces :| 1 | 2 | 3 | 4 r
Number of choices:  y (n— 1)(n-2)(n=3)-.-- n-(r-1)

The number of ways of arranging

= The number of ways of filling r places.
=nn-1)n-2)..n-r+1)
_nn-Dn-2)..n—r+D((n-n!)  n!

n—r)! _(n—r)!:

n

e  The number of arrangements of # different objects
taken all at a time = "P, = n!
n!

n _ "t _q.np _n-l
+ "R=—=BR=nTE

° 0!=1;

_ —) 1 = oo

-y =0 or (-r)!=o (reN)

NUMBER OF PERMUTATIONS WITH

REPETITION

e  The number of permutations (arrangements) of n
different objects, taken r at a time, when each object
may occur once, twice, thrice,........ upto r times in
any arrangement = The number of ways of filling r
places where each place can be filled by any one of

n objects.
r places : 1 21 3|4 e |
Number of choices: n n n n .. m
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The number of permutations = The number of
ways of filling r places = (n)".
e  The number of arrangements that can be formed
using n objects out of which p are identical (and of
one kind) g are identical (and of another kind), r
are identical (and of another kind) and the rest are
n!

plg'r!’

CONDITIONAL PERMUTATIONS

e  Number of permutations of n dissimilar things taken
r at a time when p particular things always occur
="P,""PP,_,

e  Number of permutations of n dissimilar things taken
r at a time when p particular things never occur
—n-pp,

e The total number of permutations of n different
things taken not more than r at a time, when each
thing may be repeated any number of times, is
nn" —1)

n-1

distinct is

e Number of permutations of # different things, taken
all at a time, when m specified things always come
together is m! x (n — m + 1)\

e Number of permutations of n different things, taken
all at a time, when m specified things never come
together is n! —m! x (n - m + 1)\

e  Let there be n objects, of which m objects are alike
of one kind, and the remaining (n — m) objects are
alike of another kind. Then, the total number of

mutually distinguishable permutations that can be
!

formed from these objects is S S
(m!) X (n—m)!

The above theorem can be extended further i.e., if
there are n objects, of which p, are alike of one kind;
p, are alike of 20d kind; psare alike of 3¢ kind; ...;
p,are alike of M kind such that p, + p, + ... p, =
then the number of permutations of these #n objects is

n!

(PDX (P )X X (p, 1)

CIRCULAR PERMUTATIONS

In circular permutations, what really matters is the
position of an object relative to the others.

Thus, in circular permutations, we fix the position
of the one of the objects and then arrange the other
objects in all possible ways.

(10
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There are two types of circular permutations :

e The circular permutations in which clockwise
and the anticlockwise arrangements give rise to
different permutations, e.g. Seating arrangements
of persons round a table.

e  The circular permutations in which clockwise and
the anticlockwise arrangements give rise to same
permutations, e.g. arranging some beads to form
a necklace.

Theorems on circular permutations

e  The number of circular permutations of n different
objects when clockwise and anticlockwise are taken
as different is (n — 1)!.

e The number of ways in which n different object
when clockwise and anticlockwise are not not

different is 1 (n-11.
2

e Number of circular permutations of n different
things, taken r at a time, when clockwise and
anticlockwise orders are taken as different is
nPr

’
e  Number of circular permutations of n different
things, taken r at a time, when clockwise and

n

anticlockwise orders are not different is —~ .
2r

COMBINATIONS

Each of the different groups or selections which
can be formed by taking some or all of a number of
objects, irrespective of their arrangements, is called
combination.

e  The number of all combinations of # things, taken
r at a time is denoted by C(n,r) or "C,or (HJ
r

"C, is always a natural number and
" n!

T rl(n—r)!

Difference between permutation and combination:

e Inacombination only selection is made whereas in
a permutation not only a selection is made but also
an arrangement in a definite order is considered.

e Each combination corresponds to many
permutations. For example, the six permutations
ABC, ACB, BCA, BAC, CBA and CAB correspond
to the same combination ABC.



How to choose the right answer, fast?

jin JEE MADE EASY

MATHEMATICS

650

Visit
www.mtg.in
for latest offers
and to buy
online!

¥795

1650

The answer is practice... | fetres

= Chapterwise student-friendly synopses for
Our team has seen that in NEET, AlIMS, JEE and other PMTs/PETs, quick-and-easy revision

Multiple Choice Questions (MCQs) are based on the NCERT syllabus.
Largely !! With Objective NCERT at your FINGERTIPS, you can
become a pro at handling MCQs. Practice to increase your accuracy

= Topic-wise MCQs to check your progress
= NCERT Exemplar MCQs

and improve timing with a bank of over 15,000 questions, all framed " ASSE";‘G? &PERTeaSOn questions for an edge in
from NCERT course books. Don't take our word, have a look what your PMT/PET preparation
some of our readers have to say... = 5 practice papers for self-assessment

Ishita Sharma says “This book from the mig editorial board gives you ample practice covering each and every topic. Not just ideal for AIPMT but any
other exam that you take in biology. For a matter of fact it is ideal for revision in boards.There are diagram based questions in every chapter which
nowadays are quite frequently asked. There are match the following, true or false, fill in the blanks, choose the incorrect/correct statement type questions
but all in MCQ form. The book remains true to its title and surely NCERT will be at your fingertips which indeed makes it a MUST BUY.”

Jai Bhagwan Atrish says, “This book is a guiding star for PMT aspirants. Book covers complete formats and nature of questions which can be expected
Jfrom NCERT Book of biology for class 11 and 12. It is really a marvellous book covering every kind of question. One gets confidence afier going through
this book. I recommend it for everybody appearing in PMT test of CBSE or other undergraduate medical entrance test.”

Ritul says, “This is the most recommended book for all medical entrances. It contains clear and concise questions of a
slightly higher level to make the real exam a cakewalk for all aspirants. The questions are really good and make for a good
preparation. Advised to go through it once before the D-Day. Really helps.”

Tuhin Chakraverty says “If you really want to end up in a medical college you should surely buy this book. This book is
excellent for AIPMT. I used this book and scored around 300 in biology test of my coaching and nearly same in AIPMT.
But buy it before march as it is an elaborated book and you need 1o solve the book twice to make a good grip over the
subject.”

Amulya Gupta says, "It is an excellent book for mastering concepts. It is a wonderful book that contains MCQs on every
topic covered in NCERT along with 5 practice papers. It would surely help one to secure a seat in a prestigious institute.”

Mahima Tiwari says, “It is a well planned book. If you are good reader of NCERT this book clears your concept in
handling objective questions with respect to NCERT content especially bio book. I loved it. It made my preparation quick
and easy.”

mMtG Available at all leading book shops throughout India.

000 P §
sese gfotfglg'e;g;'rrﬁ gfd::n(i);;tgﬁ (HR) For more information or for help in placing your order,
3089 ' B Call 0124-6601200 or e-mail:info@mtg.in

Lemrniing Media




NUMBER OF COMBINATIONS WITHOUT
REPETITION

The number of combinations (selections or groups)
that can be formed from n different objects taken
r(0<r<mn) atatimeis

!
no Nl

= .Also"C, ="C,_
rin—r)!

-
Let the total number of selections (or groups) = x. Each
group contains r objects, which can be arranged in
r ! ways. Hence the number of arrangements of r objects
=x x (r!). But the number of arrangements = "P,.

n !
= x(r)="P.=>x= Py y=— 1 on "

r! riin—r)!
NUMBEROFCOMBINATIONS WITH REPETITION
AND ALL POSSIBLE SELECTIONS

e  The number of combinations of n distinct objects
taken r at a time when any object may be repeated
any number of times.
= Coeflicient of x"in (1 + x + x* + .... + x")"
= Coefficient of X" in (1 - x)™" ="*"~1C,

e  The total number of ways in which it is possible to
form groups by taking some or all of # things at a
timeis "C, +"Cy + ...+ "C =2"-1.

e  The total number of ways in which it is possible
to make groups by taking some or all out of
n = (n, + n, + ...) things, when n, are alike of one
kind, n, are alike of second kind, and so on is
{n,+ D(ny+1)..} - L.

e The number of selections of r objects out of
n identical objects is 1.

2

e  Total number of selections of zero or more objects
from n identical objects is n + 1.

e  The number of selections taking at least one out of
a,+a,+as+..+a, + k objects, where a, are alike
(of one kind), a, are alike (of second kind) and so on
... a, are alike (of nth kind) and k are distinct
=[(a, + )(a, + D(a; + 1) ... (a, + D)]2F - 1.

CONDITIONAL COMBINATIONS

e The number of ways in which r objects can be
selected from n different objects if k particular
objects are
«  Always included =" - kC__,
« Never included ="~ ¥ C,

e  The number of combinations of n objects, of which
p are identical, taken r at a time is

(12
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"TPC +"TPC, _ +"TPC L+ PG,
if r<pand
”‘PCr+”‘PCr_1+”‘PCr_2+...+”‘PCr_p,
ifr>p.

DIVISION INTO GROUPS

Case I

e The number of ways in which # different things
can be arranged into r different groups when order
of the groups are considered is " * " P or n!
" -1C__ according as blank group are or are not
admissible.

e The number of ways in which » different things can
be distributed into r different groups when order of
groups are not considered is
M-TC(r-1)"+"Cy(r-2)"- ...+ (-1) " "C,_,
or coeflicient of x* in n !(e* - 1)".

Here blank groups are not allowed.

e Number of ways in which m x n different objects
can be distributed equally among n persons
(or numbered groups) = (number of ways of
dividing into groups) x (number of groups) !

(mn)'n!  (mn)!
(m)'n!  (m)"*

Case I1

e  Thenumber of ways in which (m + n) different things
can be divided into two groups which contain mand n

(m+n)!

things respectively is, "*"C_"C, = ,M#EN.

m!n!
Corollary: If m = n, then the groups are equal
size. Division of these groups can be given by
two types.

o If order of group is not important : The
number of ways in which 2# different things
can be divided equally into two groups is

(2n)!
21(n!)? '

o If order of group is important : The number
of ways in which 2# different things can be
divided equally into two distinct groups is

2n)! _ 2n!
21(n!)? (1)

e The number of ways in which (m + n + p) different
things can be divided into three groups which
contain m, n and p things respectively is

(m+n+p)!

21!

m+"+PCm-n+an-pCp = JMENE .

m!n!p!



Corollary : If m = n = p, then the groups are
equal size. Division of these groups can be given
by two types.

o If order of group is not important : The
number of ways in which 3p different things
can be divided equally into three groups is

(3p)!
31p!)

o  If order of group is important : The number
of ways in which 3p different things can be
divided equally into three distinct groups is

Gp! ., Gp)!
HCHN G

o If order of group is not important : The
number of ways in which mn different things
can be divided equally into m groups is

mn!
(n))"m!
o If order of group is important : The number

of ways in which mn different things can
be divided equally into m distinct groups is

3!

(mn)! . (mn)!
m)"™m! @)
DEARRANGEMENT

Any change in the given order of the things is called
a de-arrangement.

If n things form an arrangement in a row, the
number of ways in which they can be de-arranged
so that no one of them occupies its original place is

1 1 1 1
n![l——+———+ ...... +(—1)".—J.
! ! n!

SOME IMPORTANT RESULTS

e Number of total different straight lines formed by
joining the # points on a plane of which m (< n)
are collinear is "C, - "C, + 1.

e  Number of total triangles formed by joining the n
points on a plane of which m (< n) are collinear
is "C; - "C,.

e Number of diagonals in a polygon of n sides is
"C, - n.

e If m parallel lines in a plane are intersected
by a family of other n parallel lines. Then
total number of parallelograms so formed is

mnm—1)(n—1)

m n .
C,X"C, ie,
4
e Given n points on the circumference of a circle,
then

+ Number of straight lines = "C,
+ Number of triangles = "C,
+ Number of quadrilaterals ="C,.

e  If n straight lines are drawn in the plane such that
no two lines are parallel and no three lines are
concurrent. Then the number of part into which
these lines divide the plane is = 1 + Zn.

MULTINOMIAL THEOREM

Let x,, x,, ....., X,, be integers. Then number of solutions
to the equation x, + x, + ... + x,, = n ..(1)
Subject to the condition

a, <x,<b,a,<x,<b, ..a,<x, <b, ..(i)

is equal to the coeflicient of x™ in

a+l

atly +xh)

e+ x4 D) (%2

(e g xU)(Gi)

This is because the number of ways, in which sum of

m integers in (i) equals #, is the same as the number

of times x” comes in (iii).

e  Use of solution of linear equation and coefficient
of a power in expansions to find the number of
ways of distribution : (i) The number of integral
solutions of x; + x, + x5 + .... + x, = n where x; 2 0
X,20,...x,201is the same as the number of ways
to distribute # identical things among r persons.
This is also equal to the coefficient of x" in the
expansion of (x% + x! + x2 + x* + ...)"

1 r
= coefficient of x" in (—)
1-x
= coefficient of x" in (1 - )" =""7'C,_,.

e The number of integral solutions of x; + x, + x; +
wtx,=n where x, 21, x,21, ... x,21is same as
the number of ways to distribute » identical things
among r persons each getting at least 1. This also
equal to the coefficient of x" in the expansion of
(G +x2+ 3+ .0
= coefficient of x" in (L)r

1-x
= coefficient of x” in x"(1 — x)™"
NUMBER OF DIVISORS
Let N= pf‘l.pgz.p% ...... p,?k , where pi,ps, 3Py are

different primes and 04,0,;,03,......,0; are natural
numbers then :

e The total number of divisors of N including 1 and
Nis = (o +1)(0, +1)(0i3 +1)....(0 +1).
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e  The sum of these divisors is
= (0 4 pL+ P 4ot PI(PS + P+ PF Aot ).

(PR + Pl + P+t PLF)

e  The number of ways in which N can be resolved as
a product of two factors is

1
E(OLI +1)(0ty +1)....(ct; +1),If N is not a perfect square

e  Thenumber of ways in which a composite number N
can be resolved into two factors which are relatively
prime (or co-prime) to each other is equal to 2 !
where 7 is the number of different factors in N.

SOME MORE TECHNIQUES

e "C,="C,=1,"C, =n.

e "C+"C _,="*IC.

° ”Cx:”Cy(:)x:yorx+y:n.

o n-"7IC_ =(mn-r+1)"C,_,.

e Ifniseven then the greatest value of "C,is "C, ,.

n

e If nis odd then the greatest value of "C, is "TH
"Cot
or
o g =lrlc

;

e Number of selections of zero or more things out of n
different things is, "C, + "C, + "C, + .... + "C, = 2".

e  The number of ways of answering all of n questions
when each question has an alternative is 2.

e "Ch+"C,+"Cy+ ... ="C+"Cy+ "Co

° 2"+1C0+2"+1C1+2"+1C2+...2"+1Cn=22".
n n+1 n+2 n+3 2n -1
° C, + C,+ C,+ C,+ ..+ C,
:2nC

n+1°
e Number of combinations of n dissimilar things taken
n! 1
allatatime”"C,=———=—=1, (-0!=1).
nl(n—n)! 0!

e  Gap method : Suppose 5 males A, B, C, D, E are
arranged in a row as X A X B x C x D x E x. There
will be six gaps between these five. Four in between
and two at either end. Now if three females P, Q,R
are to be arranged so that no two are together we
shall use gap method i.e., arrange them in between
these 6 gaps. Hence the answer will be °P,.
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e  Together : Suppose we have to arrange 5 persons
in a row which can be done in 5! = 120 ways. But
if two particular persons are to be together always,
then we tie these two particular persons with a
string. Thus we have 5 - 2 + 1 (1 corresponding to
these two together) = 3 +1 = 4 units, which can be
arranged in 4! ways. Now we loosen the string and
these two particular can be arranged in 2! ways. Thus
total arrangements = 24 x 2 = 48.

e  Never together = Total - Together = 120 - 48 = 72.

e The number of ways in which #n (one type of
different) things and #n (another type of different)
things can be arranged in a row alternatively is
2-n!-nl

e  The number of ways in which m things of one type
and » things of another type can be arranged in the
form of a garland so that all the second type of things

In!
come together = an and no two things of second
-DI"p,

type come together = w

e If we are given n different digits (a, a,, a, ... a,)
then sum of the digits in the unit place
of all numbers formed without repetition is
(n-1!(a, +a, +ay+ ..+ a,). Sum of the total
numbers in this case can be obtained by applying
the formula (n - 1)!(a, + a, + a; + ...a,). (1111 ....
n times).

PROBLEMS

Single Correct Answer Type

1. How many numbers can be formed from the digits
1, 2, 3, 4 when the repetition is not allowed

(@) *P, (b) *P,

(c) *P,+14P, +1P, (d) *P, +*P, + %P, + 1P,
2. How many even numbers of 3 different digits can
be formed from the digits 1,2, 3,4, 5, 6,7, 8,9 (repetition
is not allowed)
(a) 224

(c) 324

(b) 280
(d) None of these

3. The value of "P, is equal to
(@ "-'P +r"-lp

(b) n"'p+"p_,

() n(" P +"p_))

(d) "R +"TR

r



4. Find the total number of 9 digit numbers which
have all the digits different

(a) 9x9! (b) 9!

(c) 10! (d) None of these

5. Thesum of the digits in the unit place of all numbers
formed with the help of 3, 4, 5, 6 (without repetition)
taken all at a time is

(a) 18 (b) 432

() 108 (d) 144

6. The figures 4, 5, 6, 7, 8 are written in every possible
order. The number of numbers greater than 56000 is
(a) 72 (b) 96 () 90 (d) 98

7. The sum of all 4 digit numbers that can be formed
by using the digits 2, 4, 6, 8 (repetition of digits is not
allowed) is
(a) 133320
(c) 53328

(b) 533280
(d) None of these

8. The number of words which can be formed from
the letters of the word MAXIMUM, if two consonants
cannot occur together, is
(a) 4!
(c) 7!

9. In how many ways n books can be arranged in a
row so that two specified books are not together

(a) n!-(n-2) ®) (n-1D'(n-2)

(c) n'-2(n-1) (d) (n-2)n!

10. Numbers greater than 1000 but not greater than
4000 which can be formed with the digits 0, 1, 2, 3, 4
(repetition of digits is allowed), are

(@ 350 (b) 375 (c) 450 (d) 576

11. The number of numbers that can be formed with
the help of the digits 1, 2, 3,4, 3,2, 1 so that odd digits
always occupy odd places, is

(a) 24 (b) 18 (c) 12 (d) 30

12. In a circus there are ten cages for accommodating
ten animals. Out of these four cages are so small that five
out of 10 animals cannot enter into them. In how many
ways will it be possible to accommodate ten animals in
these ten cages

(a) 66400 (b) 86400

(c) 96400 (d) None of these

13. All possible four digit numbers are formed using
the digits 0, 1, 2, 3 so that no number has repeated
digits. The number of even numbers among them is

(@ 9 (b) 18

(c) 10 (d) None of these

(b) 3!x 4!
(d) None of these

14. The number of ways in which ten candidates A, -
A, .., Ay can be ranked such that A, is always above

AlO is

@ 5 (b) 26) (0 100 (d) %(101)

15. In how many ways can 5 boys and 5 girls stand in a
row so that no two girls may be together

(a) (51)? (b) 5!x 4!

(¢) 5!xe6! (d) 6 x5!

16. How many numbers greater than hundred and
divisible by 5 can be made from the digits 3, 4, 5, 6, if no
digit is repeated

(a) 6 (b) 12 (d) 30

17. The number of 4 digit even numbers that can be
formed using 0, 1, 2, 3, 4, 5, 6 without repetition is
(@ 120 (b) 300 (c) 420 (d) 20

18. Total number of four digit odd numbers that can
be formed using 0, 1, 2, 3, 5, 7 (repitition is allowed)
are

(a) 216

(c) 24

(b) 375

19. The number of words that can be formed out of the
letters of the word ARTICLE so that the vowels occupy
even places is

(a) 36 (b) 574
20. How many numbers lying between 999 and 10000
can be formed with the help of the digits 0,2,3,6,7,8

when the digits are not to be repeated
(@) 100 (b) 200 (c) 300

(c) 400  (d) 720

() 144 (d) 754

(d) 400

21. 20 persons are invited for a party. In how many
different ways can they and the host be seated at a
circular table, if the two particular persons are to be
seated on either side of the host

(a) 20! (b)y 2-18!

(c) 18! (d) None of these

22. The number of ways in which 5 beads of different
colours form a necklace is
(a) 12 (b) 24 () 120 (d) 60

23. In how many ways 7 men and 7 women can be
seated around a round table such that no two women
can sit together

(@ (72 (b) 7!'x6! (c) (6)* (d) 7!
24. If a="C,, then *C, is equal to

@ m*ic, (b) m-1c,

(C) 3_m+2c4 (d) 3_m+lc4
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25. In a city no two persons have identical set of teeth
and there is no person without a tooth. Also no person
has more than 32 teeth. If we disregard the shape and
size of tooth and consider only the positioning of the

teeth, then the maximum population of the city is
(a) 232 (b) (32)*-1
(C) 232 _ 1 (d) 232 -1

26. The least value of natural number » satistying
C(n,5) + C(n, 6) >C(n+1,5) is

(a) 11 (b) 10

(c) 12 (d) 13

27. IfBC,_=%C,, , |, then the value of r is
(a) 12 (b) 8 (c) 6 (d) 10

28. In an election there are 8 candidates, out of which
5 are to be choosen. If a voter may vote for any number
of candidates but not greater than the number to be
choosen, then in how many ways can a voter vote

(a) 216 (b) 114

(c) 218 (d) None of these
29. "C. +"-1C +..+7C =

(a) n+ ICr (b) n+ ICr 1

(C) n+ 2Cr (d) on

30. In the 13 cricket players 4 are bowlers, then how
many ways can form a cricket team of 11 players in
which at least 2 bowlers included

(a) 55 (b) 72

(c) 78 (d) None of these

31. The number of groups that can be made from
5 different green balls, 4 different blue balls and 3
different red balls, if at least 1 green and 1 blue ball is
to be included
(a) 3700
(c) 4340

(b) 3720
(d) None of these

32. In how many ways can 6 persons be selected from
4 officers and 8 constables, if at least one officer is to be

included
(a) 224 (b) 672
(c) 896 (d) None of these

33. Out of 6 boys and 4 girls, a group of 7 is to be
formed. In how many ways can this be done if the
group is to have a majority of boys

(a) 120 (b) 90

(c) 100 (d) 80

@ MATHEMATICS TODAY | DECEMBER'16

34. The number of ways in which 10 persons can go in
two boats so that there may be 5 on each boat, supposing
that two particular persons will not go in the same boat is

(a) §<1°c5> (b) 2¢5C,)

(o) %(8C5) (d) None of these

35. The number of ways in which any four letters can
be selected from the word ‘CORGOQ’ is

(a) 15 (b) 11

(c) 7 (d) None of these

36. The total number of natural numbers of six digits
that can be made with digits 1, 2, 3, 4, if all digits are to
appear in the same number at least once, is

(@) 1560 (b) 840  (c) 1080 (d) 480

37. All possible two factors products are formed from
numbers 1, 2, 3, 4, ...., 200. The number of factors out of
the total obtained which are multiples of 5 is

(a) 5040 (b) 7180

(c) 8150 (d) None of these

38. The number of ways in which thirty five apples can
be distributed among 3 boys so that each can have any
number of apples, is
(a) 1332

(c) 333

(b) 666
(d) None of these

39. The number of ways in which four letters of the
word ‘MATHEMATICS’ can be arranged is given by
(@) 136 (b) 192  (c) 1680 (d) 2454

40. A person is permitted to select at least one and at
most # coins from a collection of (27 + 1) distinct coins.
If the total number of ways in which he can select coins
is 255, then n equals

(a) 4 (b) 8 (d) 32

41. A student is to answer 10 out of 13 questions in an
examination such that he must choose at least 4 from
the first five question. The number of choices available
to him is
(a) 140

(c) 16

(b) 196 (c) 280 (d) 346
Multiple Correct Answer Type

42. Thirteen persons are sitting in a row. Number of

ways in which four persons can be selected so that no

two of them are consecutive is equal to _____

(a) number of ways in which all the letters of the word
“MARRIAGE” are permutated if no two vowels
are never together.



(b) number of numbers lying between 100 and
1000 using only the digits 1,2,3,4,5,6,7 without
repetition.

(c) number of ways in which 4 alike chocolates can be
distributed among 10 children so that each child
getting at most one chocolate.

(d) number of triangles can be formed by joining 12
points in a plane, of which 5 are collinear

43. Suppose A}, A,, ..., A,, are the vertices of a 20-
sided regular polygon. Triangles with vertices among
the vertices of the polygon are formed. Let m be the
number of non-isosceles (Scalene) triangles that can be
formed one of whose sides is a side of the polygon and
n be the number of non-isosceles triangles that can be
formed none of whose sides is a side of the polygon.
Then

(a) n=2m

(c) m+n =500

(b) m+ n =960
(d) n-m=320

44. Consider the set of all positive integers # for which
fin)=nl+(n+1)! + (n+2)! is divisible by 49.

(a) The number of integers n in (1, 15) is 3

(b) The number of integers # in (5, 17) is 4

(c) The number of integers n in (1, 20) is 8

(d) The number of integers n in (1, 20) is 9

45. Which of the following will not be true?
(a) The last two digits of 3190 will be 73
(b) The last two digits of 3°° will be 51

(c) The last two digits of 3°° will be 49
(d) The last three digits of 3°° will be 249

46. 1f p, g, r, s, t be distinct primes and N = pg®r’st,

then

(a) N has 96 divisors

(b) N can be written as a product of two positive
integers in 96 ways

(¢) N can be written as a product of two positive
integers in 48 ways

(d) N can not be divisible by 13!

47. Triangles are formed by joining vertices of a

octagon then number of triangles

(a) In which exactly one side common with the side
of octagon is 32

(b) In which atmost one side common with the side
of polygon is 48

(c) At least one side common with the side of polygon 50

(d) In total is 56

Comprehension Type
Paragraph for Q. No. 48 to 50

Let A, B, C, D, E be the smallest positive integers having
10, 12, 15, 16, 20 positive divisors respectively. Then

48. A+B=
(a) 108 (b) 110 (c) 126 (d) 130
49. C+D =
(a) 350 (b) 354 (c) 380 (d) 420
50. A+E=
(a) 288 (b) 320 (c) 350 (d) 380

Paragraph for Q. No. 51 to 53

Considering the rectangular hyperbola xy = 15!. The
number of points (o, B) lying on it, where

51. o,Pe Lis

(a) 2016 (b) 4032
(c) 4033 (d) 8064
52. o, P e It and HCF (o, B) = 1, is
(a) 64 (b) 785

(c) 4032 (d) 94185
53. o, P € I and o divides f, is

(a) 96 (b) 511

(c) 1344 (d) 4032

Paragraph for Q. No. 54 to 56

Given are six 0’s, five 1’s and four 2’s. Consider all
possible permutations of all these numbers. [ A
permutation can have its leading digit 0].

54. How many permutations have the first 0 preceding
the first 12

(a) 15C4 X IOC5
(c) B¢ x10C,

(b) 15C5 % IOC4

(d) B¢, x?C,

55. In how many permutations does the first 0 preceed
the first 1 and the first 1 preceed first 2.

(a) MC, x 8C (b) “C, x 8C,

(c) MCx3C, (d) 2C, x 7C,

56. The no. of permutations in which all 2's are
together but no two of the zeroes are together is :

(a) 42 (b) 40

(c) 84 (d) 80

Matrix-Match Type

57. Consider all possible permutations of the letters
of the word ENDEANOEL. Match the Statements/
Expressions in Column I with the Statements/
Expressions in Column II.
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Column I

Column II

(A)

The number of permutations
containing the word ENDEA, is

(p)

5!

(B)

The number of permutations in
which the letter E occurs in the
first and the last positions, is

(@)

2 x5!

(©)

The number of permutations
in which none of the letters
D, L, N occur in the last five
positions, is

(r)

7 x 5!

(D)

The number of permutations in
which the letters A, E, O occur
only in odd positions, is

(s)

21 x 5!

