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CAC PAI LUONG TRONG TOA PO SUY RONG

1. Dong nang trong toa do suy rong
Pong nang cia co hé c6 dang:
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Vay dong nang trong toa do suy rong c6 dang:
T =T+ T+ To, (3)
Trong do:
N 25
° 0 d T
Z aijfiqj VOl aij = ) M=
1] 1 k=1 afhaq]

N
o7 07
quﬁh Vi by Z mk6 k atk

Z - (ark>

Tong quat dong nang trong toa do suy rong 1a tdng clia ba phan. Phan dong ning thi nhit T, 1a ham bac 2 ctia
van tdc suy rong, phan dong ning thd hai Ty 12 ham bac 1 clia van téc suy rong va phan dong ning thi ba T
khong phu thudc van tbc suy rong.

—

. d R .
Xét co hé chiu lién ket dung thi ta c6 % = 0. Phan dong nang Ty, T7 bang 0 nén dong ning cc hé chiu lién

két diing trong toa do suy rong c6 dang:
T=T1,= Z aijqiq;- €))
,] 1
Vay co hé chiu lién két ding thi dong ning 13 ham bac 2 cdia van tbc suy rong.

2. Thé niing trong toa dé suy rong
Thé niing ctia co hé trong trudng luc thé 13 hAm clia vi tri cac chét diém, c6 dang:

u(f;{) - U(T’_i,fé,..., f;{) - u(xllylrzlr---r xN/yN/ZN)' (5)

Bi€u dién céc toa do Descartes cla cic chét di€ém qua toa do suy rong g; (v6i i =1,2,...,s) r0i thé vao , ta
dugc thé ning trong toa do suy rong c6 dang:

U(q1, q2, - qs) = U(qi)- (6)
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Néu F; 1a Iyc thé, ta c6:
4 ou
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Nhan hai vé (7) cho B_k , 101 lay tong theo chiso k tt 1 — N, ta dudc:
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Vay néu Q; 1a luc suy rong ting vé6i luc thé thi gitta luc ny va thé ning suy rong ta co:
ou
L 8

NGUYEN LY TAC DUNG TOI THIEU
(NGUYEN LY HAMILTON)
Trong khodng thdi gian tii thdi diém #; dén t,, chuyén dong thit clia c¢ hé dudc dic trung bdi ham Lagrange c6
dang:
L(G1, - Gs, G1, G £) = L(qi, Gis t), v6ii = 1,2, ...,5. )
Ldt goi 1a tac dung nguyén t6 va tac dung trong khoang thdi gian tit t; dén t, dudc dinh nghia:

5]
S = /Ldt. (10)
f

Tong quat, S ciing phy thudc lién két nén S = S(a, t). Bién phén cta tac dung S la:

7 as
5S = /5Ldt hay 38 = £ 6. (1)

f1

Nguyén ly Hamilton:

Chuyén dong that ctia co hé trong khoang thdi gian tir £ dén t,, chi x4y ra sao cho tac dung S dat cuc tri hay bién

fa aS
phan cuia tac dung S triét tiéu, tic ta cd: 6S = f 6Ldt = 0 hay o
a=0

f

Trong co hoc 1y thuyét, nguyén ly Hamilton 1a mot tién dé tdng quat. T nguyén ly ndy, ta ¢6 thé thanh 1ap cic
phuong trinh vi phan chuyén dong clia co hé.