58. Match the following :

Column I

Column II

(A)

The maximum number of
points at which 5 straight lines
intersect is

(p)

120

(B)

The number of distinct positive
divisors of 24 3> 5% is

(q)

2" -1

(©)

How many triangles can be
drawn through 5 given points
on a circle

(r)

°C

(D)

nnp
The value of Y| _'r

r=1 r.

(s)

°C

59. Match the following :

Column I

Column II

(A)

The number of permutations
of the letters of the word
HINDUSTAN such that
neither the pattern HIN nor
DUS nor TAN appears, are

(p)

169194

(B)

Taking all the letters of the
word MATHEMATICS how
many wods can be formed
in which either M or T are
together?

(@

99!
2!

(©)

The number of ways in which | (r)
we can choose 2 distinct
integers from 1 to 100 such
that difference between them

is at most 10 is

10

OC2 _ 90C2

(D)

The total number of eight- | (s)
digit numbers, the sum of

whose digits is odd, is

45 x 106

®
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Integer Answer Type

60. Put numbers 1, 2, 3, 4, 5, 6, 7, 8 at the vertices of
a cube, such that the sum of any three numbers on any
face is not less than 10. The minimum sum of the four
numbers on a face is k, then k/2 is equal to

61. The number of numbers from 1 to 10° (both
inclusive) in which two consecutive digits are same is
equal to 402128 + K where K is a single digit number
then K must be equal to

62. The number of polynomials of the form x* + ax? +

bx + ¢ which are divisible by x? + 1 where a, b, c € {1,
2,3, ..., 10} is 10K, then K is )

63. The number of ways of arranging 11 objects A, B,
C,D,E F a,0,0,f, B sothat every f lie between
two o (not necessarily adjacent) is K x 6! x 1C; , then
Kis .

64. The number of positive integer solutions of x + y
+ z =10, where x, y, z are unequal is (20 + K) then K
is

65. If number of numbers greater than 3000, which
can be formed by using the digits 0, 1, 2, 3, 4, 5 without

repetition, is # then LY equal to
230

SOLUTIONS

1. (d):Number of 1 digit numbers = P,

Number of 2 digit numbers = 4P,

Number of 3 digit numbers = *P,

Number of 4 digit numbers = 4P,

Hence the required number of ways is sum of them.
2. (a) : The number will be even if last digit is 2, 4,
6 or 8 i.e., the last digit can be filled in 4 ways and
remaining two digits can be filled in 8P, ways. Hence
required number of numbers are 8P, x 4 = 224.

3. (@:""'P +r.-"-1p

(n—1)! n—1)! onp _ n!
' r_(n—r)!

:(n—l—r)! n—r)!
(n—-1! { 1 }

= 1+7r.

n—1-r)! n—r

-1)! !

= (H ) ( " ): " :nPr

n=1-r\n-r) (n-r)!
4. (a):There are 10 digits in all viz. 0, 1, 2, 3, 4, 5,
6,7,8,9. The required 9 digit numbers = (Total

number of 9 digit numbers including those numbers
which have 0 at the first place) — (Total number of those




9 digit numbers which have 0 at the first place)

_10p _9 _1_0!_9_!_ 1-91=(10-1)9!'=9-9!
=R =R =—--— =10l 91=(10-1)9!=9-9!.
5. (c):Required sum =3!(3 +4 +5+6) =6 x 18

= 108.

[If we fix 3 at the unit place, other three digits can be
arranged in 3! ways similarly for 4, 5, 6.]
6. (c) : Required number of ways = 5! - 4! - 3!

=120-24-6

= 90.
[Number will be less than 56000 only if either
4 occurs on the first place or 5, 4 occurs on the first
two places].
7. (a):Sum of the digits in the unit place is
6(2+4 + 6+ 8) =120 units. Similarly, sum of digits
in tens place is 120 tens and in hundreds place is
120 hundreds etc. Sum of all the 24 numbers is
120(1 + 10 + 10% + 10%) = 120 x 1111 = 133320.
8. (a): eAeleUe

The pointed places to be filled by MXMM .

4!
Hence required number of ways 3! X; =4!

{Since three vowels can be arranged in 3! ways
also}.

9. (b) : Total number of arrangements of # books = n!.
If two specified books always together then number
of ways = (n - 1)! x 2

Hence required number of ways = n! - (n - 1)! x 2
=nn-1N'-m-1D!'x2=(n-1!(n-2).

10. (b) : Numbers greater than 1000 and less than or
equal to 4000 will be of 4 digits and will have either 1
(except 1000) or 2 or 3 in the first place.

After fixing 1% place, the second place can be filled
by any of the 5 numbers. Similarly third place can be
filled up in 5 ways and 4" place can be filled up in 5
ways. Thus there will be 5 x 5 x 5 = 125 ways in which
1 will be in first place but this include 1000 also hence
there will be 124 numbers having 1 in the first place.
Similarly 125 for each 2 or 3. One number will be in
which 4 in the first place i.e. 4000. Hence the required
numbers are 124 + 125 + 125 + 1 = 375.

11. (b) : The 4 odd digits 1, 3, 3, 1 can be arranged in
41

—— =6 ways and 3 even digits 2,

the 4 odd places in 121

3!
4, 2 can be arranged in the three even places in ; =3

ways. Hence the required number of ways = 6 x 3 = 18.

12. (b): At first we have to accommodate those 5
animals in cages which can not enter in 4 small
cages, therefore number of ways are °P,. Now after
accommodating 5 animals we left with 5 cages and
5 animals, therefore number of ways are 5!. Hence
required number of ways = °P, x 5! = 86400.

13. (c) : In forming even numbers, the position on the
right can be filled either 0 or 2. When 0 is filled, the
remaining positions can be filled in 3! ways and when
2 is filled, the position on the left can be filled in 2 ways
(0 cannot be used) and the middle two positions in 2!
ways (0 can be used). Therefore the number of even
numbers formed = 3! + 2(2!) = 10.

14. (d) : Without any restriction the 10 persons can be
ranked among themselves in 10! ways; but the number
of ways in which A, is above A,;and the number of
ways in which A, is above A; make up 10!. Also the
number of ways in which A, is above A, is exactly
same as the number of ways in which A is above A,.

Therefore the required number of ways = %(10 .

15. (c) : 5 boys can be stand in a row 5! ways

Now, two girls can't stand in a row together in °P,
ways.

Total no. of required arrangement = 5! x P, = 5! x 6!.

16. (b) : Numbers which are divisible by 5 have ‘5’ fixed
in extreme right place

3 Digit Numbers 4 Digit Numbers

H T U Th H T U
X X 5 X X X 5
3P, ways 3P, ways

3! 3!
=—=3x%x2 =—=3%X2

1! 0!

= Total ways =12.

17. (c) : The units place can be filled in 4 ways as any
one of 0, 2, 4 or 6 can be placed there. The remaining
three places can be filled in with remaining 6 digits in
6P, = 120 ways. So, total number of ways = 4 x 120
= 480. But, this includes those numbers in which 0 is
fixed in extreme left place. Numbers of such numbers
=3x°P,=3x5x4=60

.. Required number of ways = 480 — 60 = 420.
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18. (d):0, 1,2, 3, 5, 7 : Six digits

The last place can be filled in by 1, 3, 5, 7. i.e., 4
ways as the number is to be odd. We have to fill in
the remaining 3 places of the 4 digit number. Since
repetition is allowed each place can be filled in 6
ways. Hence the 3 place can be filled in 6 x 6 X 6 =
216 ways.

But in case of 0 = 216 - 36 = 180 ways.

Hence by fundamental theorem, the total number will
be = 180 x 4 = 720.

19. (c) : Out of 7 places, 4 places are odd and 3 even.
Therefore 3 vowels can be arranged in 3 even places in
3P, ways and remaining 4 consonants can be arranged
in 4 odd places in *P, ways.

Hence required no. of ways =°P, x P, = 144.

20. (c) : The numbers between 999 and 10000 are of
four digit numbers.

The four digit numbers formed by digits 0, 2,3,6,7,8
are °P, = 360.

But here those numbers are also involved which
begin from 0. So we take those numbers as three digit
numbers.

Taking initial digit 0, the number of ways to fill
remaining 3 places from five digits 2,3,6,7,8 are
5P, = 60

So the required numbers = 360 - 60 = 300.

21. (b) : There are 20 + 1 = 21 persons in all. The two
particular persons and the host be taken as one unit
so that these remain 21 - 3 + 1 = 19 persons to be
arranged in 18! ways. But the two person on either
side of the host can themselves be arranged in 2! ways.
Hence there are 2! 18! ways or 2 - 18! ways.

22. (a) : The number of ways in which 5 beads of
different colours can be arranged in a circle to form
a necklace are (5 - 1)! = 4!,

But the clockwise and anticlockwise arrangement are
not different (because when the necklace is turned over
one gives rise to another)

Hence the total number of ways of arranging the beads

1
_5(4!)_12.

23. (b): Fix up 1 man and the remaining 6 men can
be seated in 6! ways. Now no two women are to sit
together and as such the 7 women are to be arranged
in seven empty seats between two consecutive men
and number of arrangement will be 7!. Hence by
fundamental theorem the total number of ways
=7Ix 6l

20
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m(m—l){m(m—l) _1}

=%m(m—1)(m—2)(m+1)

:%(m+1)m(m—1)(m—2)=3. mtlc,

25. (c) : We have 32 places for teeth. For each place we
have two choices either there is a tooth or there is no
tooth. Therefore the number of ways to fill up these
places is 232 . As there is no person without a tooth,
the maximum population is 232 - 1.

26. (a) :"C5 + "C > " T IC, = " T IC, > "+ IC,

(n+1)! ‘5!(n—4)! zw>1
6!(n-5! m+1)! 6
= n-4>6= n>10
Hence, least value of n = 11.
27. (a) : Given, $C, _,=%C,

= r-6=3r+lorr-6+3r+1=43
7
= r=—5(impossible) orr=12.

28. (c) : Required number of ways

=3C, +3C, +8C, +8C, +8C,

=8+ 28+ 56+ 70+ 56 =218

{Since voter may vote to one, two, three, four or all
candidates}.

29. (b):"C_+"+1C +7*2C, ...+ "~ 1C +"C,
G g GG
- r+1 [ r r

="*3C 4. +"7IC +"C.

On solving similar way, we get

n-1¢ +n—1cr+ncr:nc +nCr:n+1C
30. (c) : The number of ways can be given as follows
2 bowlers and 9 other players = *C, x °C,

3 bowlers and 8 other players = *C; x °C

4 bowlers and 7 other players = *C, x °C,

Hence required number of ways
=6x1+4x9+1x36=78.

31. (b) : At least one green ball can be selected out
of 5 green balls in 2° - 1 i.e., in 31 ways. Similarly at
least one blue ball can be selected from 4 blue balls in
2% - 1 =15 ways. And at least one red or not red can
be select in 2° = 8 ways.

Hence required number of ways = 31 x 15 x 8 = 3720.

r+1 r+1 r+1°



32. (c) : Required number of ways

=4C, x 8C, +%C, x 8C, +1C, x 8Cy + *C, x 8C,
=4x56+6x%x70+4x56+1x 28 =896.

33. (c) : 1 girl and 6 boys = *C,; x °C, = 4

2 girls and 5 boys = *C, x °C = 36

3 girls and 4 boys = *C, x °C, = 60

Hence total ways = 60 + 36 + 4 = 100.

34. (b) : First omit two particular persons, remaining
8 persons may be 4 in each boat. This can be done in
8C ,ways. The two particular persons may be placed in
two ways one in each boat. Therefore total number of
ways = 2 x 8C,.

35. (c) : Four letters can be selected in the following
ways

(i) All different i.e. C, O, R, G.

(ii) 2 like and 2 different.

(iii) 3 like and 1 different i.e. three O and 1 from R,
G and C.

The number of ways in (i) is *C, = 1

The number of ways in (ii) is 1 - 3C, = 3

The number of ways in (iii) is 1 x 3C1 =3

Therefore, required number of ways =1+3 +3 =7.
36. (a) : There can be two types of numbers :

(i) Any one of the digits 1, 2, 3, 4 repeats thrice and
the remaining digits only once i.e. of the type 1, 2, 3,
4, 4, 4 etc.

(ii) Any two of the digits 1, 2, 3, 4 repeat twice and
the remaining two only once i.e. of the type 1, 2, 3,
3,4, 4 etc.

Now number of numbers of the (i) type

6! 4
= —x4c =480

3!
Number of numbers of the (ii) type

6! 4

- —x*c, =1080

212!
Therefore the required number of numbers
=480 + 1080 = 1560.

37. (b) : The total number of two factor products = 20°C,.
The number of numbers from 1 to 200 which are not
multiples of 5 is 160. Therefore total number of two
factor products which are not multiple of 5 is 16°C,.
Hence the required number of factors

— 200 60 —

= 200, - 160C, = 7180,

38. (b) : The required number

= Coefficient of 3 in (1 + x + x
—3+35-1 —3C =
=3+35-1C,  =3C, = 666

24+ xP)3

39. (d): Word ‘MATHEMATICS’ has 2M, 2T, 2A,

H, E, I, C, S. Therefore 4 letters can be chosen in the

following ways.

Case I : 2 alike of one kind and 2 alike of second kind
41

2021

Case II : 2 alike of one kind and 2 different

i.e., *C, = No. of words =3¢, 18

3 T 4
i.e., °C; x ’C, = No. of words =~ C; X' Cy X — =756
21
Case III : All are different
i.e., 8C, = No. of words = 8C, x 4! = 1680.
Hence total number of words are 2454.

40. (a) : Since the person is allowed to select at most
n coins out of (2n + 1) coins, therefore in order to
select one, two, three, ...., n coins. Thus, if T is the
total number of ways of selecting coins, then
T=2n+1C, +2+1C, + .. +2"*+1C =255 ..(i)
Again the sum of binomial coefficients is
2n+1C0+2n+1C1 +2n+1C2+... +2;’1+1Cn+2n+ 1Cn+1 +

2n +1 2n +1 — 2n+1 _ 92n +1
Coppt ot C1=(1+1 =2

= 2n+1C0+2(2"+1C1+2"+1C2+...+2n+lcn)+
2n+ 1 _"2n+1
C2n+1_2

2n+1

= 1420 +1=22"1 5147 = =

= 14255=22" = 22" _ 28 ;=4

41. (b): As for given question two cases are possible.

(i) Selecting 4 out of first 5 questions and 6 out of

remaining 8 questions = °C, x 8C, = 140 choices.

(ii) Selecting 5 out of first 5 questions and 5 out of

remaining 8 questions = °C, x 8C, = 56 choices.
Total no. of choices = 140 + 56 = 196.

42, (b, c,d) s x; +x, + x5+ x, +x5=9, %, %20

Xy X3 X4 2 1, number of solutions are 210

() 5x12x12=720 (b) 7P, =210

(c) °C, =210 (d) °C, - °C, =210

43. (a, b, d) : Number of isosceles triangles

=20x9 =180

m =20 x 16 = 320

n =20C, - (180 + 320) = 640

44. (a,b,d): f(m) =) Q1 +n+1+(n+1)(n+2))

= (n + 2)*(n!)

49/ fin) > 7/ n+ 2 or 49 / n!

45. (a, b) : 3100 =950 = (10 - 1)°

= 10%0 - 39C,10% + ... - 39C,410 + >°C,,

= a multiple of 100 + 1

3%0 = (10 - 1) = 10% - C,(10)* + ... + C,,10 - 2°C,

= a multiple of 100 + 249

MATHEMATICS TODAY | DECEMBER'16

21



46. (a, ¢, d) : No. of divisors = (1 + 1)(2 + 1)(3 + 1)
(I+1)(1+1)=96
Since there are 6 primes which are <13 and N contain
only five distinct primes, N can not be divisible By 13!.
47. (a, b, d) : Total number of triangles = 8C3 =56
Number of triangles having exactly one side common
with the polygon = 8 x 4 = 32
Number of triangles having exactly two side common
with the polygon = 8
Number of triangles having no side common with the
polygon = 16
(48-50) :
10=2-5=A=2%.3=48
12=2-2-3=B=22.3.5=60
15=3.5=C=2%.32=144
16=2-2-2-2=D=2-3-5-7=210
20=2-2-5=E=2%.3.5=240
48. (a): A + B = 48 + 60 = 108
49. (b): C+ D = 144 + 210 = 354
50. (a): A + E =48 + 240 = 288
51. (d):xy = 15! = 21136 53 72 11! 13!
Number of positive integral solutions = no. of ways of
fixing x = the number of factors of 15!
=1+1)A+6)1+3)1+2)(1+1)(1+1) =4032
Total number of integral solutions (positive or negative)
=2 x 4032 = 8064

52. (a) : HCF (o, B) = 1. e and B will not have common

factor other than 1 so, identical prime numbers should

not be separated. e.g. 2!! will completely go with either

o or P.

So the number of solutions =2 X2 x2x2x2x 2
= 64.

53. (a) : The largest number whose perfect square can
be made with 15! is 2° 3% 5! 7!

So that number of ways of selecting x will be
1+5@0+3)1Q+1)1Q+1)=096.

54. (a) : The number of ways of arranging 2’s is 1°C,.
Fill the first empty position left after arranging the 2’s
with a 0(1 way) and pick the remaining five places the
position the remaining five zeros ~!°C; ways.
15 10

Cy x 1 xPC,
55. (b) : Put 0 in the first position, ( 1 way). Pick five
other positions for the remaining 0’s (**C; ways), put a
1 in the first of the remaining positions (1 way), then
arrange the remaining four 1’s (*C, ways)
14 8

C; x °Cy
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56. (a)
57. A—-pB—>sC—=>q¢D—q
ENDEANOEL

(A) Consider ENDEA as a single unit
= ENDEA,N,O,E,L = 5!

(B) After filling E’s at first and last positions remaining

7

letters are N, D, A, N, O,E, L = E=21X5!

(C) D, L, N, N can’t be present in the last 5 positions
= They occupy 1% four positions, for which number
4!
of ways = T 12
And the remaining 5 letters : E, E, E, A, O will occupy
5!
last 5 positions in 31 ways
) 5!
= Required no. of ways =12X 3 =2Xx5!
(D) A,E,O0 = A,E,EE,O '
In fact there are only 5 odd positions available.

58. A->rB—->p;C—>ssD—>q

(A) Two straight lines intersect at only one point. For
selecting two out of 5 straight lines is °C, . So maximum
number of point of intersection is °C, .

(B) The number of distinct positive divisors of
24355324+ 1)(5+1)(3+1) =120

(C) Total number of triangles formed = °C,

n nP
2
(D) 21_” = "C,+"Cy+..+"C, =2"-1
r:

5. A - p;B—>q¢C—> rsD— s

!
(A) Total number of permutations =%
Number of those containing HIN = 7! .

7!
Number of those containing DUS = 51
Number of those containing TAN = 7!
Number of those containing HIN and DUS = 5!
Number of those containing HIN and TAN = 5!
Number of those containing TAN and DUS = 5!
Number of those containing HIN, DUS and TAN = 3!
Required numbers
9! 7!

=§— 7!+7!+? +3x5!-31=169194
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(B) MM, T T,A,A,H,E,,C, S

(Number of words in which both M are together) +
(Number of words in which both T are together).
—(Number of words in which both T and both M are
together) = required number of words

Required number of words

_ 10! 10! 9! 59459-91 99!

Tanr2nr 2t 2t 2
(C) Let the chosen integers be x, and x,
Let there be 'a’ integer before x,, 'b" integer between
x; and x, and 'c’ integer after x,

a+b+c=98 Where a>0,b<10,c=0
Now if we consider the choices where difference
is at least 11, then the number of solutions is
88+3-1¢ =90C

3-1 2

Number of ways in which b is less than 10 is
IOOC2 _ 9OC2
(D) The numbers will vary from 10000000 to 99999999.
If sum of digits of a particular number is even, then
the sum of digits of its next consecutive number will
be odd.
As sum of digits of first number is odd and sum of
digits of last number is even.
So number of numbers with sum of digits as odd

_ total number of 8 —digit numbers

2
=45x%10°

90000000

60. (8) : Suppose that the four numbers on face of the
cube is a,, a,, a;, a, such that their sum reaches the
minimum and a, < a, < a5 < a,.

Since the maximum sum of 7
any three numbers less than
5is 9, we have a, 2 6 and
a, +a,+a;+a,=16.

As seen in figure, we have
2+3+ 5+ 6 =16 and that 2
means minimum sum of four

numbers on a face is 16. 4 5

61. (2) : No. of n digit numbers in which no two
consecutive digits are same = 9"
= no. of numbers from 1 to 10° in which no two

6
consecutive digits are same = Y, 9" =597870
n=1
Required numbers = 10° — 597870 = 402130
= 402128 + 2

K=2

62. (1):x2+1=(x+i)(x-1)

b=1l,a=c

No.of ways of choosing a, b, c =10 =10 x 1
K=1

63. (3) : There are three major ways aoffo., ofpao
and ofapo

Each major way has six empty spaces. The
number of ways of putting letters at these empty
spaces must be non-negative integer function of
X+ X+ .+ x,=6=076-1C  =1C,

No.of arrangements is = 3 x !'C, x 6! = K =3

64. (4):x <y <z theseare127,136,145,235
total =3! x4 =24=20+4
K=4

65. (6) : No. of 4 digit numbers =3 x5 x4 x 3 =180
No. of 5 digit numbers =5 x 5 x 4 x 3 X 2 = 600
No. of 6 digit numbers =5 x5 x4 x 3 x 2 x 1 =600
n = 1380
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BRAIN

CIRCLES

This article is a collection of shortcut methods, important formulas and MCQs along with their detailed solutions which provides
an extra edge to the readers who are preparing for various competitive exams like JEE(Main & Advanced) and other PETs.

DEFINITION

A circle is the locus of a point which moves in a plane
such that its distance from a fixed point in the plane is
always a constant. The fixed point is called the centre
and the constant distance is called the radius of the
circle.

EQUATION OF A CIRCLE PASSING THROUGH
THREE NON-COLLINEAR POINTS

Let the equation of the circle passing through three
non-collinear points A(x,, y,), B(x,, y,), Cl(x;, y;) be
X+ y P +2gx+2fy+c=0 (1)
If these three points lie on the circle (1), then their
co-ordinates must satisfy its equation. Hence,

x12+y12+2gx1+2fy1+c=0 -(2)
X3+ y3 4200, +2f yy +c=0 -(3)
x§+y32,+2gx3+2fy3+c=0 -(4)

& f, c are obtained from (2), (3) and (4). Then to find
the circle (1). Substitute the value of g, f, ¢ so obtained
in equation (1).

INTERCEPTS MADE ON THE AXIS BY A CIRCLE

o Thecircle x? + y? + 2gx + 2fy + ¢ = 0 intersects the
x-axis at A(x;, 0) and B(x,, 0) then AB = |x, - x,|

=2(g% -0

e The circle intercepts
the y-axis at C(0, y,)
and D(0, y,), then

CD = |y1 _yzl

=2/(f%-¢)

Y.

0, 9,)D

(o, }’1) C

B
(x2> 0)

A
x5 0)

Remarks :
(i) Length of intercepts are always positive.
(ii) If circle touches x-axis then AB=0 = ¢ =g

and if circle touches y-axis then CD=0 = c=f?
(iii) If circle touches both axes then AB=CD =0

= c=g=f?
EQUATIONS OF A CIRCLE IN DIFFERENT
CONDITIONS

e When the circle passes through the origin (0, 0) and
has intercepts 20t and 2f on the x-axis and y-axis

respectively. Centre (o, f3), radius =+ 0c2 + [32
. Equation of the cirde is (x — 00 + (y — B)> = o + [
e  When the circle touches x-axis and having centre
at (o, B), radius = f.
Equation of circle is (x - o) + (y - B)? = B?
e  When the circle touches y-axis and having centre
at (o, B), radius = oL.
Equation of circle is (x - o0)? + (y - B)? = o?
e  When the circle touches both axes and having
centre (0, o), radius = o.
Equation of circle is (x - o0)? + (y - o) = o?
e  When the circle passes through the origin and
centre lies on x-axis. i.e., centre (o, 0), radius = o
Equation of circle is (x - o) + y? = o2
e When the circle passes through the origin and centre
lies on y-axis. i.e., centre (0, o), radius = o
Equation of circle is x* + (y - o) = o2

POSITION OF A POINT AND ITS MAXIMUM
AND MINIMUM DISTANCE W.R.T. A CIRCLE

A point P(x,, y,) may lies outside, on or inside a circle
S=x*+y*+2gx+2fy+c=0

Sanjay Singh Mathematics Classes, Chandigarh, Ph : 9888228231, 9216338231
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Case I : If P lies inside the circle A
P lies inside if PC < r

= xP+yl+2gx +2fy, +c<0

The minimum distance of P from

circle = PA = CA - CP = |r - CP|. B

and the maximum distance of P from circle = PB =
CB + CP = |r+ CP|.

Case II : If P lies outside the circle P
P lies outside if PC > r
:>x12+y12+2gx1+2fy1+c>0 4
The minimum distance of P from

circle = PA = CP - CA = |CP - 1]

= |r- CP|

and the maximum distance of P B
from the circle = PB = CP + CB

= |r+ CP|

Case III : If P lies on the circle

P lies on the circle if PC = r

= x4+ yl+2gx, +2fy, +c=0

In this case the minimum distance

of P from the circle = 0 = |r - CP|

and the maximum distance of P A
from the circle = PA = 2r = |r + CP|

TANGENT TO A CIRCLE AT A GIVEN POINT

e Point Form
Equation of tangent to the circle x? + y? + 2gx +
2fy + ¢ =0 at (x;, y)) is xx; + yy, + glx + x;) +
fy+y)+c=0

e Parametric Form
Equation of tangent to circle (x - a)? +
(y - B)? = a? at the point (o + acos, B + asin6)
is (x — o) cosO + (y - P) sin6 = a.

e Point of Intersection
The point of intersection of tangents at the
points P(a) and Q(B) on x? + y?> = a? given by
(where o and 3 are parametric angle of the point
P and Q respectively).

acos(OH-B) asin(OHB)
2 . 2
COS(‘X—B) COS(O‘—BJ
2 2
e Slope Form

Equation of a line of slope m i.e., always
tangent to the circle (x - a)? + (y - B)? = a? is

y—Bzm(x—oc)ia\/l+m2

TANGENTS FROM A POINT TO THE CIRCLE

From a given point two tangents can be drawn to a circle

which are real, coincident or imaginary, according as

the given point lies outside, on or inside the circle.

e The length of the tangent drawn from (x,, y,) to
the circle S=x?+y? +2gx + 2fy + c=01is

\/x12 +y12 +20xp+2fy +c
e Equation of the pair of tangents drawn from the
point (x,, y,) to the circle § = 0 is T2 = §§,.

NORMAL

The normal of a circle at any point is a straight line
which is perpendicular to the tangent at the point and
always passes through the centre of the circle. The point
of intersection of two normals or two diameters or two
radii gives the centre of the circle.

CHORD OF CONTACT

The chord joining the points of contact of the tangents

drawn from an external point to any conic is known

as the chord of contact w.r.t. that external point.

(i) Let P(x,, y,) be a point outside the circle
S =x%+y?+ 2gx + 2fy + ¢ = 0. Then the chord of
contact of tangents drawn from P to the circle is
xx; +yy, +gx+x) +fly+y)+c=0ie, T=0.

(i) If R is the radius of a circle and tangents are drawn
from a point P to the circle then length of chord

2RL

of contact is ———=—= where L is the length of
[p2 | 12
tangents. R*+L

(iii) The chord of contact of tangents drawn from a
point P to the circle S = 0 is always perpendicular
to the line joining the centre of the circle to the
point P.

CHORD BISECTED AT A GIVEN POINT

(i) The equation of a chord of the circle S = 0 bisected
at the point P(x, y;) is S, = T.

(ii) The length of the chord of the circle S = 0 bisected
at the point P(x,, y,) is 2\/—781.

(iii)Equation of the chord joining two points
P(a) and Q(B) on the circle x? + y? = a? is

xcos(a+BJ+ysin(a+Bj=acos(a_B) where
2 2 2

o and f are respectively parametric angle of the
point P and Q.
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COMMON CHORD OF TWO CIRCLES

The chord joining the points of intersection of two
given circles is called their common chord and its
equation will be given by § - §' = 0 where S and §'
are the equation of the two circles.

FAMILY OF CIRCLES

(i) The equation of the
family of circles passing
through the point
of intersection of two
given circles S$ = 0
and §' = 0 is given as

=0
S + AS' = 0 (where A is a parameter, A € R - {-1})

S+AS

(ii) The equation of the

family of circles
passing through the
point of intersection
of circle $ = 0 and a
line L = 0 is given as
S+ AL = 0 (where A is a parameter and A € R)

RELATION BETWEEN TWO CIRCLES

Two circles may touch each other internally or

externally, may lie inside or outside of each other,

depending on these situations the relation between their

radii and distance between the centres and number of

common tangents varies. These situation are discussed

as below :

Common Tangent : A line which touches both the

circle is called common tangent. There are two types

of common tangent

(i) Direct Common Tangent : When two circles
touching the given line on same side of the line then
the line is called the direct common tangent.

(ii) Indirect Common Tangent : When two circles
touching the given line on different sides of the
line then the line is called the indirect common

tangent or transverse common tangent.

Smaller circle Two circles|Two circles cut| Two circles touch | Two circles lies outside
lies inside the | touch internally each other externally each other
bigger
Two or more
circles in a plane Q‘@ %‘9 D \r
) / !9 J»Q
= = | — 1|
|C, Gy |C, Gy |C, Gy IC, Gy
Relationbetweeen | |r; - r,| > ||r, - 1,| =|C,C)| |r; - 1,| <|C,C,| | |C,C,| = |r; + 1,| ||C,C)| > |r; + 1,
centres and radii |C,C)| <|rp + 1y
Number of No Tangents |1 DCT 2 DCT 2 DCT 2 DCT
tangents 0 TCT 0 TCT 1 TCT 2 TCT
DCT = Direct Common Tangents ; TCT = Transverse Common Tangents

ANGLE OF INTERSECTION OF TWO CIRCLES
Angle between two circles is Sanf
defined as the angle between
the tangents or between the
normals of the two circles
at the point of intersection.

If O is the angle of intersection of circles having radii
r, and r, and centres C, and C,, such that the distance
2 2 2
+r —d
between their centres is d, then cos@=-1—2 = =
27’17’2
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ORTHOGONAL CIRCLES

Two circles are said to be orthogonal if they intersect

each other at right angles.

Given two circles x> + y? + 2g,x + 2f,y + ¢, = 0

and x, + y, + 2¢,x + 2f,y + ¢, = 0. If the given

circles are orthogonal then the required condition is

2818+ 2if, = ¢ + oy

RADICAL AXIS

e  The radical axis of two circles is the locus of a point
which moves such that the lengths of the tangents
drawn from it to the two circles are equal.



e  Equation of radical axis
Let S, : x? + y* + 2g;x + 2f,y + ¢, = 0 and
S, : x>+ y* +2g,x + 2f,y + ¢, = 0 be two equations
of circles in general form. Then the equation of
radical axis of two circles is given by §, - S, =0

RADICAL CENTRE

The radical axes of three circles whose centres are
non-collinear, taken in pairs, meet in a point, which is
called their radical centre. If the centres of the circles
are collinear then their radical axis becomes parallel
hence there is no point of intersection. i.e., no radical
centre.

PROBLEMS

1. Equation of the circle having centre at (3, -1)
and cutting the intercept of length 6 units on the line
2x -5y +18=0is

(@ x*+y*-6x+2y-18=0

(b) x> +y*-6x+2y-38=0

() X*+y*>-6x+2y-28=0

(d) None of these

2. Tangent to circle x> + y? = 5 at (1, -2) also touches
the circle x* + y? — 8x + 6y + 20 = 0. Co-ordinate of the
corresponding point of contact is

@ B,1) () GB,-1) (0 (-3,1) (d (-3,-1)

3. Tangentsare drawn to x> + y* = 1 from any arbitrary
point P on the line 2x + y — 4 = 0. The corresponding
chord of contact passes through a fixed point whose
coordinate is

11 1 11 1
o w0 (220 (4

4. Equation of the circle drawn on the common chord
of circle x> + > =land x> + > - 2x - 2y + 1 = 0 as
diameter is

@ *+y’+x+y=0 (b)) ¥*+y*+x-y=0

() X*+y?-x-y=0 (d) ¥*+y>-x+y=0

5. Tangents PA and PB are drawn to x? + y = a® from
the point P(x, y,). Equation of the circumcircle of
triangle PAB is

(@) x> +y*-xx;,-yy, =0

() x*+y*+xx, - yy, =0

() xX*+y*—xx; +yy, =0

(d) x>+ y*+xx,+yy, =0

6. Tangents PA and PB drawn to x? + y> = 9 from any
arbitrary point ‘P’ on the line x + y = 25. Locus of mid
point of chord AB is

(@) 25(x* + %) =9(x +y)

(b) 25(x? + y?) = 3(x +5)
(c) 5(x2+y%) =3(x+y)
(d) None of these

7. If the circle x> + y* + 2ax + 2by = 0 and
x* + y? + 2bx + 2cy = 0 touch each other then

(a) 2b=a+c (b) b=£
a+c
(c) b*=ac (d a+b+c=0

8. Any arbitrary tangent of C, : x* + y* — a? = 0 meets
the circle C, : x> + y* - 5a% = 0 at the points A and B.
Locus of point of intersection of tangents drawn to C,
at points A and B is

(@) x?+ y?=20a° (b) x?+ y* = 6a°

(c) x*+ y*=25a° (d) x*+y*=10a*

9. Orthocenter of the triangle ABC where
A = (acosB,, asinB,), B = (acosB,, asinf,) and
C= (acosb,, asinb,) is

(a) (%Zcos OI,Z?aZsin 61)

a a
b —2cos0,,—Zsin0O
(b) (2 cos 12 sin lj
(o) (aEcosOl,aEsinel)

3a 3a
d) | —Xcos0;,,—Xsin0
@ (2 zcoso, %z |
: < > . pA
10. A point ‘P’ moves in such a way that B A where

A€ (0,1) isa constant and A, B are fixed point such that
AB = a. Locus of ‘P’ is a circle whose diameter is equal to

A A
@ —5 ©) —
1-A 2(1-2%)
2a\
() 152 (d) None of these

11. The circles x> + »*> - 2x - 4y = 0 and

x* + y* - 8y — 4 = 0 touch each other. The co-ordinates
of the corresponding point of contact is

(@ (0,2) (b) (0,1) () (2,00 (d) (1,0)

12. Chord of contact of the tangent drawn to
x* + y* = a® from any point on x? + y? = b? touches the
circle x* + y* = ¢ then

(a) b*=ac (b) a2=bc (¢) 2=ab (d) abc=1

13. Equation of incircle of equilateral triangle ABC
where B=(2,0), C= (4, 0) and A lies in fourth quadrant is

2
(a) x2+y2—6x+—y+9=0

5
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(b) x2+y2—6x—2—y+9=0

N

2
©) +y +6x+2L+9=0

NG

(d) None of these

14. Locus of the centre of a circle that passes through
(a, b) and cuts the circle x* + y* = a? orthogonally is

(@) 2ax +2by=a’>+b> (b) 2ax + by = a® + 2b?
(c) ax+2by=2b>+a®> (d) 2ax+ 2by = b* + 2a?

15. Ifthe circle x* + y* + 2a,x + 2b,y + ¢, = 0 bisects the
circumference of x> + y* + 2a,x + 2b,y + ¢, = 0 then

(@) a,(a, -a,) +by(b,-b) +c,-¢c; =0

(b) a,(a, -a,) +by(b,-b) +¢c,-¢c,=0

(c) 2a,(a, - a,) +2b,(b; - b,) +¢c, —¢; =0

(d) 2a,(a, - a,) +2b,(b; - b,) +¢; -¢c,=0

16. In triangle ABC equation of side BCis x — y = 0.
Circumcenter and orthocenter of the triangle are (2, 3)
and (5, 8) respectively. Equation of circumcircle of the
triangle is

(@) x> +y*-4x+6y-27=0

(b) x¥*+y*-4x-6y-27=0

() X*+y*+4x+6y-27=0

(d) x> +y*+4x-6y-27=0

17. Theline y = mx + c cut the circle x? + y? = a? in the
distinct points A and B. Equation of the circle having
minimum radius that can be drawn through the points
Aand Bis

@) (1+m?)(?+y*-a?) +2c(y-mx-c)=0

b) A+mA)(*+y*-a’)+c(y-mx-¢)=0

() T+m?)(x2+y*-a*)-2cy-mx-¢c)=0

(d) Q+m)P?+y*-a?) -c(y-mx-c)=0

18. Equation of the smaller circle that touches the
circle x> + y? = 1 and passes through the point (4, 3) is
(@) 5(x*+y?) -24x - 18y +25=0

(b) x> +y*-24x- 18y +5=0

(c) 5(x*+y?) - 24x + 18y +25=0

(d) 5(x* +y?) +24x - 18y +25=0

19. If the angle between tangents drawn to
x% + y? + 2gx + 2fy + ¢ = 0 from (0, 0) is /2, then

(@) ¢£+f%=3c b) £+f*=2

(c) &£+ f*=5c (d) &+ f*=4c

20. Co-ordinates of the midpoint of the segment
cut by the circle x> + y? — 6x + 2y - 54 = 0 on the line
2x-5y+18=0is

(@ (41) (b) (1,3)

(@ (L4 (@ 61
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21. Combined equation of tangents drawn to x* + y* = 1
from the point (-1, -1) is

() x+y-xy-1=0 (b) x-y+xy+1=0

(¢) x-y-xy-1=0 (d) x+y+xy+1=0

22. Equation of the circumcircle of equilateral triangle
ABC is x* + y* +2ax + 2by = 0. If one vertex of the
triangle coincides with origin then equation of incircle
of triangle ABC s

(a) 4x* + 4y? + 8ax + 8by + 2a*> + 3b* =0

(b) 4x? + 4y* + 8ax + 8by + 3a> + 2b*> =0

(c) 4x* +4y* + 8ax + 8by + 2a* + 2b*> =0

(d) 4x* + 4y* + 8ax + 8by + 3a®> + 3b* =0

23. Two distinct chords of the circle x* + y2 — 2x -4y =0
drawn from the point P(a, b) gets bisected by the y-axis
then

(@) (b+2)?>4a (b) (b-2)2>4a

() (b-2)?>5a (d) (b+2)*>2a

24. Locus of the centre of circle that cuts the circle
x2+y*+2a,x+2by+c,=0and x* + y? + 2a,x + 2b,y
+ ¢, = 0 orthogonally is

(a) 2x(a; -a,) +2y(b, -b) +c,-¢c,=0

(b) x(a,-a,) +y(b,-b,) +c,-¢c;=0

(c) x(a, -a,) +y(by-by) +¢c,-¢c,=0

(d) 2x(a; -a,) +2y(b, -b) +¢c,-¢c,=0

25. Locus of midpoint of chords of circle x* + y* = a
that subtends angle 7t/2 at the point (0, b) is

(@) 2x2+2y2 -2bx+b*-a?=0

(b) 2x* +2y> -2by + b* - a?=0

(c) 2x*+2y2-2by+a?-b*=0

(d) 2x* +2y? - 2by +a®> +b*=0

26. Ifthecirdex?+)?+2cx+b=0and x> +y*+2cy +b=0
touch each other then

(a) b>0 (b) b<oO

(c) b=0 (d) None of these

27. Tangents PA and PB are drawn to x? + y* = 4 from
the point P(3, 0). Area of triangle PAB is equal to

2

(a) g 5 sq. units (b) % 5 sq. units

(c) % 5 sq.units (d) 2—30 5 sq. units

28. A light ray gets reflected from the x = -2. If the
reflected ray touches the circle x? + y? = 4 and point of
incident is (-2, —4) then equation of incident ray is

(a) 49+3x+22=0 (b) 3y+4x+20=0

(c) 49+2x+20=0 (d) x+y+6=0

29. The circle x* + y> + 2a,x + ¢ = 0 lies completely
inside the circle x* + y? + 2a,x + ¢ = 0, then



(@) aya,>0,c<0 (b) a,a,>0,c>0

(c) aya,<0,c<0 (d) a;a,<0,c>0

30. Radius of the circle that can be drawn to pass
through the point (0, 1), (0, 6) and touching the x-axis is
(@) 5/2 (b) 1372  (¢) 7/2 (d) 9/2

31. A circle passes through the points A(1, 0), B(5, 0)

and touches the y-axis at C(0, h). If ZACB is maximum,
then h =

@ 5 ) 25 (© V10 (@ 2v10

32. Consider four circles (x + 1)> + (y £ 1)? = 1.
Equation of smaller circle touching these four circles is
(a) x2+y2=3—\/5 (b) x2+y2=6—3\/5

(o) x2+y2=5—2\/5 (d) x2+y2=3—2\/5

33. Radius of bigger circle touching the circle
x* + y? - 4x — 4y + 4 = 0 and both the co-ordinate axis is
@) G+22) (b) 2(3+2+2)

() (6+22) (d) 26+232)

34. flx, y) = x* + ¥* + 2ax + 2by + ¢ = 0 represents a

circle. If f(x, 0) = 0 has equal roots, each being 2 and
(0, y) = 0 has 2 and 3 as it’s roots, then centre of circle is

5 5 )
2 -2, -2
(a) (2, 2) (b) ( 5
(c) Data is not sufficient (d) None of these

35. Circles are drawn having the sides of triangle ABC
as their diameters. A radical centre of these circles is the
(a) circumcenter of triangle ABC

(b) incenter of triangle ABC

(c) orthocenter of triangle ABC

(d) centroid of triangle ABC

SOLUTIONS

6+5+18
1. (¢): Here,CD=Q=\/E

v4+25
AD =3

= CA?=9+29=38

Thus equation of circle is,
(x-3)2+(y+1)%=38

ie, x> +y*-6x+2y-28=0

2x-5y+18=0

2. (b):Equation of tangent to x*> + > = 5 at (1, -2)
isx-2y=>5.

Putting x = 2y + 5 in second circle, we get

2y +5)2+y2-82y+5) +6y+20=0

= 572+10y+5=0

= y=-1 = x=-2+5=3

Thus point of contact is (3, -1)

3. (c):LetP=(a, 4 - 2a)

Equation of chord of contact is
x-a+y-(4-2a)=1=@y-1)+alx-2y)=0

It will always pass through a fixed point whose

1 1
coordinates are y = 1 and x=2y= 3

4. (c) : Equation of common chord is
2-2x-2y=0=>x+y=1
It meet x> + y> = 1 at (1, 0), (0, 1).
Thus equation of circle is (x - 1)x + y(y - 1) =0
ie, X>+y2-x-y=0
A

0) P(xy, y1)
Thus, equation of circumcircle
of triangle PAB is
x(x-x) +y(y-y) =0 ie, x> +y*-xx;, - yy, =0
6. (a):Let P=(a, 25 -a)
Equation of chord ABis T =0
ie, xa+y(25-a)=9
If midpoint of chord AB is C(h, k), then equation of
chord ABis T = S,. i.e, xh + yk = h* + k?
Comparing the coefficients, we get
a_25-a 9 _at25-a 25

h k W+ k2 h+k h+k

Thus locus of ‘C’ is 25(x? + %) = 9(x + y)
7. (c) : Both circles passing through origin. If they
touch each other then tangents drawn to respective

circles at origin must be identical lines.
i.e., ax+ by =0and bx + cy = 0 should represent same

line. = %=é = b =ac

C

5. (a): Clearly, the points
O, A, P and B are concyclic
and midpoint of OP is the
centre of this circle.

8. (c) : Let AB be a tangent to C|, drawn at the point
C(a cosb, a sin) and tangents drawn to C, at A and
B, intersect at P(h, k).

Then equation of AB is, x cosO + y sinf = a
Also the equation of line AB is, xh + yk = 5a®
Comparing the coeflicients, we get P(h, k)

cosO sin® a

h k  54° A
h k B
= cose—g, sm@—g @

= h2+k*=2542 @

Thus required locus is x> + y? = 2542

9. (c) : A, Band C lies on the circle x? + y? = a2.
That means circumcenter of triangle ABC is
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O = (0, 0) and it’s centroid isG = (%Zcos 0, ngin 61)

If orthocenter of triangle be H(x, yp), then
OG:GH=1:2
= xp=a X cosO and y, = a X sin0,.
10. (c) : Let A=(0,0), B=(a,0), P=(x, y)
We have PA? = A\2PB?
= x2+ 2 =A((x - a)+)?)
= 221 -2+ (1 - M) +2alx - a’2? =0
It is a circle, whose radius
) \/ 2 a
A-2%% a-2% -2
2a
1- )2
11. (c) : Equation of common tangent is
81—82:0 ie,4y-2x+4=0 ie,x=2y+2
Solving it with x? + y? - 2x - 4y = 0, we get
2y +2)2+y2-202y+2)-4y=0
= 57%=0 = y=0 .. x=2
Thus point of contact is (2, 0)

Thus it’s diameter =

12. (b): Let P(x,, y,) be any point on x? + y* = b?
i.e, xi+yp="b
Equation of corresponding chord of contact is
xx, +yy, -a*=0
Since, it touches x? + y? = ¢?,
2
|—a”|
2 2
X tn

13. (a) : Clearly, A=(3, —+/3) 40)

| : ;
. . 1 o
Centroid of AABC is| 3, __j
S \/

Thus equation of incircle is, A

=|c| = a®=|bc|

(2,0)
B

2
1Y 1 2y
(x—3)2+(y+— ===+ -6x+-%=+9=0

14. (d) : Let the circle be x? + y?> + 2gx + 2fy + ¢ = 0

Since, it passes through (a, b), thus
a>+b*+2ag+2fb+c=0

It also cuts x> + y* = a® orthogonally, thus
20 +2f0=c-a*> = c=a?

= 2ag+2fb+b>+2a*=0

Thus locus of centre is 2ax + 2by = b* + 2a?

15. (c) : Clearly the centre of second circle i.e.,

(-a,, - b,) should lie on the common chord of circles
2(a; —a)x +2(by - b))y +c¢,-¢c,=0
2a,(a, - a,) + 2b,(b; - b,) + ¢, —¢;, =0
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16. (b) : Reflection of ‘P’ in

BC will lie on circumcircle.

Clearly P, = (8, 5)

Thus equation of circumcircle is
(x-2)*+(y-3)*=(8-2)*+(5-3)* 3
ie, x> +y*—4x -6y -27=0 B ‘P

17. (c) : Equation of required circle will be in the form
of 2+y>-a?+ My -mx-¢)=0
If it’s radius is minimum then it’s centre i.e.,

mh A , .
7, _E must lie on the line y = mx + ¢

Thus required circle is
1+ m?)(x?+y*-a®) - 2c(y-mx-¢c)=0
18. (a) : For smallest circle OA will become common

normal. A(4, 3)

OA=5 = AB=4 3
Equation of line OA is y =Zx B

3
Put y=innx2+y2= 1.

2
9
We get PENR | = xzié = BE(E, E)
16 5 5 5
Thus required circle is

4 3
("‘5)"“4’+U‘3’@‘5)=°

= 5x%+5)2 - 24x- 18y +25=0

19. (b) : Clearly, (0, 0) lies on director circle of the
given circle.

Now, equation of director circle is
x+@2+(+N*>=2@+f*-¢)

If (0, 0) lies on it, then g% + f2 = 2(g> + 2 - ¢)

= g£+fr=2

20. (c) : Centre of circle is (3, -1).

Equation of any line passing through (3, -1) and
perpendicular to 2x - 5y + 18 = 0 is,

(y+1)=—5(x—3) ie,2y+5x-13=0

Solving with 2x - 5y + 18 = 0

Mid point is (1, 4).

21. (d) : Tangents are clearly, x = -1, y = -1

Their combined equation is (x + 1) (y + 1) =0
ie, x+y+xy+1=0

22. (d): Centre is (-a, —b) and radius is \/az +b2.

2 2 a2 + b2
Thus equation of incircle is (x +a)” +(y +b)" =—

=  4x? + 4y* + 8ax + 8by + 3a%> + 30> =0
Contd. on Page No. 81




Serles 8

AGE

Ul WaY o

Limits and Derivatives | Mathematical Reasoning

HIGHLIGHTS
B LIMITS AND DERIVATIVES B

Left Hand Limit Right Hand Limit

Definition | A real number L is the left hand limit of a function | A real number L is the right hand limit of a function
f(x) if x approaches to a point a to the left of a then | f{x) if x approaches to a point a to the right of a then
f(x) approaches to L. f(x) approaches to L.

Notation lim f(x) =L lim f(x) =L
x—a~ x—a*

LIMIT OF A FUNCTION
Limit of a function at a point is the common value of the left and right hand limits, if they coincide. The limit

of a function f{x) at x = a is denoted as lim f(x).
Xx—a

Limit of a function exists iff both left hand limit and right hand limit exists and equal.
ie.  lim f(x)= lim f(x)= lim f(x)

X—a X—a~ x—a*t
Algebra of Limits
If f(x) and g(x) be two functions such that lim f(x) and Ilm g(x) exists. Then,

X—a
Definition Representation
Sum Limit of sum of two functions is the sum of the | [im[f(x)+g(x)] = lim f(X)+ lim g(x)
limits of the functions. x—a x—a x—a
Difference Limit of difference of two functions is the lim[f(x)-g(x)]= lim f(x)- lim g(x)
difference of the limits of the functions. X—a x—a x—a
Product Limit of product of two functions is the product | |im[f(x)-g(x)]= lim f(x)- lim g(x)
of limits of the functions. x—a x—a x—a
Limit of quotient of two functions is the quotient of () lim f(x)
Division limits of the functions, when limit of denominator | |im { } =X>a © limg(x)#0
is non-zero. x—al| g(x) )!Imag(X) x—a
—
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Some Important Theorems
1. If fand g be two real valued functions such that
flx) < g(x)Vx lies in the common domain of fand

& then lim f(x) <lim g(x),

Y
D
S
a Ly

when both lim f(x) and lim g(x) exist at point ‘@’
x—a xX—a

2. Sandwich Theorem : If f(x), g(x) and h(x) are real
functions of x such that f(x) < g(x) < h(x) for all x
lies in the common domain of f, g and h and for
some real number a, liin flx)= liinh(x) =[(say),

then lim g(x) =1
xX—a

(0] a

Some Standard Limits

. x"=a" el T
e lim =na"", for any positive integer .
x—a X—4ad
. sinx
e lim =1
x—0 X
. l1—cosx
e lim =0
x—0 X
sin(x —a)
o lim——==
x—>a X—4a
. tanx
e lim =1
x—0 X
. tan(x—a
e lim # =1
x—>a X—a
X
.oe -1
e lim =1
x—0 X
log,(1+x)
x—0 X
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DERIVATIVES

Let y = f (x) be a real valued function and a is a point in
its domain of definition, then derivative of the function
at a is given by

Fla)= f(a+h) f(a)

exist.

FIRST PRINCIPLE OF DERIVATIVE

Suppose fis a real valued function, the function defined

by lim St~ fx)
h—0 h

defined to be the derivative of f at x and is denoted by

f’(x) or %

Provided that this limit

, wherever the limit exists is

This definition of derivative is also called

the first principle of derivative.
f (x+h)—f(x)
dx h—>0 h

ALGEBRA OF DERIVATIVE OF FUNCTIONS

Lef f(x) and g(x) be two functions such that their
derivatives are defined. Then,

Thus, f(x) or —

sum | L0+ = = L g(x)
x dx dx
Difference f(x) g(x)] —f(x)——g(x)
{70 g =
Product J d
fx)—g(x)+ g(x)— f(x)
dx dx
EAPIONS
dx| g(x)
Quotient g(x)dif(x)—f(x)ig(x)
x - dx g(x)#0
[g(x)]

Some Standard Derivatives
d n n—1
e —(x)=nx

dx

d .
e —(sinx)=cosx
dx

e —(cosx)=—sinx
dx



B MATHEMATICAL REASONING ]

STATEMENT

A statement is a sentence which is either true or false
but not both.

NEGATION OF A STATEMENT

A denial of a statement is called the negation of the
statement.

SIMPLE STATEMENT
A statement which has no other statement as its
component.

COMPOUND STATEMENT

A statement that can be formed by combining two or
more simple statements by logical connectives (and,
or etc.).

Rule 1 : The compound statement with “AND” is

e true, ifall its component statements are true.

e false, if any of its component statements are false.
Rule 2 : The compound statement with an “OR” is

e true, when one component statement is true or both
the component statements are true.

e false, when both component statements are false.

QUANTIFIERS

Many mathematical statements contain phrases ‘there
exists’ and ‘for all’ or ‘for every’. These phrases are
called quantifiers.

IMPLICATIONS

In Mathematics, we come across many statements of
the form “if then”, “only if” and “if and only if”, such
statements are called implications.

e If then implication : For two statements p and
g, a sentence “if p then q” can be written in the
following ways :

(i) p implies q (denoted by p = q)
(ii) p is sufficient condition for g
(iii) g is necessary condition for p
(iv) ponlyifg

(v) ~ qimplies ~ p

e If and only if Implication : If p and g are two
statements, then the compound statement p = ¢

and g = p is called if and only if implication and
is denoted by p < ¢q.

CONVERSE STATEMENT

If p and g are two statements, then the converse of the
implication “if p then q” is “if q then p”.

CONTRAPOSITIVE STATEMENT

If p and g are two statements, then the contrapositive
of the implication “if p then q” is “if not g then not p”
i.e., “if ~q then ~p”.

INVERSE

If p and g are two statements, then the inverse of “if p
then g” is “if ~p then ~¢q"

PROBLEMS
Very Short Answer Type

1. Evaluate: lim Vitx+yl-x
x—0 1+x

2. Write the negation of the following statement :
All mathematicians are man.

3. Differentiate (x* - 3x + 2) (x + 2) with respect to x.

sin5x

4. Evaluate: lim
x—0 2x

5. Differentiate sin (x + a) with respect to x.

Short Answer Type

. 1 4
6. Evaluate: lim| ——————
x—=2| x=2 53 02
7. Check whether the following statement is true or
not:

If x, y € Z are such that x and y are odd, then xy is
odd.

3
1
8. Find the derivative of [xz + —ZJ w.r.t. x.
x

9. Find lim f(x), where f(x) = |x| - 5.
x—5

10. Write the component statements of the following
compound statements and check whether the
compound statement is true or false :

(i) 125isa multiple of 7 or 8.
(ii) Mumbai is the capital of Gujarat or Maharashtra.

Long Answer Type - |

11. Find the derivative of the following :

1
1+~
(i) X (ii) cosec x cot x
1
-

X
12. For what integers m and n does both lim f(x) and

lim f(x) exist. x—=0
x—l1
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13. Find the derivative of flx) = 2x*> + 3x - 5 using
first principle at x = 0 and x = -1. Also, show that
f(0)+3f'(-1)=0.

14.

15. Find the derivative of v/2x+3 from first principle.

Long Answer Type - Il

16.

17.

18.

19.

20.

SOLUTIONS

1.

34

mx2+n,x<0
flx)=qnx+m,0<x<1

nx3+m, x>1

Evaluate :

oot .
(i) lim 3 (ii)) lim
x=0  sin” x ol (m-2x)°
2

(x+ y)sec(x + y)—xsecx

Evaluate : lim
y—0 Yy
Evaluate :
2
-4
(i) lim X7t

x—243x-2—-x+2
(i) lim 3-5+x
x—=41—-+5—x

Differentiate sin (x* + 1) with respect to x using first

principle.

2 3 n
Ify= 1+ 5+ 42X 4+ show that
1 21 3! n!

d n
—y—y+x—:0_

dx n! \/_ .
Evaluate : lim 2—-V3cosx—sinx

T (6x—m)*

V1+x +41-x

Here, lim
x—0 1+x
_V1+0441-0 141
1+0 1

The negation of the given statement is :
Some mathematicians are not man.

Clearly, di{(xz —3x+2)(x+2)}
X

=di(x3—x2—4x+4)
x

_d 3 d
_dx(x) dx
=3x*-2x-4

2y 4 gy 4
()= -0+ ——(4)
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anx —sinx . cotx—cosx

5.

7.

8.

Here, lim sin 5x = lim (sm X XS—XJ

x—0 2Xx x—0\ 5x 2x
5, sin5x 5 5
== lim ==xl==
2x-0 5x 2 2

Clearly, di {sin(x +a)}
X

d . .
= —{sinx cosa+ cosxsina}
dx

d . d .
=—(sinxcosa)+—(cosxsina)
dx dx

d . . d
=cosa—(sinx) +sina— (cos x)
dx dx

= oS x cos a — sin x sin a = cos (x + a)

1 4
lim| ——-———=|=lim ST
x—2| x=2 302 | xo2|Xx-2 (x—2)

| Xt -4 | (x+2)(x-2)

=lim| — |=lim| ———
x*z{xz(x—Z)} x—>2{ x*(x-2) }

_2+2_4

2?4
Letp:x, y € Zsuch that x and y are odd.
q: xy is odd.
We have to check the statement ‘if p then g’ is true
or not. Let us assume that p is true, then we will
show that q is true.
Letx=2m + 1 and y = 2n + 1, for some integer m
and n. Thus,
xy=02m+1)2n+1)=22mn+m+n)+1
This shows that xy is odd i.e., g is true. Therefore,
the given statement is true.

3
1 1 3
Here,i X2 +— =i X+ 43P+ =
dx x2 dx x6 x2

d 6 d d 2 d -2
=—(x)+—(,6)+3—(x")+3—(x
dx( ) dx(x ) dx( ) dx( )
=6x° - 6x +3%x2x+3x(-2)x°
=6x5—i+6x—£3
x/ x

When x > 5, put x =5 + h, where h is small.
= |x|=|5+h|=5+h

lim f(x)=lim[(5+h)-5]=1limh=0

x—5" h—0 h—0
When x < 5, put x =5 - h, where h is small.
= |x|=|5-h|=5-h

lim f(x)=lim(5-h-5)=lim(-h)=0

x—5" h—0 h—0



lim f(x)— hm f(x) 0

x—5"

lim f( x)—O

x—5

10. (i) The component statements of the given statement

11.

are :
p: 125 is a multiple of 7.

q : 125 is a multiple of 8.

We observe that both p and g are false statements.
Therefore, the compound statement is also false.
(if) The component statements of the given statement
are:

P : Mumbai is the Capital of Gujarat.

q : Mumbai is the Capital of Maharashtra.

We find that p is false and q is true. Therefore, the
compound statement is true.

1

1+—
+1
(i) Let f(x)= x _XT1
1L x-1

X

o=l

d
_ (x—l)a(x+1)—(x+l)a(x—l)

(x—1)*
=(x—1)><1—(x+1)><1=x—l—x—l
(x-1)° (x-1)°
,x#0,1

-1y

.. cosx
(ii) Let flx) = cosec x cot x =

1 COSX
% _

sinx sinx gin2 x

cos x
Then, f'(x) = { }
dx sm2 X
sin’ x i [cosx]—cosx i [sin2 x]
dx dx

(s.in2 x)2

sin’ x(—sinx)—cosx i (sin x)(sin x)
dx

sin4 X

.3 .ood .ood .
—sin” x —cos x| sin x — (sin x) + sin x — (sin x)
dx dx

sin4 X

3 x—cos x(sin x cos x + sin x cos x)

sin4 X

—sin

12.

13.

—sin3 x—2sinx cos2 X
sin4 X

—sinx [sin2 x +2cos’ x]

—sin2 X— 2cos2 X

.4 .
s x s1n3x

— cosec x — 2 cot’x cosec x
— cosec x [1 + cot’x + cot?x]
= - cosec x [cosec’x + cot’x]
= - cosec’x - cot’x cosec x.

(a) When x <0, fix) =

lim f(x)= lim (mx +n)=n
x—0" x—0"
When x >0, flx) = nx + m

lim f(x)= lim (nx+m)=m

mx +n

x—0 x—0
For lim f(x) exist,
x—0
lim f(x)= hm f(x)
x—0" x—0"
= n=m ..(1)

(b) Whenx <1, flx) =nx+m

lim f(x)= lim (nx+m)=n+m
x—1 x—1
When x> 1, flx) = nx® + m

lim f(x)= lim (nx® +m)=n+m

x—1 x—1
For lim f(x) exist,
x—1
lim f(x)= hm f(x)=m+n ...(ii)
x—1" x—1t

Thus from (i) and (ii), both the limits exist for all
equal integral values of m and n.

Here, £/(0) = fm+m £(0)
h—>0
2 2
=1m(2h +3h—5)—(—5)=1im 2h* +3h
h—0 h h—0 h
=lim 2h+3)=3
h—0 _ _ f(—
Also, f/(-1) = lim ZELEW=/CD
h—0 h
i [2(=1+h)? +3(=1+h) —5]-[2(-1)* +3(-1) - 5]
h—0 h
2
~ lim [2h* +2—-4h—-3+3h—-5]-[2—-3-5]
h—0 h
_ 2h*—h-6+6 . 2h*—h
=]1m—=11m
h—0 h h—0 h
= lim @h-1)=-1
h—0

Now, f'(0) + 3f(-1) =3+3x (-1)=3-3=0.
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sinx .
tanx —sinx Tsinx
14. (i) We have, lim = |jm 08X
x>0 sin’ x x>0 gin® x
. sinx(1—cosx) .. 1—cosx
= lim ——— = lim — 5
x>0 cosx sin®x  x—0cosx sin’ x
. 1—-cosx
= lim 5
x—0 (cosx)(1—cos” x)
. 1 1 1
= lim = ==
x—0cosx(1+cosx) 1-(1+1) 2
(ii) We have, lim cotx —cosx
x—1/2 (n—2x)3
cot(n+h]—cos(n+hj
. 2 2
= lim 3
h—0
{n—z E+h }
2
. —tanh+sinh . —sinh(1—cosh)
= lim = lim
0 —gh h—0  cosh(-8h%)
1., tanh 1-cosh
=—lim X
8h—0 h K2
. 2h
1., tanh . 2sin” =
==lim x lim
8h—0 h  ho0 }2
sinz—
=—X—lim =
8 4h—0/p\ 16
(2)
15. Let, flx) = v2x+3
Then fx + h) = \J2(x +h)+3 =2x + 2h +3
+ —
We know that f/(x) = lim 23 M=)
h—0 h
, 2x+2h+3—-+/2x+3
:f(x):lim‘/x V2
h—0 h
. N2x+2h+3—2x+3
= lim
h—0 h
V2x+2h+3 +42x+3
V2x+2h+3++/2x+3

2x+2h+3-2x-3
= 1m
h—0 h(x2x +2h+3 ++/2x+3)
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= lim 2h
h—0 h(\[2x + 2k +3 +~/2x +3)
2 1

C2J2x+3  2x+3

(x+ y)sec(x+ y)—xsecx

16. lim
y—=0 y

xsec(x+ y)—xsecx + ysec(x+ y)

= lim
y—=0 Y

[sec(x + y)—secx]

X
= lim
y—=0 Y

1 1
x _
cos(x+y) cosx
= lim + lim sec(x + y)
y—0 y y—0

+sec(x+y)

Cosx —cos(x +
( y)+S€CX

= lim xX
y—0  ycos(x+y)cosx

2sin(x+y]siny
. 2 2
=lim xx

y—0  ycos(x+ y)cosx

lim sin| x+2 )
y—0 2 m sin(y /2)

cosx lim cos(x+y) y2—0 y/2
y—0

+secx

=xX +secx

xsinx
=——-1+secx =xtan x sec x + sec x
COSXCOSX

2
17. (i) Here, lim x -4

x24/3x =2 —x+2

Rationalising the denominator, we have

i x*—4 (NV3x-24x+2
x23x -2 —Jx+2 Bx-2+x+2

(2 —)(\B3x -2 +Jx+2)

= lim
x—2 (Bx-2-x-2)

— lim (x+2)(x=2)\3x=2+x+2)
x—2 2(x—2)

— lim (x+2)(NW3x—2++x+2)
x—2 2

_@+2)2+2) _4x4_

= > ===

3—5+x

(ii) Here, lim ———

x—>41—+5—x



T e E Rt JVE Ik it IV Lo o Yo i Logilod) s Lo
x>41-+5-x 3++5+x 1++/5-x dx 12! 3! n!
2 n—1
_ Jim O 7570 1445 -x O S S
x—4 1-5+%)| 345+« dx 11 2! (n-1)!
—(x — e _ d 2 n—1 n n
= lim (rod) 145 -« = —y={1+£+x—+...+ al +x_}_x_
x>4 x—4 | 345+« dx 1 2! (n-1! n!] n!
— \/5— —_ n n
=lim (1+ > X)= (1+1)=—l = d_y:y_x_:) d_y_},_{_x_:()
x—4 3+J5+x  (3+3) 3 dx n! dx n!
18. Let fix) = sin(x* + 1). Then fix + h) = sin{(x + h)*> + 1}  20. We have,
F() = lim flx+h)— f(x) lim 2—\/§cosx;smx
h—0 h x_>§ (6X_T|:)
oo sinf(x+h)? +1) —sin(x? +1)
= f(x)—}lllgz) h 2—x/§cos(76t+h)—sin(:+hj
0
’ — = lim f -
= f(x) P n 5 ( orm 0)
6| —+h |-T
2 sin| 2hx+H CO{(x+h)2+1+x2+1} {(6 ] }
_ 2 2
;{Enm h Z—ﬁ[cosgcosh—sin:sinhj—
2
ZSin(th;h ] , (sinzcosh+coszsinh)
= f/(x):hm % 2hx+h _ hm
0 h(MJ 2 o0 36
2
) 5 2—§cosh+£sinh—lcosh—£sinh
% cosd (XHA) +1+x"+1 — lim 2 2 2
2 h—0 36h*
2
snf 2012 iy 2o
= fi(x)=lim ———Zx(2x+h) h=0  36h
h—0 (2hx+h2) L2
2 .
2 2sin”| — sin| —
awl(3) | faf3)]
=—lim ————==—lim X—
% cos (x+h)? +1+x> +1 18h—0  p? 9h=0l (h 4
2 2
= f(x) =1 x (2x) x cos(x* + 1) = 2x cos(x* + 1) =lx(1)2xl=i
;s . 9 4 36
19. We have, y=1+1ﬁ+x—+x—+...+x— --------------------------------------------------------------------- S®

121 3l n!
RN ANSWER KEY I

d_d  d(x) dfP) 4
dx_dx(1)+dx(1!J+dx[EJ+dx£§J L. (© 2 @ 3 @ 4 © 5 (
6. (a) 7. (8,0 8. (abc) 9. (ad) 10. (a,b)
. +i(ﬁ} 1. @0 12 d 13 bJ 14 () 15 (d)
dx| n! 16. (0 17. (6 18 (1) 19. ) 20. (2)
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Class XI

MPP-6 MONTHLY

his specially designed column enables students to self analyse their

extent of understanding of specified chapters. Give yourself four
marks for correct answer and deduct one mark for wrong answer.
Self check table given at the end will help you to check your
readiness.

Limits and Derivatives

Total Marks : 80 Time Taken : 60 Min.
Only One Option Correct Type (i
5. Iffl1) =1, f(1) = 2 then lim ARGl equals
A5 o1 Ax—1
1. The value of lim ———— is
x>l x -1 (a) 2 (b) 4
1 1 1
= b)) — 2
@ ® © 1 @
1 3
() — d) — 6. If y= \/sinx+\/sinx+m,then d_y:
60 20 dx
3 CosX by Co8%
sinx—x+— ® 2y—1 (®) 2y -1
2. lim —————- equals , —sinx
oo () == (d)
@ 1 b) 1 1-2y 1-2y
Q) — il
4! 3! One or More Than One Option(s) Correct Type
1 1
(©) 6! (d) 51 7. If lim (cos x + a sin bx)'* = €2, then
’ : x—0
Mx
X pX X, gx (a) a=1,b=2 () a=2,b=1/2
3. lim [M] ,(a, b,c,d,A>0)is I
x50 4 © a=242,b=— (d) a=4,b=2
equal to V2
(a) abcd, if A=4 b) 1, ifA=1 2 x<1
(c) abed,if A=2  (d) (abcd)®,if 1 =1 8. Letf(x)={x , l<x<4then

1+24+34+...+n4 4—x, x>4

PP

4. The value of lim

n—oo n
3 3 3
lim 1+2 +35+...+n is MtG.
(a)}Ho " ) L Attempt free online test and
4

1 1 analyse your performance
© 3 @35 Log on to http://test.pcmbtoday.com
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(@) lim f(x)=1 ®) lim f(x) -1 Comprehension Type
x—1 x1" Consider a real valued function f (x), we define a
(© lim fx)=4 () lim f(x)=4 Fle+hy - )
x—>4 . x4 limit as follows <f (x)> = lim =—————>—"> where
The value of a for which 5 2 h—0 h
( X 1)4 f (X) = (f(x)) ’
lim 5 ¢ T 8,1is 14. Ifu = f(x), v = g(x), then the valueof <u-v>is
=0 | x X 2 2
s1n—210ge 1+ (@) <u>v+<v>u D) u'<v>+v<u>
a 2 (c) <u>+<v> (d) uww<u+v>
() -2 (b) -1 15. The value of < tan x > will be
(c) 1 (d) 2 2 2
(a) sec’x (b) 2sec”x
| | 2 (c) tanx - sec’x (d) 2 tanx - sec’x
10. If f(x)= , then .
2+]|x| Matrix Match Type
@ lim fx)=e™* (b) xgm fy=e 16. Match the following :
X—>o0 —o0
. _ . _ Column I Column IT
() xlgnoo fx)= (d) x1_1>n_loo f=1 (A) | If the value of (P) 729
2 3 n
2 XXX+ X N
a-va?-x? -7 - x—-1 =°0%0
11. Let L= lim ——2%, a>0. I L is finite, then 1 =
x—0 X
then . X
lim 256(m —nx) tan| — | =
(@) a=2 ) a=1 (B) | fim 256(n =m0 ( 2 ) (Q 512
1 1 729
() L=— d L=— ol i log x —72% _ R) 100
64 32 ()| lim == — (R)
(1 = cos 2ax (A) (B) ()
12. Ifa>0,b<0,then lim ¥ is equal to (a) P Q R
x—0" sin bx
5 (b) R P Q
(a) i (b) _2 (o0 R Q P
b (d P R Q
() |a|f (d) _M Integer Answer Type
b b
1o 1 17 mx(1+acosx)—bsinx 1 then b - 341 At
. =1, thenb-3ais equal to
13. lim \/;(,/x+1—\/;)equals x>0 x
X 1 3 5 2n+1] .
o In(l+x)—x . 1—cosx 18. lim | —=+—=+—+...+ is equal to
(@) lim ———— (b) lim > noeo| 2 w2 2 2
x—0 x x—0  x 5
19. If g (x) = e ™" cos 3x, ¢ (0) is equal to
(c) lim NGk (d) i Jx 20. If f* (0) = 2¢ (0) then derivative of f (sin™" x) w.r.t.
x—0

im-——-
x=0 \x+ \l(xz +2x

g(x2+x) atx=0is

N

Keys are published in this issue. Search now! ©

SELF CHECK

|>90% Y EXCELLENT WORK !

No. of questions attempted
No. of questions correct

Marks scored in percentage

90-75% J GOOD WORK !
74-60% SATISFACTORY !

Check your score! If your score is

NOT SATISFACTORY! Revise thoroughly and strengthen your concepts.

You are well prepared to take the challenge of final exam.
You can score good in the final exam.

You need to score more next time.
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Probability

This column is aimed at Class XII students so that they can prepare for competitive exams such as JEE Main/Advanced, etc. and
be also in command of what is being covered in their school as part of NCERT syllabus. The problems here are a happy blend
of the straight and the twisted, the simple and the difficult and the easy and the challenging.

DEFINITIONS

40

Sample space : The set of all possible outcomes of

a trial (random experiment) is called its sample

space. It is generally denoted by S and each

outcome of the trial is said to be a sample point.

Event : An event is a subset of a sample space.

o Simple event : An event containing only a
single sample point.

o Compound events : Events obtained by
combining two or more elementary events.

o Equally likely events : Events are equally likely
if there is no reason for an event to occur in
preference to any other event.

o Mutually exclusive or disjoint events : Events
are said to be mutually exclusive or disjoint
or incompatible if the occurrence of any one
of them prevents the occurrence of all the
others.

o Mutually non-exclusive events : Events which
are not mutually exclusive are known as
compatible events or mutually non exclusive
events.

o Independent events : Events are said to
be independent if the happening (or non-
happening) of one event is not affected by the
happening (or non-happening) of others.

o Dependent events : Two or more events are said
to be dependent if the happening of one event
affects (partially or totally) the other event.

Exhaustive number of cases : The total number of

possible outcomes of a random experiment in a trial

is known as the exhaustive number of cases.
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Favourable number of cases : The number of cases
favourable to an event in a trial is the total number
of elementary events such that the occurrence of any
one of them ensures the happening of the event.
Mutually exclusive and exhaustive system of
events : Let S be the sample space associated with a
random experiment. Let A}, A,, ....., A, be subsets
of S such that

6] AimAj:q)foralli;tjand

(i) A{,UA,U..UA =S

Then the collection of events A, Ay L A s
said to form a mutually exclusive and exhaustive
system of events.

In this system, P(A;, U A, ... UA))
=P(A)) + P(A,)) + ...+ P(A)) = 1.

PROBABILITY OF AN EVENT

If a random experiment results in n mutually
exclusive, equally likely and exhaustive outcomes,
out of which m are favourable to the occurrence
of an event A, then the probability of occurrence
of A is given by

P(A) = m_ Number of outcomes favourable to A
n

Number of total outcomes

It is obvious that 0 < m < n. If an event A is certain
to happen, then m = n, thus P(A) = 1.

If A is impossible to happen, then m = 0 and so
P(A) = 0. Hence, we conclude that 0 < P(A) < 1.
Further, if A denotes negative of A i.e. event that

A doesn’t happen, then for above cases m, n; we
shall have



n—m m
=1-—

P(A) = =1-P(A)
n

. P(A)+P(A)=1

PROBLEMS BASED ON COMBINATION AND
PERMUTATION

e Problems based on combination or selection:
To solve such kind of problems, we use

!
" n!

T riin—r)!
e Problemsbased on permutation or arrangement:
To solve such kind of problems, we use
n!
" (-r)V
ODDS IN FAVOUR AND ODDS AGAINST
AN EVENT
As a result of an experiment if “a” of the outcomes are
favourable to an event E and “b” of the outcomes are
against it, then we say that odds are a to b in favour
of E or odds are b to a against E.
Thus, odds in favour of an event E
__Number of favourable cases _a _a/(a+b) _ P(E)

* Number of unfavourable cases b b/ (a+b) - P(E)’

Similarly, odds against an event E
_ Number of unfavourable cases b P(E)
a P(E)
ADDITION THEOREMS ON PROBABILITY
e  When events are not mutually exclusive : If A and
B are two events which are not mutually exclusive,
then
P(A U B) or P(A + B) = P(A) + P(B) - P(AB)
For any three events A, B, C
P(AUBUC)=PA)+P(B) + P(C) - P(ANB)
-PBNC)-P(CNA)+P(ANBNC)
or P(A+ B+ C)=P(A) + P(B) + P(C) - P(AB)
- P(BC) - P(CA) + P(ABC)
e  When events are mutually exclusive : If A and B
are mutually exclusive events, then
nANB)=0 = PANB)=0
P(A U B) = P(A) + P(B)
For any three events A, B, C which are mutually
exclusive,
PANB)=P(BNC)=P(CNA)
=PANBNC)=0
P(A U BuUC) =PA) + PB) + P(C)
e  When events are independent : If A and B are
independent events, then P(A M B)=P(A)-P(B)
P(A U B)=P(A)+ P(B)— P(A)- P(B)

n

Number of favourable cases

SOME OTHER THEOREMS

e Let A and Bbe two events associated with a random
experiment, then
(a) P(ANB)=P(B)-P(ANB)
(b) P(ANB)=P(A)-P(ANB)
If B C A, then
(a) P(ANnB)=P(A)-P(B)
(b) P(B) < P(A)
Similarly, if A c B, then
(a) P(ANB)=P(B)—P(A)
(b) P(A) < P(B)

e  Probability of non-occurrence of A or B is
P(ANB)=P(AUB)=1-P(AUB)

e Generalization of the addition theorem : If
A, A, ..., A areneventsassociated with a random
experiment, then

n

P(GA,-]= R4~ 3 P(A;NA))

i=1 i=1 i, j=1
" i
+ Y PANANA)+.+ () TIPA N A, . Ay)
i, jyk=1
i#j#k

If all the events A, (i = 1, 2, ..., n) are mutually
exclusive, then
n n
P (UAi]=ZP(Ai)
i=1 i=1
ie. P(AjUA,..UA )=P(A)+P(Ay)+..+ P(A,)

e Booley’s inequality : If A, A, .., A, are n events
associated with a random experiment, then

(a) P(ﬁAiJz iP(Ai)—(n—l)

i=1 i=1

n n
(b) P(U A,.Js 2 P(4)

i=1 i=1
CONDITIONAL PROBABILITY
Let A and B be two events associated with a random
experiment. Then, the probability of occurrence of A
under the condition that B has already occurred and
P(B) # 0, is called the conditional probability and it is

denoted by P(A/B).
P(ANB) n(ANB)

Thus, P(A/B)=
P(B) n(B)
o P(ANB) n(ANB)
Similarly, P(B/A) = P(A) - n(A)

e  Multiplication theorems on probability
o If A and B are two events associated with a
random experiment, then
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P(A A B) = P(A) -P(B/A), if P(A) # 0

or P(A n B) = P(B) - P(A/B), if P(B) # 0.
+  Extension of multiplication theorem: If A,
A,, ..., A, are n events related to a random
experiment, then

P(AJ A, NA3;NLL.NA)
= P(A)P(A, | A) P(Ay ] A; N A,)
«PA, A NAYN.L.NA, )
where P(A;/AjNAy,N..NA,_;) represents
the conditional probability of the event A,
given that the events A, A,, ..., A, | have
already happened.

o Multiplication theorem for independent
events : If A and B are independent events
associated with a random experiment, then
P(A N B) = P(A) - P(B) i.e., the probability of
simultaneous occurrence of two independent
events is equal to the product of their

probabilities.
o Extension of multiplication theorem for
independent events : If A, A, ..., A are

independent events associated with a random
experiment, then

PA NA,NA;N ..M A)=PA)PA,) .. A,)
Probability of at least one of the n independent
events : If p,, p,, p;, ..., p, be the probabilities
of happening of n independent events
A}, Ay, A, .., A, respectively, then

o Probability of happening none of them
=P(Zlﬁgzﬁg3 ..... ('\En)
=P(A)-P(A,)- P(A;3)....P(A,)
== p)(=py)(A=p3)....(l=py)

o DProbability of happening at least one of
them

=1-P(A;)P(A,)P(A3)....P(A,)
=1-(01-p)-p)A=p3)...A=p,)

o Probability of happening of first event and
not happening of the remaining

= P(A;)P(A,)P(A;)....P(A,)
— pl(l_pz)(l—p3) ....... (l—pn)

TOTAL PROBABILITY AND BAYE’S THEOREM

Law of total probability : Let S be the sample
space and let E,, E,, ..., E, be n mutually exclusive

MATHEMATICS TODAY | DECEMBER'16

and exhaustive events associated with a random
experiment. If A is any event which occurs with
E orE,or..orE, then
P(A)=P(E;)P(A/E;)+P(E,)P(A/ E,) +

..+ P(E,)P(A/E,)

Baye’s theorem : Let S be a sample space and E,,
E,, ..., E, be n mutually exclusive events such that

n

\UE;=S and P(E,) > 0 for i = 1, 2, ..., n. We can

i=1

think of (E;'s as the causes that lead to the outcome

of an experiment. The probabilities P(E), i = 1, 2,

..., n are called prior probabilities. Suppose the

experiment results in an outcome of event A, where

P(A) > 0. We have to find the probability that the

observed event A was due to cause E,, that is, we

seek the conditional probability P(E,/A). These

probabilities are called posterior probabilities, given

by Baye’s rule as

P(E;)-P(A/E;

P(E; 1 A)=— T PATED
Y P(E,)P(A/E})
k=1

BINOMIAL DISTRIBUTION

Geometrical method for probability : When the
number of points in the sample space is infinite,
it becomes difficult to apply classical definition
of probability. For instance, if we are interested to
find the probability that a point selected at random
from the interval [1, 6] lies either in the interval
[1, 2] or [5, 6], we cannot apply the classical
definition of probability. In this case we define the
probability as follows:

Measure of region A

P{xe A}=
Measure of the sample space S
where measure stands for length, area or volume
depending upon whether S is a one-dimensional,
two-dimensional or three-dimensional region.
Probability distribution : Let S be a sample space.
A random variable X is a function from the set S to
R, the set of real numbers.
If X is a random variable defined on the sample
space S and r is a real number, then {X = r} is
an event.
Let (X = x;) is an event, we can talk of
P(X = x). If P(X = x)) = P(1 < i < n), then the
X Xy e X,

]is said to
b P o Py

system of numbers(



be the probability distribution of the random
variable X.
The expectation (mean) of the random variable X

n
is defined as E(X)= ) p;x; and the variance of X
i=ln
is defined as Var (X) = Y p;(x; — E(X))?
i=1

=Y pixi —(EQX0)?
i=1

Binomial probability distribution : A random
variable X which takes values 0, 1, 2, ..., n
is said to follow binomial distribution if its
probability distribution function is given by
P(X=r="Cp'q"", r=012, .., n

where p, g > 0 such thatp + g = 1.

The notation X ~ B(n, p) is generally used to
denote that the random variable X follows binomial
distribution with parameters n and p.

Mean and variance of the binomial distribution :
The binomial probability distribution is

X 0 1 2 .. n

P(X) nCanPO nclqn—lp nczqn—ZPZ ..... ncnqopn

The mean of the distribution is
n n
n n—-X,X
D Xipi= Y X-"Cxq" " p” =np,
i=1 X=1
The variance of the binomial distribution is
02 = npq and the standard deviation is

o =/(npq)
Use of multinomial expansion : If a die has m

faces marked with the numbers 1, 2, 3, ...., m and
if such n dice are thrown, then the probability that
the sum of the numbers exhibited on the upper
faces equal to p is given by the coefficient of x” in

S x™

n
m

The poisson distribution : Let X be a discrete
random variable which can take on the values
0, 1, 2,... such that the probability function of X
is given by

(x+x2+x

the expansion of

x —A

fx)=P(X=x)= , x=0,1,2,..

x!
where A is a given positive constant. This
distribution is called the Poisson distribution and
a random variable having this distribution is said
to be Poisson distributed.

SALIENT POINTS

Independent events are always taken from different
experiments, while mutually exclusive events are
taken from a single experiment.

Independent events can happen together while
mutually exclusive events cannot happen
together.

Independent events are connected by the word
“and” but mutually exclusive events are connected
by the word “or”.

Number of exhaustive cases of tossing n coins
simultaneously (or of tossing a coin n times)
=2"

Number of exhaustive cases of throwing n dice
simultaneously (or throwing one dice n times)
= 6"

Probability regarding nletters and their envelopes:
If n letters corresponding to # envelopes are placed
in the envelopes at random, then

(i) Probability that all letters are in right envelopes
= 1/n!.
(ii) Probability that all letters are not in right

1
envelopes =1——.
n!

(iii) Probability that no letter is in right

envelopes
1 1 1 1
=———+—— . +(-D)"—.
21 31 4l n!

(iv) Probability that exactly r letters are in right
envelopes

S [ N +(—1)”_’; :
rl| 21 3! 4! (n—r)!

If odds in favour of an event are a : b, then the

probability of the occurrence of that event is

a+b
and the probability of non-occurrence of that event

is .
a+b

If odds against an event are a : b, then the probability

of the occurrence of that event is and the
a+
probability of non-occurrence of that event is
a
a+b
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PROBLEMS

Single Correct Answer Type

1. There are n letters and n addressed envelopes. The
probability that all the letters are not kept in the right
envelope, is

1
@ — b) 1-L
n! n!
(o) 1- 1 (d) None of these
n

2. If a dice is thrown twice, then the probability of
getting 1 in the first throw only is

1 3 5 1
a) — b) = ) — d -
(a) 36 (b) v (c) Y (d) p
3. Two dice are thrown simultaneously. The

probability of getting the sum 2 or 8 or 12 is

@2 ®L 0L @
18 36 18 36
4.  One card is drawn from each of two ordinary packs
of 52 cards. The probability that at least one of them is
an ace of heart, is
103 1 2

(a) m (b) ﬁ () 5—2

@ 2%

2704
5. The probability of happening an event A in one
trial is 0.4. The probability that the event A happens at
least once in three independent trials is
(a) 0936 (b) 0.784 (c) 0.904 (d) 0216

6. Aproblem of mathematicsis given to three students
whose chances of solving the problem are 1/3, 1/4 and
1/5 respectively. The probability that the question will
be solved is
(a) 2/3 (b) 3/4

(c) 4/5 (d) 3/5

7. A card is drawn from a well shuffled pack of cards.
The probability of getting a queen of club or king of
heart is

1 1
= b) —
(a) = (b) %
(c) % (d) None of these

8. Two dice are thrown simultaneously. What is the
probability of obtaining sum of the numbers less than 11

17 1
(@ — (b)) —
18 12
(c) % (d) None of these
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9. A man and a woman appear in an interview for
two vacancies in the same post. The probability of man's
selection is 1/4 and that of the woman's selection is
1/3. What is the probability that none of them will be
selected?
(a) 1/2
(c) 1/4

10. A number is chosen from first 100 natural numbers.
The probability that the number is even or divisible by
5,is

(@ 3/4 () 2/3 () 45 (d) 3/5

11. A determinant is chosen at random from the set of
all determinants of order 2 with elements 0 or 1 only.
The probability that the determinant chosen is non-
Zero is
(a) 3/16
(c) 1/4

(b) 1/12
(d) None of these

(b) 3/8
(d) None of these

12. A bag contains 19 tickets numbered from 1 to 19. A
ticket is drawn and then another ticket is drawn without
replacement. The probability that both the tickets will
show even number, is

9 8 9 4
@ 19 ®) 18 © 18 (@ 19
13. A bag contains 3 white, 3 black and 2 red balls. One
by one three balls are drawn without replacing them.
The probability that the third ball is red, is

(a) 1/2 (b) 1/3 (c) 2/3 (d) 1/4
14. The probability of India winning a test match
against West Indies is > Assuming independence from

match to match, the probability that in a 5 match series
India's second win occurs at the third test, is

(a) 2/3 (b) 1/2 (c) 1/4 (d) 1/8

15. Seven chits are numbered from 1 to 7. Three are

drawn one by one with replacement. The probability
that the least number on any selected chit is 5, is

2\ 2\

3 3
(c) (;j (d) None of these

16. A bag contains 3 black and 4 white balls. Two balls
are drawn one by one at random without replacement.
The probability that the second drawn ball is white, is

4 1 4 12
(a) 19 (b) . (c) - (d) "



17. A dice is rolled three times, the probability of
getting a larger number than the previous number each
time is

15 5 13 1
a) — (b)) — ) — d —
@ 6 ® 5 ()216 d -3
18. The probabilities of a student getting I, II and
III division in an examination are respectively

L3 and i . The probability that the student fails in

10’ 5

the examination is
197 27

a) — b) ==

@ 200 () 100
83

(00 — (d) None of these
100

19. A fair coin is tossed repeatedly. If tail appears on
first four tosses then the probability of head appearing
on fifth toss equals

1 1 31 1
(a) B b = © 32 @
20. In a college, 25% of the boys and 10% of the girls
offer Mathematics. The girls constitute 60% of the total
number of students. If a student is selected at random
and is found to be studying Mathematics, the probability
that the student is a girl, is
(a) 1/6 (b) 3/8 (c) 5/8 (d) 5/6

21. A bagcontains 3 red and 5 black balls and a second
bag contains 6 red and 4 black balls. A ball is drawn
from each bag. The probability that one is red and other

is black, is
(a) 3/20
(c) 3/8

(b) 21/40
(d) None of these

1+3p, I-p and 1727 are the probabilities of
2 2
three mutually exclusive events, then the set of all values

ofpis
11 12
@ ¢ (b) [5’3} (c) [0,1] (d) [;5}

23. The probability that an anti aircraft gun can hit an
enemy plane at the first, second and third shot are 0.6,
0.7 and 0.1 respectively. The probability that the gun
hits the plane is

(a) 0.108 (b) 0.892 (c) 0.14 (d) 0.91

24. A team of 8 couples (husband and wife), attend a
lucky draw in which 4 persons picked up for a prize.
The probability that there is at least one couple is
(a) 11/39 (b) 15/39 (c) 14/39 (d) 12/39

22. If

25. If A and B are two events such that P(A) > 0 and
P(B) # 1,then p(A/B)is equal to

(a) 1-P(A/B) (b) 1- P(A/B)

P(A) 1-P(AUB)
© 5@ @ P(B)
Multiple Correct Answer Type

26. The probability that a 50 year-old man will be

alive at 60 is 0.83 and the probability that a 45 year-old

woman will be alive at 55 is 0.87. Then

(a) The probability that both will be alive for the next
10 years is 0.7221

(b) Atleast one of them will alive for the next 10 years
is 0.9779

(c) Atleast one of them will alive for the next 10 years
is 0.8230

(d) The probability that both will be alive for the next
10 years is 0.6320

27. Each of the n bags contains a white and b black

balls. One ball is transferred from first bag to the second

bag then one ball is transferred from second bag to the

third bag and so on. Let p, be the probability that ball

transferred from nth bag is white, then

__¢ -4

@ p=—s b p=—
a _ a

© rmn @ T

28. A, B are two events of a random experiment such
that P(A)=0.3, P(B)=0.4 and P(ANB)=0.5. Then
(@ PAUB)=09  (b) P(BNA)=0.2

(c) P(AUB)=0.8 (d) P(B/AUB)=0.25

29. Given that x € [0, 1] and y € [0, 1]. Let A be the
event of (x, y) satisfying y> < x and B be the event of
(x, y) satisfying x? < y. Then

(@) P(ANB)= %

(b) A, B are not exhaustive
(c) A, Bare mutually exclusive
(d) A, Bare not independent.

30. A random variable x takes values 0, 1, 2, 3, ... with

1 X
probability proportions to (x+1) (g) then
16 112
P(X=0)=— P(X<l)=—
(a) P(X=0)="" (b) PX<D="
9
(c) P(Xz1)= P (d) None of these
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31. The probabilities that a student passes in
mathematics, physics and chemistry are m, p and ¢
respectively. Of these subjects, a student has a 75%
chance of passing in at least one, a 50% chance of
passing in at least two and a 40% chance of passing in
exactly two subjects. Which of the following relations
are true?

19 27
=— b +m+c=—
() p+m+c " (b) p+m+c 20

1 1
@ pme=—; @ pme=

32. A boy has a collection of blue and green marbles.
The number of blue marbles belong to the set
(2,3,4, ..., 13}. If two marbles are chosen simultaneously
and at random from his collection, then the probability
that they have different colours is 1/2. Possible number
of blue marbles is

(a) 3 (b) 6 (c) 10 (d) 12

33. P(A N B) = P(A U B) if the relation between
P(A) and P(B) is .........
(a) P(A) = P(B)

(c) P(A)=P(A U B)

(b) P(A) = P(A N B)
(d) P(B) = P(A N B)

34. A consignment of 15 record players contains 4
defectives. The record players are selected at random,
one by one and examined. The one examined are not
put back. Then

(a) Probability of getting exactly 3 defectives in the
4C3 X 11C5

examination of 8 record players is 5
C

8
(b) Probability that 9" one examined is the last

defective is ——
195
(c) Probability that 9" examined record player is
defective given that there were 3 defectives in the
first 8 players examined is 1/7

(d) Probability that 9th one examined is last defective
8
is —
197
35. Which of the following statements are true?

(a) The probability that birthday of twelve people will

!
fall in 12 calendar months = lzi 3
(12)
(b) The probability that birthday of six people will fall
12¢,2°-2)

in exactly two calendar months = S
(12)
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(c) The probability that birthday of six people will fall

12 7
is exactly two calendar months = —C3(2 - 2)
12)
(d) The probability that birthdays of n (n < 365) people
365
are different = n
(365)"

36. If A and B are two events. The probability that at
most one of A, B occurs is

(a) 1-P(AN B) (b) P(A)+P(B)—P(ANB)
() P(A)+P(B)+P(AUB)-1

(d) P(ANB)+P(ANB)+P(ANB)

37. IfP(A) = 3/5 and P(B) = 2/3 then
4
Z<P(ANB)<
(b) s ( )

ur | W

(a) P(AUB) 2%

- 1

© PAnBE; @ P(AUB)Zg

38. When a coin is flipped ‘#’ times and the probability
that the first head comes after exactly m (n > m + 1) tails
is L then

26

(a) n=8m=5
(c) n=8,m=6

b)) n=7,m=5
(d) n=5,m=3

39. LetE, Fbe two independent events .The probability
that both E and F happen is é and probability that

neither E nor F happens is 1/2, then
@ 3P(E)=4P(F) =1 (b) PEUR=1

(d) P(E) = P(F)

40. When a fair die is thrown twice, let (a, b) denote
the outcome in which the first throw shows a and the
second shows b. Further, let A, B and C be the following
events: A ={(a, b) | aisodd}, B={(a, b) | bis odd} and
C={(a, b) | a + bis odd}. Then

(a) P(ANB)=1/4 (b) PBNC)=1/4

(c) PANC)=1/4 (d) PANBNC)=0

(c) 4P(E) =3P(F) =1

41. A certain coin is tossed with probability of showing
head being p. Let Q denotes the probability that when
the coin is tossed four times, the number of heads
obtained is even. Then

(a) there is no value of p, if Q =i

(b) there is exactly one value of p, if Q :Z



3
(c) there are exactly two values of p, if Q= S

(d) there are exactly four values of p, if Q :%

42. If A and B are two events such that P(B) # 1, B¢
denotes the event complementary to B, then
P(A) - P(A N B)
1- P(B)
(b) P(ANB)=P(A)+PB)-1
(¢) P(A)- P(B) > P(A N B)
(d) None of these

(@) P(A/B“)=

Comprehension Type

Paragraph for Q. No. 43 to 45

A box contains 7 coins. Let P(E;) be the probability that
exactly i out of n coins are biased. If P(E)) is directly
proportional to i(i + 1); 1 < i< n.

43. Proportionality constant K is equal to

1
n(n® +1) n* +1)(n+2)
3 1
© miDm2) R Y Sy

44. If Pbe the probability that a coin selected at random

is biased then 1im P is
n—soo

(a) 1/4 (b) 3/4 (c) 3/5 (d) 7/8

45. If a coin selected at random is found to be biased
then the probability that it is the only biased coin in the
box is

1
@ Dm0
12
() nn+1)(n+2)3n+1)
24
(c)
nn+1)(n+2)2n+1)
d 24
(d) nn+1)(n+2)3n+1)

Paragraph for Q. No. 46 to 48

A slip of paper is given to a person A who marks it
either with a plus sign or a minus sign. The probability
of his writing a plus sign is 1/3. A passes the slip to
B, who may either leave it alone or change the sign
before passing it to C. Next C passes the slip to D

after perhaps changing the sign. Finally D passes it to
a referee after perhaps changing the sign. B, C, D each
change the sign with probability 2/3.

46. The probability that the referee observes a plus sign
on the slip if it is known that A wrote a plus sign is
(a) 14/27 (b) 16/27 (c) 13/27 (d) 17/27

47. The probability that the referee observes a plus sign
on the slip if it is known that A wrote a minus sign is
(@) 16/27 (b) 14/27 (c¢) 13/27 (d) 11/27

48. If the referee observes a plus sign on the slip then
the probability that A originally wrote a plus sign is
(a) 13/41 (b) 19/27 (c) 17/25 (d) 21/37

Paragraph for Question No. 49 to 51

A commander of an army battalion is punishing two of
his soldiers X and Y. He arranged a duel between them.
The rules of the duel are that they are to pick up their
guns and shoot at each other simultaneously.

If one or both hit, then the duel is over. If both shot miss
then they repeat the process. Suppose that the results of
the shots are independent and that each shot of X will hit
Y with probability 0.4 and each shot of Y will hit X with
probability 0.2. Now answer the following questions.

49. The probability that the duel ends
round is
(@) 11/25 (b) 12/25 (c) 13/25

50. The probability that X is not hit, is
(@) 3/25 (b) 7/25 (c) 5/13 (d) 8/13

51. The probability that both the soldiers are hit, is
(@) 5/13 (b) 2/13 (c) 8/13 (d) 1/13

after first

(d) 2/5

Matrix - Match Type

52. A is a set containing n elements. A subset P of
A is chosen at random. The set A is reconstructed by
replacing the elements of the subset P. A subset Q of A
is again chosen at random. The probability that

Column-I Column-II

(A) PnQ=0 (p)  n(3"~1)/an

P N Q is a
singleton

(B) (@  (3/4)"

P m Q contains

(©) 2 elements

(r)  2C, /4"

|P| = |Q|, where
(D) | [X| =number of (g
elements in X

3"-2(n (n - 1))/2(4")
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53. Two dice are thrown. Let A be the event that sum
of the points on the two dice is odd and B be the event
that atleast one 3 is there, then match the following :

Column-I Column-IT
(A) P(A U B) (p) 12/36
(B) P(AnNB) (q 6/36
(C) | P(ANB) (r) 23/36
(D) | P(B) (s) 11/36

Integer Answer Type

54. An experiment has 12 equally likely outcomes.
Let A and B be non-empty events of the experiment.
If A consists of 8 outcomes then the possible number
of outcomes that B must have so that A and B are
independent is

55. In a group of people, if 4 are selected at a random,
the probability that any two of the four do not have

96p

same month of birth is p, then TS is equal to

56. Functions are formed from set A = {1, 2, 3} to set
B=1{1, 2, 3,4, 5} and one function is selected at random.
If P is the probability that function satisfying f(i) < f(j)
whenever i < j, then value of 25P is equal to

57. If the sides of triangle are decided by throwing a
die thrice, the probability that the triangle is isosceles or
equilateral is 1/k then k =

58. If p, q are chosen randomly with replacement
from the set {1, 2, 3, ..., 10}, the probability that the

K +23

roots of the equation x? + px + g = 0 are real, is
then k = >0

59. Anunbiased coin is tossed 12 times . The probability

that at least 7 consecutive heads show up is L,
then K = 256

60. An unbiased coin is tossed. If the result is a head, a
pair of unbiased dice is rolled and the number obtained
by adding the numbers on the two faces is noted. If
the result is a tail, a card from a well shuffled pack of
eleven cards numbered 2, 3, 3, 4, .... 12 is picked and
the number on the card is noted. The probability that

P
the noted number is either 7 or 8 is 79—2, then the

digit in tens place of P is

48]
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SOLUTIONS

1. (b):Required probability = 1 - P (All letters in
1

right envelope) = 1——'
n!

1
2. (c) : Probability of getting 1 in first throw = P

Probability of not getting 1 in second throw =§

Both are independent events, so required probability
1 5 5
=—X—=—.
6 6 36
3. (b): The sum 2 can be found in one way i.e. (1, 1)
The sum 8 can be found in five ways i.e. (6, 2), (5, 3),
(4, 4), (3,5), (2, 6). Similarly the sum 12 can be found
in one way i.e., (6, 6).
Hence, required probability = 7/36.

4. (a):Required probability = 1 - P (no ace of

heart)
5151 (52+51) 103
5252  52.52 2704

5. (b): Here, P(A)=0.4and P(A)=0.6
Probability that A does not happen at all = (0.6)*
Thus, required probability = 1 - (0.6)> = 0.784

6. (d):The probability of students not solving the

problem are 1_l=%,1_l=§and1_l=é
3 3 4 4 5 5
Therefore, the probability that the problem is not solved
3 4 2
by any one of them =—X—-X—=—
4 5 5
Hence, the probability that problem is solved
2 3
=1——=—‘
5 5

7. (b): The probability of card to be queen of club is

é and probability of card to be a king of heart is also

1
52
Both are mutually exclusive events, hence the required

probability = L + 1_2. i
52 52 52 26
8. (c) : Favourable cases to get the sum not less than
11 are {(5, 6), (6, 6), (6, 5)} = 3
Hence favourable cases to get the sum less than 11 are

(36 - 3) = 33. So, required probability =£ = E
36 12



9. (a):Let E| be the event that man will be selected
and E, the event that woman will be selected. Then

1 — 1 3
P(Ey)=—= P(E;)=1-—=—and
(Ey) 1 (Ey) Y

1 — 2
P(E,)=— = P(E,)=—
(E) 3 (E) 3
Clearly E; and E, are independent events.
So, P(El M Ez) = P(El) X P(Ez)
3 21
=—X—=—
4 3 2
10. (d): Let E, be event that the number is even and

E, be the event that the number is odd and divisible
by 5.

50 10
= P(E{)=—and P(E,)=—
EV=100 (E2)=100
50+10 3
Hence, required probability = =—.
d P Y 100 5
11. (b): A determinant of order 2 is of the form
A a b
e d

It is equal to ad - bc. The total number of ways of

choosing a, b, c and d is 2 x 2 x 2 x 2 = 16. Now

A #0 if and only if either ad = 1, bc =0 or ad = 0, bc

=1.But ad=1,bc=0iff a=d =1 and one of b, cis

zero. Therefore ad = 1, bc = 0 in three cases, similarly

ad = 0, bc = 1 in three cases. Therefore the required
s 6 3

probability v ars

12. (d) : The probability of getting an even number

in first draw = % The probability of getting an even

number in second draw =—. Both are independent
8§ 4
event and so required probability=-—Xx—=—.
19 18 19

13. (d) : Let R stand for drawing red ball, B for drawing
black ball and W for drawing white ball.
Then required probability
= P(WWR) + P(BBR) + P(WBR) + P(BWR)
+ P(WRR) + P(BRR) + P(RWR) + P(RBR)

3.2-2 3-2:2 3-3-2 3-3:2 3-2-1

= + + + +

8§-7-6 876 87-6 8-7-6 8:7-6
3-2-1 2-3-1 2-3-1
+ + +
8§-7-6 8-7-6 8-7-6

2,2, 3,3, 1, 1, 1,11

56 56 56 56 56 56 56 56 4

14. (c) : The sample space is [LWW, WLW]

P(LWW) + P(WLW)
= Probability that in 5 match series, it is India’s second
win

=P(L)P(W)P(W)+P(W)P(L)P(W)=—+

1

¥
. 3

15. (c) : P(5 or 6 or 7) in one draw =;

Probability that in each of 3 draws, the chits bear

3
50r6or7=(§)
7

16. (c) : Second white ball can draw in two ways.
(i) First is white and second is white

4 3 2
= DProbability =—x—=—
7 6

7
(ii) First is black and second is white
4 2
= Probability = 3 X—==
7 6 7
Hence, required probability = 2 + 2_ é
7 7 7

17. (b) : Exhaustive number of cases = 63 = 216
Obviously, the second number has to be greater than
unity. If the second number is i (i > 1), then the first
can be chosen in 7 — 1 ways and the third in 6 - i ways
and hence three numbers can be chosen in (i - 1) x 1
x (6 - i) ways. But the second number can be 2, 3, 4,
5. Thus the favourable number of cases
5
= 2 (—1D(6—-9)=1x4+2X3+3x2+4x1=20
i=2

Hence, required probability = 20 _ i

216 54
18. (d): A denote the event getting [;
B denote the event getting II;
C denote the event getting III;
and D denote the event getting fail.
Obviously, these four event are mutually exclusive and
exhaustive, therefore P(A) + P(B) + P(C) + P(D) = 1
= P(D) =1 - 0.95 = 0.05.

19. (a) : Appearance of head on fifth toss does not
depend on the outcomes of first four tosses. Hence

th

1
P(head on 5" toss) = >

20. (b): Let 100 students studying in which 60 % girls
and 40% boys.
= Boys = 40, Girls = 60
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Number of boys offer Maths = % x40=10

1
Number of girls offer Maths = % X 60=6

It means, 16 students offer Maths.
Required probability = 5 _ E
16 8
21. (b) : From bag A, P (red ball) = p, = g
5
P (black ball) = p = 3
6
From bag B, P (red ball) =p3= I

4
P (black ball) = py = m

Required probability
= P [(red ball from bag A and black from B) or (red
from bag B and black from A)]
=Pp1XpgtpaxXp3 =Exi+é><£=£
8§ 10 8 10 40

22. (a): We have

<A gk 5 el

3 2 2 32

Further if the events (say E,, E, and E,) are exclusive,
then its necessary and sufficient condition is
P(E, UE, UE,) = P(E,) + P(E,) + P(E,)

8-3
= P(E,VE,UE,) = TP

8-3p 2 8
<1 = pe|l=,—
6 33

Hence, the required set is .

= 0

23. (b) : Let the events of hitting the enemy plane at the
first, second and third shot are respectively A, B and C.
Then as given P(A) = 0.6, P(B) = 0.7, P(C) = 0.1
Since events A, B, C are independent, so required
probability = P(A + B + C)
=1-P(A)P(B)P(C)
=1-(1-0.6)(1-0.7)(1-0.1)
=1-1(0.4) (0.3) (0.9)=1-0.108 =0.892
24. (b): Probability of selecting at least one couple for
the prize = 1 - probability of not selecting any couple
for the prize

(‘c,x"C,x*C x"C,)4!

16 C4

- 16x14x12x10 _ 15

16Xx15%x14x13 39
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25. (d):

(AnB) P(AnB) 1-P(AUB)

P(B) P(B) P(B)

26. (a, b) : The probability that both will be alive for
10 years hence i.e., the probability that the man and
the woman both be alive 10 years hence is 0.83 x 0.87
= 0.7221.

The probability that at least one of them will be alive

is 1-P(none of them remains alive next 10 years)
=1-(1-0.83)(1-0.87)=1-0.17 x 0.13 = 0.9779

- __ P
P(A/B)=

27. (a,b,c,d): p, = is obvious

+b
a a+1 b a a
b, = + =

atb a+b+1 a+b a+b+1 a+b
= Choices (a) and (b) are correct

a
Let us assume p, = for some n then,
a

+b
_ o a+1 +(1-p) a

P =P T PI e ™

a
hypothesis P, = atb
. _a a+l b a __4a
when P, a+b a+b+1 a+b a+b+1 a+1

a

— p”_a+b for all n.

= Choice (¢), (d) are also correct.
28. (a,b,c,d):P(A)=0.7; P(B) = 0.4
P(A - B) = P(A) - P(AB) = P(AB) = 0.2
= P(A+B)=09
P(B - A) =0.2and P(AUB)=1-P(AB)=0.8
— p(B/AUB)=PANE 1
P(AUB) 4
29. (a, b, d): A = the event of (x, y) belonging to the
area OTQPO
B = the event of (x, y) belonging to the area OSQRO

_ar (OTQPO) _ Jy i {%xm}l _2

(A) =
ar (OPQRO) 1x1 3 o 3
Ya
x2= y
R 2_y
1 0 Y
T
S
P .
o) 1 =
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_ar(0sQrRO) [ \rdy 2
~ar(OPQRO)  1x1 3
ar(OTQS) f: Jxdx - j: dx

PANE) = 0PaR0) 1x1 -

P(B)

[SSHN )
|

W | =
W | —

2 2
P(A)+P(B)=§+g¢1.

So, A and B are not exhaustive.

22 4

So, A and B are not independent.
P(AUB)=1,P(A)+ P(B) =§+§¢P(AUB).

So A and B are not mutually exclusive.

30.(a, ¢) : Wehave, P(X = x) o< (x + l)(é)

Since, Y, P(X=x)=1

x=0

2 3
= k{1+2(1)+3(1) +4(lj +,_,oo}=
5 5 5
k=10
25

N’ 16
(a) P(X—O)—k(0+1)(g) k=10

(b) PX<1)=PX=0)+PX=1)
(c) PX=21)=1-PX=0)=1-k

31. (b, c):Here, P(M) =m, P(P)=p, P(C) =c
The probability of passing in at least one subject
=1-P(MPC)

75

oo s=1=(=m)1- )=o)

= Z=m+p+c—mp—pc—mc+mpc ...(1)
The probability of passing in at least two subjects
=P(MPC)+ P(MPC)+ P(MPC)+ P(MPC)

: %=mpc+mp(l—c)+m(1—p)c+(1—m)pc

= 2mpc=mp+mc+pc—% ..(2)
The probability of passing in exactly two subjects

= P(MPC) + P(MPC) + P(MPC)

. %=mp(l—c)+m(l—p)c+(1—m)pc

@ MATHEMATICS TODAY | DECEMBER'16

= %zmp+mc+pc—3mpc ..(3)
From (2) and (3), we get

2 C+1 2+3 = [4 1 2_1
mpc+—=—+3mpc mpc=———=—
P 2 5 P P 2 5 10

From (2), we have

l=mp+mc+pc—l:>mp+mc+pc=l+l=l

5 2 5 2 10

From (1), we have

3 7 1 27

S=mtptc——+— = m+ptc=—

4 10 10 20

32. (a, b, ¢) : Let the no. of blue marbles is a and no. of
green marbles is b.

ab 1
— =" =(a+b)(a+b-1)=4ab
wC 2 (a+b)(a )=4a

= b0 -Qa+1b+a*-a=0
but beR=D=(2a+1)> -4(a®-a)=8a+1
8a + 1 must be a perfect square.
Hence possible values of a are 3,6, 10
33. (a, b, ¢, d) :We have, P(A N B) = P(A U B)
< P(ANB)=P(A) + P(B) - P(AN B)
< P(A) + P(B) = 2P(A N B) (1)
We know that
P(A N B) < P(A) and P(A N B) < P(B)
2P(A N B) < P(A) + P(A N B)
= 2P(ANB)<P(A)+ P(B) [. P(A N B) <P(B)]
This contradicts (1). Therefore, P(A N B) = P(A)
Similarly, P(A n B) = P(B)
Thus, P(A) = P(B) = P(A N B) = P(A U B)

34. (a, b, ¢) : Let A be the event of getting exactly 3
defectives in the examination of 8 record players and
B be the event that 9" record player is defective.

B
P(ANB)=P(A)P (Z)

44 11

Cyx C B
P(A)=—2—"2 5,P(—j=
Cg A

1

7

Probability of 9™ one examined is the last defective
. 4C3X11C5Xl_i

5¢g 7 195
35. (a, b, d): (a) Required probability
12 11 _10 1 12!

=—X—X—X...X

12712 12 12 (2




(b) Two months can be selected in '2C, ways. For each
selection every person has two choices in 2 ways but
it includes two cases in which all persons were born
in the same month.

Total number of favourable cases = 12C,(26 - 2)

12C2(26 _2)

Required probability = <
(12)

(d) Required probability

365 364 365-(n-1) %P,
=—X—X..... X =

365 365 365 (365)"
36. (a, b, ¢, d): pPAUB)=P(ANB)=1-P(ANB)
but P(AUB)=P(A)+ P(B)— P(ANB)

P(A)+ P(B)—{1-P(AUB)}
37. (a,b,c,d): P (AU B) > P(A), P(A U B) > P(B)

3 2 4
1f>(AuB)s1:>g+5—1sP(AmB):uD(AmB)zE

But, P(A N B) < P(A) and P(A N B) < P(B)
- 3 4 1
P(ANB)=P(A)-P(ANB)L———<—
( )=P(A)-P( ) ST 553
38. (a, b): There are 2" out comes in all. The sequence
of flips begins with m successive tails followed by a
head followed head or tail.

TTTTTTTT...... T

[ —
m tails n—(m+1) tails or heads
n—(m-+1) 1 1
.. Probability = = =—=m=5neN

oM 2m+1 26

39. (a, b, ¢) : Let P(E)= x, P(F)=y. Given

1 1 7
xy=Eand(l—x)(l—y)=E = x+y=E

1

1 1
= X=—,y=—o0r = x=—,
3 4 4

40. (a,b,c,d): P(A(WB)=2%=

P(BNC)=P(aisevenand b is odd) =

N

P(ANC)=P(aisodd and b is even) =
P(ANBAC)=P($)=0
41. (a,c): P(0H or2 Hor 4 H)

Q=p*+6p*(1-p)*— (1-p) =8p*—16p> + 12p> —4p + 1
_(2p-D'+1
2

42. (a,b,c):1>P(A) + P(B) - P(A N B)
or P(AN B)>P(A)+ P(B) - 1
Let P(A) > P(A/B) or P(A) >
P(A) - P(B) > P(A N B)

43. (c) : P(E) = Ki(i + 1)
P(E)) + P(E)) + ...+ P(E,) = 1

P(ANB)
P(B)

n
= KYii+1)=1
i=1

= K{ln(n+1)(2n+1)+n(n+l)}=1
6 2
B 3
T nn+1)(n+2)
44. (b): P(E)= iP(Ei)-P(E/Ei)
i=1
=K§i(i+1)-i=£ i @ +i%)
i=1 noonig
CK|(nn+1) P 1 _ Gn+D)(n+2)
_;[( 5 ) +gn(n+1)(2n+1)] _—4n(n+2)
" 1imP=i
n—oo 4 1
KXx2x—
. _ P(E))P(E/E}) _
45. (d): P(E;/E)= B GiD (nfz)
_ 24 4n(n+2)
o+ 1)(n+2)Gn+1)
(46 - 48) :
46. (c) 47. (b) 48. (a)

Let E, = Event that A wrote a plus sign.

E, = Event that A wrote a minus sign.

E = Event that the referee observes a plus sign.
1 2

Given, P(El) = g = P(Ez) = 5

P(E / E,) = Probability that none of B, C, D change

sign + Probability that exactly two of B, C, D change
sign.

1 (1 2 2) 13
=—+43| - X=X—-|=—

27 3 3 3) 27
P(E | E,) = Probability that all of B, C, D change the
sign + Probability that exactly one of them changes
the sign.

8 2.1 1) 14
=—4+3X| =X=X—=|=—
27 3 3 3) 27
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13

- P(E,/E)=—
E/B=1

[Using Baye’s theorem].

49. (c) : The probability that the duel ends after 1%
round =1 - 0.6 X 0.8 = 0.52.

50. (d): Required probability
=0.4x0.8+0.6x0.8x0.4x0.8
+0.6x08x06x08+04x0.8+....

51. (b): Required probability

=04x%x02+0.6x0.8x04x0.2
+06%x08x%x06x08x04x%x02+....
0.08 .08 8 2

T1-048 052 52 13

R Y
52. (A) = (q); (B) = (p); (C) = (s); (D) — (1)

P(PmQ=¢)=G]

n—1
P(PNQ has one element)= nx ?:
n-2
P(P N Q has two element) = "C, 34n
P(lpl — |Q|) — (”C0)2 + (ncl)2 +.... + (ncn)Z — an"
4" 4"

53. (A) = (r); (B) = (q); (C) — (p); (D) — (5)

_18 . (5Y
P(A)—36)P(B)—1 (J

Now P(A N B)=—
36

_n
36

18 11 6 23
P(AUB)= —+———=22
36 36 36 36

P(ANB)=P(A)-P(ANB)

54. (4):Let n(B) =x, n(ANB)=y
8

_ 8. x_y
12 12 12

= x=3,6,9 or 12

= 8x=12y

“C,x[4 55
12 9%
56. (7) : Total number of function = 53 = 125
Number of function satisfying f(i) < f(j) for i < j
=°C;+°C,(1+1)+°C, =35

35 7
Required probability = — = —
q p y 125

25
54

55. (5) : Required probability =
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57. (8)
58. (2): p? > 4q

P 9
2 1
3 1,2
4 1to 4
5 l1to6
6 1to9
7,8,9, 10 1to 10

The total number of pairs (p, q) is

1+2+4+6+9+40=062

. s 62 31

Required probability 101050
59. (7) : The sequence of consecutive heads may starts
with 1% toss or 2™ toss or 3™ toss ..... In any case, if
it starts with rth throw, the first (r - 2) throws may be
head or tail but (r — 1)%t throw must be tail, after which
again a head or tail can show up:

HHH------ H xxxxx

7 times
or XXX ----- x T HHH ------ Hxx-----
(r-2) (r Y1)t
Required probability =
2yt 11
27 227 29 2 o7
5-times

_1[“5}_7
7L 2] o8

60. (9) : Let E; = The toss result is a head
E, = The toss result is a tail
A = Number obtained is 7 or 8

P(A) = P(E,)-P(A/E,) + P(E,)-P(A/E,)

L1 2 193
2 36 2 11 792
P 193
792" 792
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Three Dimensional Geometry

HIGHLIGHTS
DIRECTION COSINES AND DIRECTION RATIOS
OF A LINE
e The cosines of the angles made by a line with the
positive direction of X, Y and Z axes are known as
its direction cosines.

e The real numbers which are proportional to the
direction cosines of a line are known as its direction
ratios.

e Thus if /, m, n be the direction cosines of a line and
a, b, ¢ be its direction ratios, then

I m n
—=— == =), aconstant
a b ¢

Relation between Direction cosines of a line

If I, m and n are direction cosines of a line, then

Pym>+n*=1

Relation between Direction cosines and Direction

ratios

(53

Previous Years Analysis
2016 2015 2014
Delhi | Al | Delhi | Al | Delhi | Al
VSA 1 - 1 1 1 1
SA 1 - 1 1 1 1
LA 1 - 1 1 1 1

e Let a, b, ¢ be the direction ratios of a line whose
direction cosines are [, m, n, then
I m n ta +b
== =T m=
Ja? +b7 +c a’ +b* +c
tc

and n=————.
Ja? +b? + ¢

Remark : Direction ratios of the line passing through

the two points (x,, y;, z;) and (x,, y,, z,) are given by

X = Xp Yy =V 2~ 2y

Equation Vector Form

Cartesian form

Figure

Equation of aline | 7 = 5 + )\

XX _ VTN _ETA

passing through a a
given point and
parallel to a given

If the direction cosines <[, m, n> are
given, then equation of the line is

c

two given points

vectorb. X=X Y=y _ 272
1 on

Equationofaline 7=gG4p(b-ad), Aer X=X _ V=N _2-%4

passing through X=X Vom0 %7
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Angle between
two lines

Let the vector equations
of two lines L, and L,

be 7 =q, +M;1 and

Then, cosO=

Let the cartesian equations of two

XTh YT _ETa

lines be
q by a9
xX—x - z—z
and 2_Y7) _ 2
a b, )
Then,
| a,a, +bb, +c;c |
cos0 = 19 TO19 T 66

2 +0?+ 2 +2 +2|

Shortest distance
between two lines

e Distance
between two
skew lines

e Distance
between two
parallel lines

Let 7=d, +Ab, and
F=d, + }j}z represents
two skew lines, then
the magnitude of the
shortest distance (d) is

|5y xb,) - (@, - )|

B
bx(d, —d)
[b]

The shortest distance (d) between the
X=xn _JYTh _ET&4
49 by G

lines,

and x—X2 :y_yz :Z_Z2 iS
a by

)
X=X V2N
9 by a

-4

a b c
d= D p) 2

‘\/(blc2 ~by))* +(qay — ¢34 +(ayb, —ayby)? ‘

e Condition for
Coplanarity
of two lines

(@, —d,)-(b, xb,) =0

Equation of a
plane in

R N; p
e Normalform 7.n=d Ix+my+nz=d ;
e Intercept form XYL E dh 7
a b ¢ /\*
n

(0]
Equation of a | Let 7 be the position a(x-x)) +b(y-y)) +c(z-2)=0
plane perpen- vector of any point N
dicular toa glVen P(x, )/’ Z) in the plane’
vector and passing | then (F—d)-7i=0
through a given A o
point An

7
@
(0]

5¢)
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Equation of a
plane passing
through three
non-collinear
points

(F-a)-[(b-a)
X(c—a)]=0

X=X y=N zZ-z
Xp=X1  Ya—y  Z—%|=0
X3=X1 Y37 )1 237 %

Equation of the
plane passing
through the
intersection of
two given planes

(ax+by+cz-d)+Ma,x+by+
6z-d,) =0

Line of intersection of
given planes

Angle between

EI'EZ
two planes cosO= A cos6=| a9y +bib, +¢16, |
12 2,2, 22, ,2, 2
ay +by +cia; +b5 +¢5
planes to be
(i) perpendicular, if
cos O =aya, +bb,+cic,=0
(ii) parallel, if -0 _a
a b o
Distance of a -7
a-i—d| | _ | R
point from a T, where 71 is ax\l/+by1+czl d P(a)
lane a’ +b% + ¢
P normal to the plane.
M
Trh=d
lAngle getwien a 0= sin”! b-ii ino al+bm+cn
ine and a plane =sin | —=— sInb=
HH NEREREN
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PROBLEMS
Very Short Answer Type

1. Find the acute angle between the lines whose
direction ratios are (2, 3, 6) and (1, 2, 3).

2. Ifo, B,y are the direction angles of a vector and
14 1
cosa= —, cos 3 = =, then find cos Y.
15 3
3. Show that the planes 2x + 6y + 6z = 7 and
3x + 4y - 5z = 8 are at right angles.
4. A line passes through the points (3, 1, 2) and
(5, -1, 1). Find the direction ratios of the line.
5. Reduce the equation of the plane 2x + 3y — 4z = 12

to intercept form and find its intercepts on the
coordinate axes.

Short Answer Type

6. Find the cartesian equation of the line passing
through the point (2, 3, —-4) and perpendicular to
XZ-plane.

7. Find a unit vector normal to the plane
F.(2i-3j+6k) +14=0

8. Find the cartesian equation of the plane passing
through the points (1, 1, 2), (0, 2, 3), (4, 5, 6).

9. Find the vector equation of the line passing through

the points A(3, 4, -7) and B(6, -1, 1).

10. Find the shortest distance between the lines
r=(i+2j)+A(2i+3]+6k) and
r=(3i+3j—5k)+W(2i+3]+6k)

Long Answer Type - |
x-2 y-4 z-6
4 7

11. Show that the lines and

x+1 y+3 z+5

3 5
12. Find the direction ratios of the normal to the

are coplanar.

plane passing through the point (2, 1, 3) and the
line of intersection of the planes x + 2y + z =3 and
2x-y-z=5.

13. IfI;, m,, n, and L,, m,, n, be the direction cosines of
two lines, show that the direction cosines of the line
perpendicular to both of them are proportional to
(myn, - myn,y), (n,l, - n,1y), (Im, - Lm,).
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D

14. Find the length of perpendicular from origin to the
plane 2x - 3y + 6z - 14 = 0.

15. If the points (1, 1, A) and (-3, 0, 1) be equidistant
from the plane 7- (3} + 4}' - 12];) +13=0, find the
value of A.

Long Answer Type - I

16. If the perpendicular distance of a plane from the
origin is 1 and d.c.s of normal vector to the plane

1 1
satisfies — +—
x )y

+ iz =k, then find the value of k.
z

x—=1_ y+1 z-1
3 4

17. If this lines and

xT_?) = )’T—k :§ intersect, then find the value of k

and hence find the equation of the plane containing
these lines.

18. Show that the angles between the diagonals of a

—1( 1
cube is cos 1(5]

19. Consider the lines
x+l _ y+2 z+1

L:

Y31 2

L2:x—2=y+2=z—3
1 2 3

Find the distance of the point (1, 1, 1) from the
plane passing through the point (- 1, - 2, -1) and
whose normal is perpendicular to both the lines
Lyand L,.

20. Find the equations of two planes through the points

(4,2, 1), (2, 1, - 1) and making angles T with the
planex -4y +z-9=0. 4

1. Here,a,=2,b,=3,¢,=6;a,=1,b,=2,¢,=3

QM+B)2)+6)3) |= 26
\/22+32+62\/12+22+32‘ 714

= 0= cos”! 26
7314

2. cos® o+ cos® P+ cos’y=1
196 1
——+—+cos’y=1
225 9

cosO = |




5 21 4 2
= c0syY=1l-——=—=cosy=t—
225 225 15
We have, planes 2x + 6y + 6z =7 and 3x + 4y - 52 =8
Here,a,=2,b,=6,c,=6,a,=3,b,=4,¢,=-5
a,a,+bb, +c,c,=(2)(3) +(6)(4) + (6)(-5) =0
So, planes are at right angles.

Direction ratios of the line are
<5-3,-1-1,1-2>0r<2,-2,-1>

The equation of the given plane is

2x+3y—4z:12:>2—x+3—y—g=
12 12 12
= £+Z+i=1
6 4 -3

So, the intercepts made by the plane with the
coordinate axes are 6, 4 and - 3 respectively.

Let A=(2, 3, -4).
Then, the position

d=2i+3j—4k

vector d of A is

Since, the line is perpendicular to XZ-plane,
therefore it is parallel to Y-axis.

The line is parallel to the unit vector j.
Vector equation of the required line is

F=(2+3]— 4k) + A
= x;+y}'+zlz=(2;+3}'—4fc)+7»}'
x—-2 y-3 z+4
0 1 0
The equation of the given plane is

Qi-3j+6k)+14=0

=)

Qi-3]+6k)=-14

= 7
= F(-2i+3j-6k) =14
= F-ﬁ=14,whereﬁ=(—2f+3}—6l€)

|ﬁ|=\/(—2)2 +32+(-6)?% =7

Hence, the unit vector normal to the given plane is

i —21'A+3f—6l€_( 20 3,
il 7

6 »
——it+—=j—=k
7 7 / 7 )
Let A(x}, ¥y, 29) = (1, 1, 2),
B(xz, yZ’ ZZ) = (Oa 2) 3)) C(x3’ )/3, Z3) = (4’ 5’ 6)
Equation of plane is

AR

10.

11.

12.

3 4 4
= (x-1)4-4)-@-1)(-4-3)+(z-2)(-4-3)=0
= y-1-z42=0 = y-z+1=0

Here A= (3,4, -7), B=(6,-1, 1), then
G=3i+4j-7k b=6i—j+k
Now b—d=3i—5j+8k
Required vector equation is, ¥ =4 + X(E —ad )
= 7=(3i+4j-7k)+n(3i-5] +8k)
Here a, =i+2]j, a, =3i+3j—5k, b=2i+3]j+6k
Now, (a, —a,)=2i+ - 5k
. bx(d,—d,) =-21i+22j- 4k

|bx(d, —a,)|= 441+ 484 +16 = /941
and |b|=y(Q2)* +(3) +(6)" =49 =7

g
7

units.

The given lines are

-2 y-4 z-6 +1 y+3 z+5
x=2_y-4_z andx _y+3_z

1 4 7 3 5 7
Here,x, =2,y,=4,2,=6,x,=-1,y,=-3,2, = -5,
a,=1,b,=4,¢,=7,a,=3,b,=5,¢,=7

X=X Y2~N %% |3 -7 -1l
a, b, q |=|1 4 7
a, bz G 3 5 7

=(=3) (28 -35)+7 (7 -21) - 11(5 - 12)
=21-98+77=0
Given lines are coplanar.

The equation of the plane passing through the line
of intersection of the planes x + 2y + z = 3 and
2x - y — z=51s given by
(x+2y+z-3)+AM2x-y-2-5)=0
= xQCA+1)+y2-A)+2z(1-A)-3-51=0..3)
It passes through (2, 1, 3), then
200+ 1)+ (2-N)+3(1-2)=-3-51L=0
= 4A+2+2-A+3-3A-3-51L=0

= 4-5AL=0=>A= %
Substituting A = g in (i), weget 13x+ 6y +z-35=0as

the equation of the required plane. Clearly, direction

59
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13.

14.

15.

16.

6]

ratios of normal to this plane are proportional to
13,6, 1.

Let I, m, n be the direction cosines of the line
perpendicular to each of the given lines. Then,

e
(i)

I, + mm, +nn; =0
andll, + mm, + nn, =0
On solving (i) and (ii) we get
l m n

mny —myny mly —mly hmy —Lmy

Hence, the direction cosines of the
perpendicular to the given lines are proportional to
(myn, - myn,), (n,1, - n,1y), (I,m, - Lm,).

line

Given, equation of plane is 2x - 3y + 6z - 14 =0
Equation of plane in normal form is
2x (=3)y 6z
+
2+ 3246 J2+(32+62 22+ (=3)’+6>
~ 14
V2 492+

2 3 6
= —x——y+t—z=2

7 7 7

So, length of perpendicular from origin to the plane
is 2 units

It is given that the points (1, 1, A) and (-3, 0, 1) are
equidistant from the plane 7 Gi+ 4}' ~12k)+13=0.
i+ j+ 2 (31 +4j—12k) +13| _
V9+16+144 |
(=3i+0j+K)-(3i +4j-12k) +13]
Jo+16+144 |

3+4-120+13|_|-9+0-12+13)|

=
13 || 13 |

= [20-12)|=8 =20-12A =18

= 20-12A=8o0r,20-12A=-8

= 12A=120r, 12A=28=A=1lor, A= g

Let d.c. of the normal to the plane be < I, m, n >,

then its equation can be written as
Ix+my+nz=1 ..(i)
orix+my+nz-1=0
Also, P+ m?* +n* =1
It is given that < [, m, n > satisfy the equation
L+L+i=k:>l+i+i=

2 2 2 2

x Yz P m n

..(ii)
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17.

18.

= (lz+m2+n2){l+i+i}=k

P wm

As A.M. > H. M., therefore,

lz+mz+nz> 3
3 1 1 1
17272+72
m n

1 1 1
= (lz+m2+n2)[l_2+_2+_2)29
m n

= k=>09.

Letx, =1, y,=-12z=1L,x,=3,9,=k 2,=0,
L=2m=3n=4L=1,m,=2,n,=1
If given lines intersect, then they must be coplanar.

XX V27N &7
L my n |=0
L U )
3-1 k+1 0-1
= |2 3 4 |1=0
1 2 1

= 2(3-8)-(k+1)(2-4)-14-3)=0
= —10+2k+2—1=0:>2k—9=0:>k=§

The equation of the plane containing the given lines is

X=X Y= 272

= x-1)3-8)-(y+1)(2-49+(z-1)(4-3)=0
= -5x+5+2y+2+2z-1=0
= 5x-2y-z=6

Let a be the length of an edge of the cube and let one
corner be at the origin as shown in figure. Clearly,
OP, AR, BS and CQ are the diagonals of the cube.
Consider the diagonals OP and AR.

z

(0, 0, a) R
(0,a,a)

(a,0,a)S

P(a, a, a)

B(0,a,0) Y

A(a, 0,0) Q(a, a, 0)

X
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19.

20.

@

Direction ratios of OP and AR are proportional to
a-0,a-0,a-0and0-a,a-0,a-0ie,a,a,a
and - g, g, a respectively.

Let O be the angle between OP and AR. Then,

| axX—a+axa+axa |
cosO =

‘\/a2+a2+a2\/(—a)2+a2+a2‘
—a’+a’+a® 1

= c0sO0=|———| = cosO=—
\/3a2\/3a2 3

= 0=cos ! (lj
3

Similarly, the angles between the other pairs of
diagonals are each equal to cos™! (%) .

Hence, the angle between any two diagonals of a

cubeis cos™ (%) .

Any plane through (- 1,-2,-1) is

Ax+1)+B(y+2)+C(z+1)=0 ..(1)
D.r’s of any normal to (i) are < A, B, C >.
As this normal is at right angle to both L, and L,,
therefore,

3A+1B+2C=0 ...(ii)
1A+2B+3C=0 ...(iii)
Eliminating A, B, C between (i), (ii) and (iii), we
obtain

x+1 y+2 z+1

3 1 2

1 2 3

=0

= x+1)B-49)-(+2)09-2)+(z+1)6-1)=0
= -x+1)-7@+2)+5(z+1)=0
orx+7y-5z+10=0

Distance of (1, 1, 1) from the plane (iv)
_ |1+7-5+10] _ 13
Any plane through the point (4, 2, 1) is
Ax-4)+B(yp-2)+C(z-1)=0 (1)
Since it passes through the point (2, 1, - 1), we
have
AQ2-4)+B(1-2)+C(-1-1)=0
or 2A+B+2C=0

..(iv)

units.

..(ii)

As plane (i) makes an angle of T with the plane
x—4y+2z-9=0, we have
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|[1A+(-4)B+1C| = @ 1

=C0oS—=
V1416 +1JA* + B + C? 4

or |A—4B+C|=%\/ﬁ A+ B +C
2

=3JA’+B*+C’
or9(A2+ B>+ C*) =(A-4B+C)?
Putting B = - 2A- 2C from (ii) in (iii), we get
9(A% + 4A% + 4C* + BAC + C?) = (94 + 9C)?
or 5A2+5C2+8AC=9(A%>+C*+2AQ)
or 2A2+5AC+2C*=0
or RA+C)(A+20)=0

..(iii)

= Az—%C or-2C

From (ii), when A = —%C,B =—C and when
A=-2CB=2C

Substituting these values in (i), we get
—%C(x—4)—C(y—2)+C(z—1)=0

= x+2y-2z-6=0

and-2C(x-4)+2C(y-2)+C(z-1)=0(C#0)
= 2x-2y-z-3=0
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PROBLEMS

C

ﬁ/% vectors and 3D Geometry

i
1

1. Ifkisthelength of any edge of a regular tetrahedron
then the distance of any vertex from the opposite face

is
2 2 NE) 1
(a) \Ek (b) gk (©) Tk (d) N

2. Let A and B be opposite vertices of a cube of edge
length 1 unit. The radius of the sphere with centre inside
the cube, tangent to the three faces meeting at A and
tangent to the three edges meeting at B is

@) V2-1 (b) 3-+2
© 2-v2 d) 5-3
3. Inthe tetrahedron ABCD, we have AB, CD < 1 unit,

AC = BD =1 unit and AD, BC > 1 unit. The maximum
radius of the sphere inscribed in the tetrahedron is

V3 V5 7 J10
8 8 8
4. Let #y, n,, i3, iy be the vectors whose
magnitudes are respectively equal to areas of faces F,
F,, F;, F, of a tetrahedron and whose directions are
perpendicular to these faces in outward direction then
(@ 0 (b) 1 (d) 4

5. A rectangular parallelopiped has sides of length g,
b, c. The shortest distance of the edge of length ‘@’ from
the diagonal (not meeting it) is

k

(b)

(c) 2

alb+c)

Va? +b* +¢2
22
b +c?

a

2
Va2 +b* +¢2

bc
Vb2 +c2 v
6. Given AABC and AAEF such that B is the midpoint
of EF. Also, AB = EF = 1, BC = 6, CA=~/33 and

(a) (b)
(c) (d)

|

AB-AE + AC- AF =2 . The cosine of the angle between
BC and EF is
L 2 L

() () —= (@ —=

V2 2

7. ABCDA'B'C’D’ is a rectangular parallelopiped with
AA’ = 2AB = 8a. E is the midpoint of AB and M is the

®) 3

AD
point on DD’ such that DM=a(1+A—C). Let F be

the point on the segment AA” for which CF + FM has
minimum possible value then AF =

(@) a (b) 2a (c) 3a (d) 4a

8. As shown in the diagram, volume of tetrahedron

ABCD = 1/6 and ZACB = 45° with AD+BC+£= 3

then CD = V2
D

(@ 1 b V3 () 2 @ 2

9. Let ABCD be an arbitrary tetrahedron. The
bisectors of the angles /BDC, ZCDA, ZADB intersect
BC, CA, AB respectively in points M, N, P. Consider
planes 1t, : ADM, 1, : BDN and 7, : CDP

(@) m, m,, m; do not meet

(b) m,m,, T, all meet on a common line

(c) m,, T, meet on a common line but 7, does not
meet this line

T, T, meet on a common line but 1, does not
meet this line.

(d)

10. Consider the points A, B, C, D in a plane (no three
of them being collinear). H, and H, are orthocentres of

By : Tapas Kr. Yogi, Mob : 9533632105.
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triangles ABC and ABD respectively. The points A, B, C,
D are concyclic if

(c) H,H,=3CD
11. Let ABC be an equilateral triangle. The

perpendiculars AA” and BB’ on the plane containing
ABC at the points A and B are such that AA” = AB and

(d) HH,= %Eﬁ

BB’ = %AB then find ZACD where D is the point of

intersection of lines AB and A’B’.
(a) 45° (b) 60°

(d) cos ! (i)
V3

12. A rectangle ABCD of dimension r and 2r is folded
along diagonal BD such that planes ABD and CBD are
perpendicular to each other. Let C becomes C’ in new
position, then the distance AC’ is

(a) @r (b) gr (c) @r (d)

(c) 90°

Jo1

r
5

13. Points A, B, C, D are taken such that they are not in

the same plane and M is the midpoint of BC such that

AB=BD=CD=AC= 24D=2C_4 then

V2
(a) MA = MB (b) MA # MD
© MA:%MB (d) MA = 2MC

14. In tetrahedron OABC, let ZBOC = o, ZCOA = 3,
ZAOB =Y then cos?0. + cos} + cos?y — 2cosoicosPcosy — 1
is

(a) positive

(c) depends on (a, B, )
(d) zero

15. Let ABCD be a rthombus. M, N, P are points on
the sides AB, BC, CD respectively. The centroid of the
triangle MNP lies on the line AC if

() AM+DP=BN (b) AM + 2DP = BN

() AM+BN=DP (d) AM + BN = 2DP

16. Let M, N, P, Q be the midpoints of the edges AB,
CD, AC, BD respectively of the tetrahedron ABCD. It is
known that MN is perpendicular to both AB and CD
then

(b) negative

1
(a) AC=BD (b) AC=_BD

(c) AC=2BD

64

(d) 4AC = BD
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17. Let ABC be a right triangle with ZA = 90°. Two
perpendiculars on the triangles plane are erected at
points A and B and the points M and N are considered
on these perpendiculars, on the same side of the plane

such that BN < AM and AC = 24, AB =a\/g, AM =a
and angle between planes MNC and ABC equals 30°.
The area of the AMNC is

(@) a ®) V2a* (0) 22> (d) 4a?

18. Ois the centre, AB and BC are two diagonals of the
adjacent faces of a rectangular box. If angles AOB, BOC
and COA are o, 3, 0 then cosat + cosf} + cosO =
(@) -1 (b) 0 (o) 1 (d) 372

19. Let AB be a diameter of a circle and 7 is a plane
through AB making an angle 6 with the plane of circle.
If diameter of the circle is 2a then the eccentricity of the

curve of the projection of the circle on 7 is
(a) rsin@ (b) sin@ (¢) cos® (d) rcosO

SOLUTIONS

1. (a):Let OABC be the tetrahedron of edge length
‘K’ each.

Let M be the midpoint of AB then AM = k/2

Let N be the foot of the perpendicular from C on the
plane OAB then

ANz%. So CN=1/k2—(%)2 =\Ek.

2. (c):Let A(0, 0, 0), B(1, 1, 1) and the edges be
parallel to the co-ordinate axes. Let r be the radius of
the sphere then centre is (r, 7, ) and (1, r, 1) is the
point of tangency of one of the edges at B.

So, r> = 2(1 - r)? giving r=2-+2.

3. (a):Let h be the perpendicular length on a side
of length (> 1), then equating areas of base,

1 1
—ah=—-1-bsin60°.
2 2

Where a > 1, b < 1 then h<?.
Let r be the radius of in-sphere.

Now, volume Vv = %(A1 +A,+A5+A,)< %(4A1)

3V

ie. r>——. Also, V=1}1~A1<£-ﬁ=i
4A, 3 2 3 23
3 A 3

So, r>——.—L ="~
40 243 8



4. (a):Let O(0), A®@), B(b), C(€) be the vertices of
the tetrahedron then,

1 - 1 - 1

fy =—(@xb), i, =—(bX<), i, =—(cxa

1 2( ), 1y 2( ), 1i3 2( )
and @z%(E—d)x(l;—ii)
Hence, #j +1, +7i3 +ﬁ4=6.
5. (c) : Let the edges be along the axes and A(a, 0, 0),
B(0, b, 0), D(a, 0, ¢) where O(0, 0, 0) then

O—Aza?, @za?—b}'\Jrcllc\
|OB-(OAXBD)| _ b

|OAXBD| | 242

6. (b):Let 0 be the required angle.
33+1-36

2><1><x/§=_
and BE =-BF andﬁzzl
So, given expression becomes
AB-AE+AC-AF=2

= AB-(AB+ BE)+ AC-(AB+ BF)

So, shortest distance =

Now, AC-AB=+/33 x1x

ie. AB +AB-BE+AC-AB+AC-BF=2
ie. 1+ BF-(AC—AB)—1=2 or BF-BC=2
i.e. |BF|-|BC|cosf=2

2
Hence, cosO= g

7. (a): Opening up the parallelopiped so that C and
D come in line with AB as shown in figure.

DA o4
M—_|F
D A B C

For CF + FM to be minimum, we see that F must be
the common point of AA” and CM.
So, by similar triangles,

AF =DM - Eza.(H_A_D)L
CD ACJ) AD+AC
= AF=a

8. (b): VABCD_ -AD- (Z-BC-AC-sin45°)
AC

BC-AC e, aD-BC-AC 21
V2 V2

1
2

Now, apply A.M. = G.M. on (AD BC,

7

AD+BC+3§ AC
N2 53/up.BC-2=
3 \ V2

3 AC
ie., 5 > % Hence, AD=BC=—

N

So, AD is perpendicular to face ABC.

So, DC=vAD?+ AC? =+/3.

9. (b):Since DM is the bisector of Z/BDC, we have
BM _BD
CM CD
CN CD AP AD
AN AD BP BD
BM CN AP
Hence, mm E
and from Ceva's theorem, it follows that AM, BN, CP
have a common point Q.
So, T, N1, N 1y = DQ line
10. (a) : Let O,, O, be the circumcentres of triangles
ABC and ABD then

OiH, =0;A+0;B+0,C and

we have,

Similarly, —

0,H,=0,A+0,B+0,D

or, HyH;=20,0,+ DC

Hence if O, = O,, then HH, = DC
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11. (c) : Notice that BB’ is the midline in AAA’D, so
AB = BD. In ACAD, the median CB is half of AD, i.e.
B is equidistant from vertices A, C and D.

Hence ZACD = 90°

12. (a) : Let A(0, 0, 0), B on x-axis, D on y-axis and
C in xy-plane and ZCBD = 0. Let AB = CD =,
BC = AD = 2r, then

CD r 1
tan@=—=—=—
BC 2r 2
Let N be the foot of perpendicular from C’
CN 1 CN
then sinf=— = —=—
o BC 5 o
So, CN=CN =L
J5

Equation of BD is 2x + y = 2r, C(r, 2r)
So, N (foot of 1F) has co-ordinates
x—r y=2r —Qr+2r-2r)
2 1 5
_8r
> Y= 5

So, C'= 1, ﬁ) 2r . Hence, AC’=@r
5 545 5
13. (a) : Notice that ABDC is right angled at D and
ABAC is right angled at A.
So, if M is the midpoint of BC then
MA = MB = MC = MD
14. (b) : Notice that the given expression is equivalent
to

. r
ie. x=—
5

(cosa. — cosP cosy)? — sin? sin?y ... (1)
Now, o, B, ¥ € (0, m), so, from Euler's inequality of
plane angles of a tetrahedral angle, we have
B-vl<a<PB+v)
i.e. cos(B +7v) < cosa < cos(P - y)
i.e., —sinfsiny < cosd. — cosP cosy < sinf siny
i.e. (cosot — cosP cosy)? < sin’B sin?y
Hence, the relation (1) is less than zero.
15. (a) : Let O be the intersection point of the diagonals
of the rhombus.
AM BN __ DP _
Let W =™ Bc " pc?
(66
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Now, OM = (1-m)OA +m OB
ON =(1—n)@+nm and
OP = 1- p)O—D + pO—C
Let G be the centroid of AMNP, then

30G =OM +ON +OP
=(m+n+p—1)&+(m—n+p)@
[As OA=-0C, OD =-OB]

Now, G lies on AC if OC and OG are collinear
ie m-n+p=0 iie. m+p=n
or AM + DP = BN

16. (a):Let AB=x, A—Czyandﬁzz
y+z—x

2
and since MN -AB=0, wehavexz+xy—x2=0

then MN =

and MN-CD =0, we havey2 — 7 —xy+xz=0
Adding, we have y? = (x - z)? ie. AC=BD

17. (c) : Area of AABC = a* 3
and area of AABC = cosa. x (AMNC)
where o0 = 30° is the angle between planes ABC and

MNC
\/gaz =247
co0s30°
18. (a) : Let O(0, 0, 0) and edges be along co-ordinate
axes. Further let, A(a, -b, -c), B(a, b, ¢), C(-a, b, —c)
So, cosat + cosP + cosO
B @ - =) +(a® +b? =)+ (-a® -b* + )

So, area of AMNC =

at+b*+c2
=-1.
19. (b) : The projection will be an ellipse with major
axis = 2a
Let minor axis = b then area projection formula
gives
ntab = cosO x ma® i.e., b= acosd

bZ
So, eccentricity, e=, /1 - = V1=cos?0 =sin0
a

..................................................................... @@
YRR ANSWER KEY B
1. (b) 2. (d 3. (0 4. (9 5. (9
6. (0 7. f(ab) 8 (bcd) 9. (bc) 10. (bd)
11. (a) 12. (a,d) 13. (a,d) 14. (@) 15. (a)
16. (b) 17. 3) 18. (2 19. (4 20. (1)



Class XII
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his specially designed column enables students to self analyse their

extent of understanding of specified chapters. Give yourself four
marks for correct answer and deduct one mark for wrong answer.
Self check table given at the end will help you to check your
readiness.

Definite Integration & Application of Integrals
Total Marks : 80 Time Taken : 60 Min.
Only One Option Correct Type One or More Than One Option(s) Correct Type
/2 3
1. mdx: 7. Iff(x)=A-2"+B,wheref’(1) =2 and J.f(x)dx =7,
o (2+cos x)2 then 0
1
2 by - @l @ A= e
(a) ®) 5 © 5 (d) 1 og
It (b) B= ~[(log2)* - 1]
2. Let f(x)+ f( ) F(x),where f(x)= f—dt 3(log2)
Then F(e) = ! © A= s [(log2)? ~1]
@Wo ®1 @2 @, og?)
2 @ B=—
3. Thearea (in sq. units) bounded by the curves y = x* log2 0g2
2 8.  Area of the region bounded by the curve y = ¢* and
and y = L1 2 1s lines x = 0 and y = e (in sq. units) is
(4
@@ = (b) n—% (©) n—% (d) n+§ @@ e-1 (®) [In(e+1-y)dy
x ¢
4. If f(x)= J.sin4 t dt | then f (x + ) is equal to e —_[ dx (d) Iln ydy
0
@) f(m) ®) fx) 9. Area bounded by the curve y Inx,y=0andx=31is
(c) f(x) +f(T|5) (d) f(x) f(TE) (a) (In9-2) $q. units (b) (In27-2) $q. units
5. Areabounded by |x - 1| <2and x* - y2 =1, (c) ln(2—7jsq. units (d) (greater than 3) sq. units
(in sq. units) is e’

1 1 10. For which of the following values of m, is the area
(a) 6v2+ Elog|3 + 2\/5| (b) 632 + Elog|3 B 2\/5| of the region bounded by the curve y = x — x* and the

(© 6v2- log|3 +242 | (d) None of these line y = mx equals 9/2 sq. units?

_n/2 (a) -4 (b) -2 () 2 (d) 4

3 2 . 1 4
* _3_1[/2[(x )+ costla+ 3 s equal to 11. The value(s) of _[—x (- dx is (are)
4 4

T n n T 22 71 3m

— b) —+— - d) —- 2 L
() > (b) ” (c) 5 (d) 5 (a) S ®) o5 © 0 (d) 55
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sin® x cos? x

12. Let f(x)= J. sin_l(\/;)dt + J. cos_l(\/;) dt,
then 0 0
(a) f(x)isa constant function

I I
®) f (Zj =0 © f (gj =

@ f@{
2 2

13. Area bounded by the ellipse A equals
(a) 6msq. units 4 9
(b) 3msq. units
(¢) 12msq.units

2 2

(d) area bounded by the ellipse % + )’T =1

Comprehension Type

Suppose we define the definite integral using the

b
following formula J.f(x)dx = u(f(a) + f(b)), for

a
more accurate result for c € (a, b),

FO) = 2@+ £0) + 5 (10 + 1)
When
_ath jf(x)dx =578 a4 ) +2£0)).
/2
14. J. sinx dx is equal to
0
T T
(a) g(1+ﬁ) ® -, 1++2)
n o
(C) 8\/5 ( 4\/5
15. If f(x) is a polynomial and if
t
[ fwdx - (50)+ f@)
lim £ =0
t—a (t- a)3
for all a, then the degree of f (x) can atmost be
(a) 1 (b) 2 (c) 3 (d) 4

Matrix Match Type
16. Match the following:

Column I Column IT
P. J.e_4x sin5xdx = 1. 3
0
Q } [x?]dx
5 [x* —20x +100] +[x*] 5 2
. . 41
(where [] is greater integer
function)
R 3n/2
' J |sinx|dx,(whereneN)= 3. | 120
0
S. 1% &
| %% dx = 4. | 60
0
P Q R S
@ 2 1 4 3
® 2 1 1 3
© 2 4 1 3
@1 2 4 3
Integer Answer Type

17. Letne N,n<5.
1

Ifr, —j *(x—1)"dx =16 — 6¢ » then n =
18. The value of J.{ }dx islog.a (where [-] is greatest

integer function), then a is equal to
19. The area bounded by the curves x = y* and
x =3 - 2)* (in sq. units) is
20. Ifais a positive integer, then number of values of a
satisfying
/2 2 2
J. {az(sin.%x +2cosx)+ %sinx - 2cosx}dx < %
0
are @
Keys are published in this issue. Search now! ©
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No. of questions attempted

No. of questions correct
Marks scored in percentage

Check your score! If your score is
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You can score good in the final exam.

You need to score more next time.
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aths Musing was started in January 2003 issue of Mathematics Today with the suggestion of Shri Mahabir Singh. The aim of Maths
Musing is to augment the chances of bright students seeking admission into 1ITs with additional study material.
During the last 10 years there have been several changes in JEE pattern. To suit these changes Maths Musing also adopted the new
pattern by changing the style of problems. Some of the Maths Musing problems have been adapted in JEE benefitting thousand of our
readers. It is heartening that we receive solutions of Maths Musing problems from all over India.
Maths Musing has been receiving tremendous response from candidates preparing for JEE and teachers coaching them. We do hope
that students will continue to use Maths Musing to boost up their ranks in JEE Main and Advanced.
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Set 168
L JEEMAIN [

The difference of the roots of the equation
(x* -10x - 29) ! + (x* —10x - 45)7!

=2(x* -10x - 69) 'is
(a) 3 (b) -3 (c) 13 (d) 16

Ten boys and two girls are to be seated in a row

(==Y

L

a=
3 3 3
= _3 b) —-=2
() Y (b) %2
3 3 3
—+3 d) —+-=
() 2e () 2e 2

such that there are atleast 3 boys between the 8. f()=

girls. The number of ways this can be done is
A - 12!, where A =

(@ -3 (b) —% © -2  (d)-1

(@23 () 411 (@511 (@ e C  INTEGERMATCH

bl

In a triangle ABCif a, b, c are in A.P. and
C- A=120° then =
,

@) V15 (b) 2415 (¢) 3415 (d) 415

9.

=

the coordinate axes at concyclic points, then the
length of the segment of the line y = x made by the
circle through the four points is

@ 3% b= L @
a\/z 2 CZ\/E 4

IfP(x) =x% - x° - x* - x* —xand o, B, Y, 8 are the
roots the equation Q(x) = - % - x*-1=0, then
P(ar) + P(B) + P(y) + P(8) =

(@) 6 (b) 8 (c) 10 (d) 12

6. The vertices of a triangle ABC are A(1, 0) while B
and C lie on the parabola y = 2x - x%.

o

IfAB=AB=AC = 77, then its area (in sq. units)is

;bzﬁ 2 2
@ 575 ® 3\3 © 55 @ 3

Let f(x) be a differentiable function such that f(1)=0

X 1
and 2 f(t)dt — [ f(t)dt = 2f(x) +3x +a, where a is a

0 0
constant. Then,
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Let |d|=1|b|=4and ax7+b ="7. If projection

of ¥ along d is 2, then the projection of 7 along b
m

is " in the reduced form, where m - n is

If the lines ax ~ 2y + 2= 0and 2x ~y - 3= 0 meet | T (T4

10.

Match the following:
Column I Column II
P. | If the fourth term in the 1. 3
: f (ﬁ + l)n iS E
expansion of | —+~ 2
then a is divisible by
Q. The coefficient of x'* in 2. 16
(1-%° Q+x++2)°
is divisible by
3. 13
R. 4
Y ( k] (k-2)° =
k=0
S. 24: i ﬁm a1 2
is divisible by
p=1 r=p )\ P
P Q R S
() 1 2 3 4
(b) 4 4 2 3
(c) 3 1 2 4
1 3 2 4

See Solution Set of Maths Musing 167 on page no. 85



MOCK TEST PAPER

Series-5

The entire syllabus of Mathematics of WB-JEE is being divided in to eight units, on each unit there will be a Mock Test
Paper (MTP) which will be published in the subsequent issues. The syllabus for module break-up is given bellow.

Unit Topic Syllabus In Details
No.
Differential Calculus Functions, Limits, Continuity & Differentiability.
i~ | Statistics & Probability | Measures of Dispersion: Calculation of mean, median, mode of grouped and ungrouped data,
o calculation of standard deviation, variance and mean deviation for grouped and ungrouped
= data.
g Probability: Probability of an event, addition and multiplication theorems of probability.
Co-ordinate Geometry- | Coordinate axes and coordinate planes in three dimensions. Coordinate of a point. Distance between
3D two points and section formula.

Time : 1 hr 15 min.

CATEGORY-I

For each correct answer one mark will be awarded, whereas,
for each wrong answer, 25% of total marks (1/4) will be
deducted. If candidates mark more than one answer, negative

marking will be done.

1. If f(x)=lim

t—oo (1+sinmx) +1

(b) {0, 1}
(@ {-1,0, 1}

(@) {-1, 1}
(c) [-1, 1]

(1+sin nx)t -1

,then range of f (x) is

2. The graph of y = f (x) is symmetrical about the line

x =1, then

@) f(=x) =f(x)

b)) fl+x)=f(1-x)
(O fx+1)=fix-1)
(d) none of these

3. Iff(x)=2x"+a,if f(2) =26 and f (4) = 138, then

f3)=

@ 56  (b) 112

© 82

(d) 64

4. The domain of f(x)=./log;cos(sinx) is

(a) x = nm (b) x=?
(c) x=0¢ (d) none of these

Full marks : 50

A polynomial function f (x) satisfies the condition

f(x).f(l)=f(x)+f(l). If 10) = 1001, f(20) =
X X

(a) 8001 (b) 8008

(c) 8002 (d) none of these

Let f (x) = log.x + log,e, then the domain of the

. 1 .
function ——— is
JIfG|= f(x)
(@) (0, 1) (b) (1, =)
() (L, e) (d) (=00, )

If o, B are the roots of x> — ax + b = 0, then

2
g ax+b _ 1

lim —=

X—0 xX—o

@) B-a (b) a-B

(o)1 (d) 200 - a

lim cotx—cosx _

Hg (n—2x)°

(a) 1716 (b) 1 (¢c) 1/8 (d)
lim 1—c:os(x2 —x—6) _

x—3 (x—3)°

By : Sankar Ghosh, S.G.M.C, Kolkata, Ph: 09831244397.
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10.

11.

12.

13.

14.

72

1 25 1 25
= b) 22 l 4 ==
() 5 (b) 5 () 5 (d) 5
-1 for x<-1
3 for -1<x<1
If f0= 1-x for 1<x<2
3-x%  for x=>2
Then lim f(x)and lim f(x) equal to
x—27" x—2"
(a) 1) _1 (b) —1, -1
(c) 0,1 (d) 0, -1
2x
lim (1+£+%j =ez, then
X—>o0 X x
(@) a=1,b=0 b)a=2,b=1
(c)a=1,be R da=1,b=1

If f: R — R be a differentiable function, such that
fx+2y)=f(x)+f(2y) + 4xy V x, y € R, then

(@) F/(1) = £(0) + 1

(b) /(1) = f(0) - 1

(©) F/(0) = /(1) + 2

(d) (0) = /(1) - 2

sin{cos x} sl
T2
If f(x)= 2
L x= T
2

where {-} represents the fractional part, then
(a) flx) is continuous at x = 1/2

(b) lim f(x) exists, but f is not continuous
x—T/2
at x = /2
(¢) lim f(x) does not exist
x—T/2
(d) lim f(x)=-1
x—T/2
i [x] , x<4
x—3
If f(x) =10, x=4,
2 f—
alx 5x+6|, o
(x-3)
is continuous at x = 4, then
(A a=0,b=1

(b)a=1/2,b=1
(c)a=-1/2,b=1
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15.

16.

17.

18.

19.

20.

21.

(d) f (x) is continuous everywhere for any real

aand b

a
i T
(1+|sinx|)|smx|, —g<x<0
If the function f(x) = b, x=0
tan2x
T
etanSx, 0<x<—
6

is continuous at x = 0, then

(a) a=logeb,a=§ (b) b=logea,a=§

(c) a=logb, b =2 (d) none of these

For a differentiable function f,

i SO+ = (0P _
h—0 2h

@) {f' P

w)gfwf

@)gqu—UWWJ
(d) £ () f/(x)

A boy goes to school from his home at a speed of
x km/h and comes back at a speed of y km/h; then
his average speed is

(a) AM. of xand y
(c) GM. of x and y

The AM. of 7, x - 3, 10, x + 3, and x - 5 is 15. The
median of the numbers is

(a) 21 (b) 16

(c) 17 (d) none of these

If the mode and A.M. are ¥ 12.30 and T 18.48
respectively, then median of the distribution (in %) is

(a) 16.42 (b) 12.30
(c) 15.39 (d) none of these

(b) HM. of x and y
(d) none of these

The standard deviation of 50 values of a variable x
is 15; if each value of the variable is divided by (-3);
then the standard deviation of the new set of 50
values of x will be

(a) 15 (b) -5 (d) -15

If the sum of the squares of the deviations of 25
observations taken from the mean 40 is 900, then
the coefficient of variation is

(a) 20% (b) 12.5%

(c) 15% (d) 18%

(c) 5



22.

23.

24.

25.

26.

27.

28.

29.

30.

A coin and a six faced die both unbiased are thrown
simultaneously. The probability of getting a head on
the coin and an odd number on the die is

@i wml 02 @:?2
2 4 3 4

A sample of 4 items is drawn at random from a lot
of 10 items, containing 3 defectives. If x denotes
the number of defective items in the sample, then
P(0 < x < 3)isequal to

3 1 4 1
() n (b) 3 () 5 (d) P

The probability that in a family of 5 members,
exactly 2 members have birthday on Sunday is

12x5° 10X 6°
(a) % (b —
7 7

2 3

© 2 (d) 10x6
3 75

A five digit number is formed by writing the digits
1, 2, 3,4, 5 in a random order without repetition.
Then the probability that the number is divisible by
4is

3 1 5 5
(a) - (b) < () . (d) T
The co-ordinates of the foot of the perpendicular
drawn from the point P(x, y, z) upon the zx-plane
are
(a) (X, 0, 0) (b) (0, 0, Z)
(©) (x,,0) (d) (x,0,2)

The co-ordinates of the point of trisection of the
line-segment joining the points (2, 1, -3) and
(5, -8, 3) that is nearer to (5, -8, 3) are

(a) (4) 5’ _1) (b) (3’ _29 _1)

(C) (2> _1> 3) (d) (4’ _5a 1)

C is a point on the line segment joining the points
A(2, -3, 4) and B(8, 0, 10); if the y-co-ordinate of C
is (-2), then its z-co-ordinate will be

(a) 4 (b) 6 (-4 (d)5

The ratio in which the straight line joining the
points A(3, 5, -7) and B(-2, 1, 8) is divided by
yz-plane is

(@) 3:2 (b)2:3 (¢) -3:4(d)1:2

The co-ordinate of the vertices B and C of the
triangle ABC are (5, 2, 8) and (2, -3, 4) respectively;
if the co-ordinates of the centroid of the triangle are

(3, -1, 3), then the co-ordinates of the vertex A are
(a) (2a _2> 2) (b) (27 _2a _3)
(c) (2,2,-3) (d) (-2, -2,-3)

CATEGORY-II

Every correct answer will yield 2 marks. For incorrect response,
25% of full mark (1/2) would be deducted. If candidates mark
more than one answer, negative marking will be done.

31.

32.

33.

34.

35.

The domain of definition of the function

flx)= \lloge(x2 —6x+6) is

(@) (—2,3-+/3] U [3++/3,%0)

(b) (=00, 1] U [5, )

(©) (—23-+3) U (3++/3,%9)

(d) (=00, 1) U (5, =)

In a group of 20 males and 5 females, 10 males and
3 females are service holders. The probability that
a person selected at random from the group, is a

service holder, given that the selected person is a
male is

Wi ®»2 ©2 @:3
2 3 5 5

Two candidates A and B appeared for an interview
for two vacancies. The probabilities of their selection

1 1
are " and 3 respectively. The probability that one

of them will be selected is

3 2 7 5
2 b) 2 A N
(a)4 ()3 (c) 5 ()12
The value of lim i is
x—4log,(x—3)
(a) 112 (b) 80 (c) 96 (d) 56

The function fix) = plx + 1] + qlx - 1]
where [-] is the greatest integer function and

lim+ f(x)= lim f(x)= f(1) when

x—1 x—1"
(@) p=0 (b) g=0
(& p+q=0 (dp-g=0

CATEGORY-III

In this section more than 1 answer can be correct. Candidates
will have to mark all the correct answers, for which 2 marks
will be awarded. If, candidates marks one correct and one
incorrect answer then no marks will be awarded. But if,
candidate makes only correct, without making any incorrect,
formula below will be used to allot marks.

2 x (no. of correct response/total no. of correct options)

MATHEMATICS TODAY | DECEMBER'16
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36. Let f(x) = [x], the greatest integer function less than
or equal to x and g(x)= x - [x]. Then for two real
numbers x and y
(@) fx+9) =f () +F(»)

(b) glx +y) = glx) + g(»)
(©) flx+9) =f () +fly + g(x)
(d) none of these

37.If Eand F are the complimentary events of E and
F respectively, then

(a) P(E/F)+P(E/F)=1
(b) P(E/F)+P(E/F)=1
(c) P(E/F)+P(E/F)=1
(d) P(E/F)+P(E/F)=1

1
38. Let A and B be two events such that P(ANB) = 5
5 - 1
P(AUB)=E andP(A):E.Then

(a) A, B are independent
(b) A, B are mutually exclusive
(c) P(A) = P(B) (d) P(B) < P(A)

39. If o is a repeated root of ax?> + bx + ¢ = 0 then

lim

s.in(ax2 +bx+c) .
—is

x—a (x—oc)2
(a) 0 (b) a () b (d) ¢
40. If f (|x - 1| - [x]), where [x] is the greatest integer

function less than or equal to x, then
(@ f(1")=-1f(17)=0
b)) fA)=0=f(17)

(c) lim f(x) exists
x—1

SOLUTIONS

(1+sinmx)’ —1

(d) lim f(x) does not exists
x—1

1. (d): f(x)= lim ;
t—eo (1+sinmx) +1
1—% 1 when sinmx >0
= lim Limx): —1 when sintx <0
t—oo
R e : | Owhen sintx=0
(1+sinTx)

- Range of f{x) = {-1, 0, 1}

2. (b): Graph of y = f (x) is symmetrical about the
line x = 0, if f(-x) = f (x) i.e. if f(0 - x) = f (0 + x).
- Graph of y = f (x) is symmetrical about x = 1, if
f(-x)=f(1+x).

3. (d): Given that

f(x) =2x" +a. And f (2)

w f@2) =

74/

= 26, f(4) = 138
2.2"+a=26 (1)
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And, f(4)=2-4"+a=138 . (2)

From (1) and (2) we get, 2 - 4" -2 .2" =112

— (2"2-2"_56=0

= 2"-8)(2"+7)=0 = n=3

 F(o) =

Now from (1) we get, 2 - 2>+ a =26 = a =10
" f(x) = 2% + 10. Thus, f(3) = 2 - 3° + 10 = 64

4. (a) : In order that f (x) be defined logzcos(sinx) = 0
= cos(sinx) 21 = cos(sinx) =1 (."-1<cosB<1)
= sinx=0=>x=nm,nel

5. (a):Let f(x)=agx" +ax" " +..+a,.

Since, f(x)- f(i): Fe)+ f(i) we get,

a a
—O+—1+...+an)
n n

X

(agx" + alx”_1 +..+a,)

=(apx" +a;x" 4.+ a )+(—+ ) Tt +a)
" X"
On comparison of co-eflicient of like powers of x we get
ap=xlandag,=1landa; =ay,=..=4a,_1=0
= f(x)=x"+1,f(10)=1001=10"+1 = n=3
= f(x)=x"+1, f(20) = 20> + 1 = 8001

6. (a):The function __ will be defined
Jf @) f(x)
when [f (x)| - f(x) >0

= f@]>fx)=2f(x)<0

= log.x +loge <0 (. f(x)=log.x + log.e)

2
1
s log,x+——<0 — 108X HL_,
log, x log, x
= logx<0 = 0<x<1
x2—ax+b_1
7. (b): lim
x>0 X—0
D) y_
Shim e lxp-p) [ lim Sl
x—a (x—o)(x—P) =0y
_(x_B
8. (a): lim SOFTCOSX _ , cotxll=sinx)

Hg (n—2x)° Hg (n—-2x)°

tan E—x Zsin2 n_x
2 4 2

= lim 3
(m—2x)




1—cos(x2—x—6) _

1—cos{(x—3)(x+2)}

9. (b): lim = lim
x—3 (x-3)° x—3 (x—3)
2sin? M
=lim—2—  (letx—3=h)
h—0 h2
2 sin2 h(h+5) . ,
= lim —22><(h+5)2 =-.52-22
h—0 4{],1(;”_5)} 2 2
2

10. (b): lim f(x)=lim3-Q2+h)*=3-4=-1
+ h—0

x—2

lim f(x)=lim1-Q2-h)=1-2=-1
h—0

x—2"
2x
a b ax+b
11. (¢) : lim (1+—+—j = lim (1+
X—>o0 X x X—>00 X
x? ><2(ax+b)
1
= lim | 1+ axth x
X—> X
ax+b
. 2(ax+b)
lim ————=

x—>o0 x

1 X
=ex>> X (. lim (1+—j =e) = e

By the problem, e?* =¢> = a=1,b€ R

12. (d) : We have,

fx+2y)=f(x)+f(Q2y) +4xy, ¥ x,y € R

Stz -f@_  fey)

2y 2y
o i SO F@ (2x+f<2y>
2y—0 2y 2y—0

= f'(x) = 2x + f7(0) [as £ (0) = 0]
= f(0)=£"(1) -2

sin{cos x}

13. (¢) : We have, f(x)= x_E

1, X=

where {-} represents the fractional part.
Now, lim f(x)= lim (M): -1
- h—0 —
x>
Again lim f(x)=lim M #-1
11;+ h—0 h

x——
2

2y

" lim_ flx)# lim+ f(x)

x—— X——
2 2

So lim f(x) does not exist.
x—1/2

14. (b) : The given function is

x—[x]’ x<4
x—3
f(x) = ba x=4
2_
alx 5x+6|’ o4
(x-3)
a|x?—5x+6|
Now lim f(x)= lim ————
x—at x—4at (x—3)
= lim M:Za
x—4t (x—3)
Again lim x—[x]:ﬂzl’

va- X—=3  4-3
(when 3 < x < 4, then [x] = 3)
Since f (x) is continuous at x = 4

1
2a=b=1 = azz,bzl.

15. (a) : Here the given function is

a

(1+|sinx|)ISian , —g<x<0

f(x) = b) X = 0
tan2x
etan3x 0<x <E
6
lim f(x)= lim f(x)= f(0)
x—0" x—0"
a tan2x
= lim (1+|sinx|)ISlan = lim etan3x =p
x—0" x—0"

2
= e?'=e3=p .'.azg,azlogeb

16, (d): Jigg Se+DF - {f@F
h—0 2h

flx+h)— f(x)

1. .
= lim {fGc+ )+ fbx lim 2=

- % 2f(x)f'(x) = f(x)f'(x)

17. (b) : Let the distance between the boy’s home and
school be d km.
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d
Time required to reach school =— hours
x

d
and time required to return to home =— hours
Y

2d
Average speed =——— km/hours

dd
xy

_ 2 km/hours=H.M. of x and y

x+y

18. (b) : By the problem we have
7+x-3+10+x+3+x-5
5

=15

A2 1o xool

The numbers are 7,21 - 3, 10,21 + 3and 21 - 5
ie. 7,18, 10, 24 and 16
Now arranging the numbers in ascending order, we
get

7, 10, 16, 18, 24.

The required median is 16

19. (a) : The empirical relation between mean, median
and mode is
3 Median = Mode + 2Mean

12.30+2x18.48

= Median = =16.42
1 )
20. (c) : Let y; = —gxi wherei=1,2,..,50 and 6, =15
- 1_
4 3

_ 1 _ _ 1 _
Now, yj=7==2(x=%) = (=) = (=%

1
Solzll(yz )’) _Z(x _x)

\DI»—!

= 0. =>o0,=

50
1
r=3°

2
x

><’.

O | —

2 _
oy =
1
Hence O, =5><15=5
25 )
21. (a) : Given that Y (x; —40)” =900
i=1

—Z(x - 40) =—><900:> 62=36 = 6,=6
o, 6

Therefore C.V. =TX100=EX100=15%
x
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22. (d) : The sample space for the given experiment is
S={(H,1),(H,2),(H,3),(H,4),(H,5),(H,6),(T,1),(T,2),
(T, 3), (T, 4), (T, 5), (T, 6)}
Let A be the event of getting a head on the coin and
an odd number on the die
3 1
PA)=—=—
4) 12 4
23. (c) : Clearly, P(0 < x < 3) =

e x 7y . e, x’C, 4

P(x=1) + P(x =2)

IOC4 IOC4 5
24. (d) : Here the space consists of 7° equally likely
event points.
Let A be the event that exactly 2 of 5 members have
birthday on Sunday, then the number of favourable
cases = °C, x 63 = 10 x 6°

3
Therefore, P(A)= 10x6

25. (b) : Let A be the event that the numbers formed
by the digits 1,2,3,4,5 is divisible by 4.
Here, the number of exhaustive cases is 5! = 120.
Number is divisible by 4 when the last two digits of it
are 12 or 24 or 32 or 52.
Thus in a 5-digits number the remaining 3 digits can
arrange among themselves in 3! Ways.
Therefore number of favourable cases = 3! x 4
=6x4=24

=222

120 5

26. (d) : Since in xz-plane, y = 0.

The co-ordinates of the foot of the perpendicular
drawn from the point P(x, y, z) is (x, 0, 2).
27. (d) : The point of trisection of the line-segment
joining the point (2, 1, -3) and (5, -8, 3) that is nearer
to (5, =8, 3) is (4, -5, 1)
28. (b) : Given that C is a point on the line segment
AB, whose y-co-ordinate is -2.
Let C divides the line segment AB in the ratio A : 1.

AX0+1(-3)

—2="" T = 2(A+1)=-3
A+l

= 2A=1 = kz%
Thus C divides AB in ratio 1 : 2.

CIX10+2x4

142
29. (a) : Let the line segment joining the points
(3, 5, -7) and (-2, 1, 8) be divided by the yz-plane in
the ratio A : 1.



_AX(-2)+1x3
A+l
Thus the required ratio is 3 : 2.
30. (b): Let the vertex A of the triangle ABC be

(x, ¥, 2).
Given that the centroid of triangle ABC is (3, -1, 3)

3
—2A+3=0 = kzg

+5+2
3=x = x=9-7=2>
3
+2-3
=2 3 = y=-2 and
+8+4
3=72 T = 2=

The co-ordinates of vertex A are (2, -2, -3).
31. (b) : The function f (x) will be defined when
log,(x? - 6x + 6) =0
= x2-6x+62e=1=x2-6x+520
= (x-1)(x-5)=0 ...(1)
Clearly the condition (1) will be satisfied when x < 1
or x =2 5.
Therefore the required domain is (-eo, 1] U [5, o)
32. (a) : Let M be the event that the selected person is
a male and S/M is the event that ‘the selected person is
a service holder’ when it is known that he is a male.
Out of 10 men service holder, 1 may be selected in
10C, = 10 ways.
So, total number of cases favourable to the event S/M
is 10 and total number of exhaustive cases is 20.
10 1

Hence, the required probability = P(S/M)= -5

33. (d): Let A's selection be the event E; and that of
B's be E,.

P(El)— P(El)— » P(Ey)= ,P(E§)=

[SSH NS}

Required probability = P[(E; NE5) U(E, NEy)]

= P(E; M ES)+ P(E, N EY)
12 13 5
=P(E,)P(E;)+P(E,)P(E{)=——+——=—
(E)P(E3) + P(E,)P(Ey) 1331
LTy
712 _ 4702 lim )
34. (a): lim :x—>41 x L
x—4 log,(x—3) limM
x—4 x—4
%x45/2 ,
=— 2 ‘x> =112
i BT 2
h—0 h

35. (c) : The given function is
f(x) =plx+ 1] + g[x - 1]
Since, lim f x) = hm - f(x)=f(D)
x—1t

Now, lim {p[x +1] +q[x—1]} = lim {p[x +1]+g[x—1]}
x—1t x—1"

= p-2+q-0=p-1+4g(-1)

= 2p=p-q=>p+qg=0

36. (c) : If x is an integer, then

x+yl=x+=x+[y+x-[x]l,asx-[x] =0

Ifn<x<n+l,x=n+k 0<k<l.

Then [x+y]l=[n+k+yl=n+[y+k]
= [x] + [y + x - [x]], since x - [x] =

P(ENF)

k
P(ENF)

37. (a,d): P(E/F)= P(F)

, P(E/F)=
P(ENF)+P(ENF)
P(F)

~ P((EmF)u(EmF)) _P(F)

P(F) P(F)

[-. (ENF)and (ENF) are disjoint]
P(F)

P(F)

P(A) + P(B) - P(A N B)

5 1 1 2
= g—(l—zjﬁ'P(B)—g = P(B)—g

P(E/F)+P(E/F)=

Similarly, P(E/F F)+P(E/F)= =1.

38. (a): P(AUB) =

P(A)-P(B) =% %zP(AmB).

So, A and B are independent and therefore, not mutually

exclusive.

39. (b): As o is a repeated root, ao® + bot + ¢ = 0
and 2ao00+ b =0

(2ax+Db) cos(ax2 +bx+c)

lim
X—0 2(x—o)
- lim | 24 cos(ax2 +bx+c)—(2ax + b)2 sin(ax2 +bx+c)
xX—0 2
2a
=—=qa
2

40. (a,d) : f01")= Aimo {1+h-1]-[1+h]}

=limth-1)=-1
h—0

V= 1 , ‘
fa)= hlmO {|1 —h- 1| - [l - h]} = hlmo(h -0)=0

77)
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OLYMPIAD
CORNER

Ten players participate in a ping-pong tournament,
in which every two players play against each other
exactly once. If player i beats player j, player j beats
player k and player k beats player i, then the set
{i, j, k} is called a triangle. Let w, and I, denote the
number of games won and lost, respectively, by the
ih player. Suppose that, whenever i beats j, then
L+ w; 2 8. Prove that there are exactly 40 triangles
in the tournament.

Triangle ABC has incenter I and centroid G. The line
IGintersects BC, CA, ABin K, L, M respectively. The
line through K parallel to CA intersects the internal
bisector of ZBAC in P. The line through L parallel
to AB intersects the internal bisector of ZCBA in
Q. The line through M parallel to BC intersects the
internal bisector of ZACB in R. Show that BP, CQ
and AR are parallel.

In the figure, B,C, | |A1A2,

1.

SOLUTIONS

Let P, denote the i player, i = 1, 2, ..., 10. Without
loss of generality, assume that w; <w, <. <w,,.
Let M = max, _;_,oW; = Wjpand m = min, _;_,,
w; = w,. Since w; + li = 9 for all i, the condition
ll. + W > 8, whenever P, beats Pj, is equivalent to

w;<w + 1 ..(1)
Clearly

10
Y ow; =(10J=45 (2
i=1 2

We first show that

(W1>W2) [LXH] Wl()) = (4) 4’ 4> 4’4a 5) 5) 5) 5) 5)

Since P, beats m players and loses to 9 — m others,
we get from (1) and (2) that
45<m+Mm+ (9 -m)(m+ 1)

or

36<(M-m+9)m ..(3)
Similarly, since P, beats M players and loses to

A 9 — M others, we have
B3C2||A2A3andBlC3|| B, 45> M+ MM-1)+(9-Mm=M+(9-Mm
A, A,. Prove that B,C,, G .(4)
B,C, and B,C; are B, G, Since M <9, from (3) we obtain 36 < (18 — m)m,
concurrent if and only if / / which implies m > 3. From (4) we get M? <45, i.e.
AC, AC, AGC, Voo ) A, M<L6.If M= 6,'th.en fror.n (4),3m<9o0orm<3
. . =1. and so m = 3. Similarly, if m = 3 then from (3)

C;B; CB, G,B,

Let p be a prime. Find all solutions in positive
integers of the equation:

2.3 5

a

3
+>==.
b

p

Find the value of the continued root:

\/4+27\/4+29\/4+31\/4+33\/j
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M > 6 and so M = 6. Since 10 x 45, M # m.
Therefore, the only possibilities are (M, m) = (6, 3)
and (5, 4).

Thus (M, m) = (5, 4) and (4, 4, 4,4, 4, 5,5, 5,5, 5)
is the only possible solution. By exhibiting the
tournament graphically, one can see that this is
indeed a solution.

Now, there is a theorem in graph theory which states
that the number of transitive triples [3 players P,
P; and P, such that P, beats P, P, beats P, and P,



beats P;] in a tournament with n vertices and score
sequence (W, W,, ..., w,) is Zlewi(wi /2. It

follows that, with # = 10, the number of triangles
(cyclic triples) is

" 1 10
(9)- S w0
= 120—%(5)(5)(5—1) —%(5)(4)(4— 1) = 40.

This completes the proof.
We shall prove the following generalization:

ABC is a triangle and a line [ intersects BC, CA
and AB at K, L and M respectively. I is a point on
I other than K, L or M. Let P, Q and R be points
on Al BI and CI respectively, such that KP || CA,
LQ || AB and MR || BC. Then BP, CQ and AR
are parallel.

Proof. Let BI and BP intersect AC at D and E
respectively. Because PK I|AC we get

EB_CB . PI_KI

_ - (1)
BP BK AT IL

As B, I and D lie on a line, we have by Menelaus'
theorem applied to AAEP,

AD EB PI_
DE BP IA

From (1) this becomes

AD CB KI_, o
DE BK IL

As B, I and D lie on a line, we have by Menelaus'
theorem applied to AKCL,

——. =1 (3)

From (2) and (3) we have AD/DE = LD/DC, i.e.,
AD DE

A (4)
LD DC

Because AB || LQ we get
AD _ BD

== (5)
LD QD
From (4) and (5) we have
DE _BD
DC QD

and therefore BE || CQ, i.e. BP || CQ. Similarly we
can prove AR Il cq.

Choose A, as origin and let m —x and AA; = ;
Suppose

m =p;c, E =q;, where p,q #0.

Then, since C;B, is parallel to A;A; and B, lies
on A,A,, the position vector for B, must be
p% + (1 -p)y . Similarly, the position vector for
C, must be gy + (1 - q)x. Let the intersection
of C;B, and B,C, be P; since A;C,PB, is a
parallelogram, the position vector of P is
pX + qy . Since B,C, is parallel to A,A; it
follows that if B, has position vector u X then C,
has position vector u ¥ . Also u # 1 since B,C, is
distinct from A,A,.

The equation of B,C,isr=tuy +(u-tu)x,t€ R,
and this line passes through P if and only if
u=p+q (with t = g/(p + g)). In other words,
B,C;, B,C,, B,C, are concurrent if and only if
u=p+gq.

In terms of p, q, u we have

4G AC AG _ p g 'u—l'

GBy GB, B, u-p l-p-q q-u

This product equals 1 if and only if
pq(u-1) = (u-p)(1 - p-q)(g - u), which holds
(after some arithmetic) if and only if

Pq

p+q-l1

Thus the condition that the product be 1
is apparently necessary but not sufficient.
(For example, let p = g = —u = 1/3.) If the given
lines were required to intersect the interior of the
triangle, then u could not equal pq/(p + g - 1)
since the three intersection points are all inside
the triangle if and only if 0 < p, ¢, p + g < 1. We
conclude therefore: if B, B,, B, are points on the
interior of the sides of AAALA, then B,C;, B,C,,
B,C, are concurrent if and only if

u=p+q or u=
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AG ACG ACG
G;B; CB, G,B,

=1.

This is not entirely satisfactory because we would
like a condition involving directed line segments
that would be necessary and sufficient whether or
not the given lines meet the interior of the triangle.
With the usual sign conventions for directed line
segments, one such condition is

A By " A,B, +A3Bz

=2,
AIAZ AZ A3 A3 Al

since this gives the equation u + (1 - p) + (1 - g) =
which holds if and only if u = p + g, which (as we saw)
holds if and only if the given lines are concurrent.

Equivalently, we have p(3a + 2b) = 5ab; hence
there are three cases to consider.

First case: p = 5. Then we get

3a+2b=ab or (a-2)(b-3)=6=1-6=2"-3.
Hence all pairs of positive integers (a, b) are (3, 9),
(4, 6), (5,5) and (8, 4).

Second case: p divides a. Let a = a,p. Hence
3a,p="b(5a, - 2).

Then p divides either b or 5a, - 2. If b = b,p, then
3a, = b,(5a, - 2) or (5a, - 2)(5b, - 3) =6
which has only one solution: (a;, b;) = (1, 1),
whence (a, b) = (p, p). Otherwise, 5a, - 2 = a,p.
Therefore,

3—=——=ba, or  3a,p + 6= 5ba,.

Hence a, divides 6.

If a, = 1, then (a, b) = (P(P+2) 3(p+2)) but
only if p = 3 (mod 5).

If a, = 2, then (a, b)
only if p = 4 (mod 5).

( , but
If a, = 3, then (a, b) = (p(3p+2 2), but

2p(p+1) 3(p+1))

only if p =1 (mod 5). >

2p 3p+1) 3p+1
5

, but

If a, = 6, then (a, b) (
only if p = 3 (mod 5).
Third case: p divides b. Let b = b,p. Hence

2b,p = a(5b, - 3).

Then p divides either a or 5b, - 3. If p divides a,
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then we have the same case (p divides a and b) as
already considered above. Again (p, p) is the (only)
solution. Otherwise, 5b, — 3 = b,p. Therefore,

bp+3
ZL — abz
5
Hence b, divides 6.

If b, = 1, then (a, b) :(M’M) but
only if p = 2 (mod 5). 5 5

If b, = 2, then (a, b) =[M,Mj , but only
if p=1 (mod 5). > >

If b, = 3, then (a, b) :(2(P+1)’3p(p+1)), but
only if p = 4 (mod 5). 5 5

If b, = 6, then (a, b) =(2P+1,3P(2P“)j, but
only if p =2 (mod 5). > >

or 2b,p + 6 = 5ab,.

[Note that if p = 2 or 3, this generates only two
distinct solutions: (2, 2), (1, 6) for p =2 and (3, 3)
(12, 2) for p = 3. If p > 5, then the three solutions
are all distinct.]

The answer is 29. More generally, for any positive
integer n, we claim that

\/4+n\/4+(n+2)\/4+(n+4)\/: =n+2,

where the left side is defined as the limit of

F(n, m)=\/4+n\/4+(n+2)\/4+(n+4)\/... 4+m4

as m — oo (where m is an integer and (m - n) is

even)
If g(n, m) = F(n, m) - (n + 2), we have
F(n, m)* —(n+2)* = (4+nF(n+2,m))— (4 +n(n+4))
=n(F(n +2, m) - (n+ 4)),
n
F(n,m)+n+2
Clearly F(n, m) > 2, so

so g(n, m)= gn+2,m).

|g(n, m)|< Fnﬂg(n + 2,m)|.

By iterating this, we obtain
n(n+2)

m(m +2)| g,

Therefore g(n, m) — 0 as m — oo,

|g(n,m)| | H(I’l+2)
m

@



BRAIN(PWORK

CIRCLES

Contd. from Page No. 30

23. (b) : Let the chord get bisected at A(0, o).
Centre of given circle is C(1, 2).

a-b a-2_
O-a 'm_

= o?-ab+2)+a+2b=0

This equation should have distinct real roots,
= (b+2)?2>4(a+2b) = b*-4b+4>4a

24. (d): Let the circle be x> + y* + 2gx + 2fy + ¢ =0
We have, 2ga, + 2fb, = ¢ + ¢}, 2ga, + 2f b, = c + ¢,
= 2g(a, - a,) +2f(b, - b)) =¢c, - ¢,
Thus locus is

2x(a, - a,) + 2y(b,

Mpy - Moy = -1

-b)+¢c;-¢,=0

25. (b) : Clearly the points A, B and P are concychc
* PD? = DA? = BD? = OA? - OD?

Let D= (x, y)

= XX+ @-bl=a>-(x*+y?

= 2x2+2y?-2by+b*-0a2=0

26. (a) : Equation of common tangent is
§,-5,=0ie,x=y

Putting x = y in the equation of circle, we get

Y+ +2cy+b=0 = 2y +2cy+b=0

It should have equal roots

(2) -4x2xb=0 = b:%

Hence, b > 0
27. (c) : Equation of ABis T =0
ie, 3x+y-0=4
ie, x=4/3= OD =4/3
= AD’=4- % -2
25
’ 5 J5
Area of APAB _L 4— ( ——) 10VS $q. units.
2 3 9
28. (a) : Any tangent ofx +y*=4is
y=mxt2Vl+ m?
If it passes through (-2, - 4), then

2

3
= 4m?+16 - 16m =4+ 4m?> = m=oo,m="

Hence slope of reflected ray :%

Thus equation of incident ray is
3 .
(y+4)=—z(x+2)z.e., 4y +3x+22=0

29. (b) : Equation of radical axis of the given circles is
x = 0.

If one circle lies completely inside the other, then centre
of both circles should lie on the same side of radical
axis and radical axis should not intersect the circles.
= (- al)( a,) >0 = a1a2>0

and »? + ¢ = 0 should have imaginary roots

= ¢>0

30. (c) : Equation of any circles through (0, 1) and
(0,6)isx*+ (y-1)(y-6) + Ax=0

= X+ +Ax-7y+6=0

If it touches x-axis then x> + Ax + 6 = 0 should have
equal roots = A2=24 = A=+24

49 7 .
Radius of these circles = ,/6+:—6 = 2 units

i.e., We can draw two circles but radius of both circles

is 7/2.

31. (a) : Equation of any circles passing through (1, 0)

and (5,0) is (x - 1)(x - 5) + > + iy =0

ie, x> +y2+ly-6x+5=0

This circle touch the y-axis at (0, h).

Putting x = 0 in the equation of circle, we get
Y+l +5=0

It should have y = h as it’s repeated root

= h=5andA=-2h = |h|=+5

—Ja+4a=22
1,1)
1) 4y

= AB=22-2=2(2-1)
X

Thus equation of required
\(1’,-1)

32. (d): AB,

circle is B,

x2+y2=(\/5—1)2=3—2\/5

33. (b): Let the centre of

required circle be (h, h).

We have, Z/COD = Z/CBE = m/4
h-2 n 1

= ——=co0s
h+2 4

= h=m=2(3+2\/5)
~2-1)

34. (d): 5% + 2ax + ¢ = (x - 2)?

= -2a=4,c=4 = a=-2,c=4

Also, y* + 2by + ¢ = (y - 2)(y - 3)

5
= -2b=5¢c=6 = b=—5,

_Clh, h)

c=6

Clearly, the data is not consistent.

35. (c) PN
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YU ASK
WE ANSWER

Do you have a question that you just can't get
answered?

Use the vast expertise of our MTG team to get to the
bottom of the question. From the serious to the silly,
the controversial to the trivial, the team will tackle the
questions, easy and tough.

The best questions and their solutions will be printed in
this column each month.

2. x 2. x 2. x

1 2°x7 |+.....

1.  Evaluate: lim lim[ XA A AT
x—0" | noeo n

where [-] denotes integral part. Akash, Delhi

Ans. We have, 12x* — 1 < [12x¥] < 12x*

22— 1 < [22x%] < 2%%%

n2x* - 1 < [n%x*] < n’x*
Adding the above inequations,

x5, 2 sz x5, 2
- n°x
X Zn n<[ ]<x2n

n’ n’ n’ 9 %
o n(n+)Qn+1) 1 _ Z[n x|
6n° n? n3< & n(n+1)2n+1)
- 3
Now, applying lim , we have 6n
n—>oo0
x D 2,.x x
S L
n—oo n 3

Hence, by Sandwich Theorem, we have

o Zxt] xF
1m =—
n—oo n3 3

Now, the required limit, is

Inx
[n?x* —
lim {lim [ ]le lim xle lim el/x

x—0" | n—ee n3 3 x—0" x—0*
1/x
L im e 210D
3 x—0* 3 3

2. A tosses 2 fair coins and B tosses 3 fair coins. The
game is won by the person who throws greater number
of heads. In case of a tie, the game is continued under
identical rules until someone finally wins the game.

Find the probability that A finally wins the game.
Himanshu, U.P.
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Ans. For a particular game, let

A; = number of heads obtained by A when he tosses two
coins and B; = number of heads obtained by B when he
tosses three coins. If E = {A wins a particular game}, then
P(E)=P(A; "By or A, By or A, N By)

= P(A, N By) + P(A, ™ By) + P(A, N By)

= P(A;) P(By) + P(A;) P(By) + P(A;) P(B,)

SO HERCIERORET

21 3 3

= 4+ 4+ - ="
32 32 32 16

If F = {A and B tie a particular game}, then

P(F)=P(Agn By or Ay By or A, B,)

= P(Ao) P(By) + P(A;) P(By) + P(A) P(B,)

(T (3 )
ORIOE

Hence, P(A finally wins the game)

=P(E or FE or FFE or ......... )

= P(E) + P(F) P(E) + {P(F)}* P(E) + ........

_ P(E) _ 3/16 _3

" 1-P(F) 1-5/16 11

3. Iflis thelength of an edge of a regular tetrahedron,
then find the distance of any vertex from its opposite
face. Sakshi, Kerala
Ans. The figure shows a regular tetrahedron OABC. Let
O be the origin and the position vectors of the vertices
A, B, Cbe a, b, ¢ respectively. Then, we have

Volume of OABC = X ar (A ABC) (OM) ’
3

ie., é [abc] = %ar (A ABC) (OM)

C
Now, we have -

V3

ar(A ABC) = Tl [ A ABC s equilateral]

a-a a-b a-c
and [abc) =b-a b-b b

c-a ¢b cc

1 cos 60° cos 60° .
=1°|cos 60° 1 c0s 60°| = 516
cos 60°  cos 60° 1
13 1(3
Hence, ——=— £l2 (OM) i.e., OM = %l.
672 3| 4 3
RORS
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SOLUTION SET-167 =6(25+5) = 180 = 2% 3%5

2
+x |, . .
1. (d): Let A(Ctl’ti}B(CtZ’ti}c[CtytiJ be the 7. (d): g(x)z 1 ,g(x)—0=>x—1i\/5
] 11 : Zh 3 ™ Ming(x)zg(1+\/5)=3+2\/5
ti tri i t =cC.
vertices of triangle lying on the curve xy = ¢ € Max g(x) _ g(l _ \/’) _ 3 2\/’

—1+x-1+2)
x—1

—c
orthocentre is ( o —ct1t2t3) , which lies on the
curve. 17273

8. (b): Area= _[g(x)dx = _[ (x dx

D 2 C 0 -1

2. (b):A=(-2,0),B=(2,0) 3
C=(1,242), D=(-L,242) 3 3 =_f1(x+2)dx+21n|x_1|‘1=5_21n2=5_ln4
If the desired circle has centre 1
(0, r) and radius r, then A 1 B 9. (6): P(LE] ,5(1,0),8(=1,0)
4472 =(r+2)% 1+ -242)" = (r+1)? .
r+4 PS meets the curve x™ + 2y =2at Q| L,——
Subtracting, r = —— 7 1 V2
(r+4)2 2\/5 4 PS’ meets it at R(—— ——j
. =’ +4r= 7r +24r—16=0 = r=—. , 5V2
’ QR 1+ 7 L ! E
3. (c6) : If oy, 0, ..., O be the roots of f{x) = 0, then 5\/— \/— 25
Y o, =12,040; ... g =64 . AM.=GM.=2 A =6.08= [d]=6
= 10. (a) > (q), (b) > (1), (c) > (p), (d) > (q)
The roots are equal and f(x) = (x - 2)6 qx P E
f7(1) =6 x5=30 jefzdt
X 4 . . 1 1 .
4. (0): f(x)= Ie"_tdt +'fet_xdt =+ o2 (a) igil . - = ’lgz_—i =3 [by using L.H. rule]
0 X E— 2
4 2 X X
b=f(0) =fi4) = ¢* - T and a = f(2) = 2" - 2 ) )25+ [ fle—t)dt
4 2
= b-a=e -2¢"+1,\b—ag=e>—1.

=x +jf(t)ef *.dt=x +e"‘j e f(t)dt

2 2 1

5. (a): —+yT—1:>P ( \}g)andQE[l,E).

2x+ = t)dt
If PQ is the latus rectum of the parabola then PQ = 2. fx)=2x+ f(x) e -[ f )

Vertex is (0 ! +1) [0 1 1) f(x) 2 f(x) 3+ fQ@ :
»——=+—1,10, —=—= = X)=x+2x= f(x)=—+x" = ==
2 2 2 2 N . 3 | 3
The parabolas are (0 fx)= '[(x —t)dt + I(t —x)dt = > —x+x*
2 1 lj . 2 0 X
x}==2| y———=| ie, x> +2y=+/2+1 and !
( NE : Jf(x)dx=%
x2=2(y—i+lj ie., x2—2y=1—\/5. O a2 142cosx X
\/% 2 (d) Let 1= —zdx (Put t=tan5)
= 2
6. (a,0,0): $=Y (2, +2,0")(F +Z,07) 1 (2 +cosx)
> [ - 1=2J. 3- ~dt (Put t =/3 tan0)
=Y (2, +2,0 )z, +7,0°7) 0(3+t
r§0 /6 1
=y [|z1|2 +|z2|2 +z,2,00 +z1220667r} = f J. c0526d6=5

&

=0

<
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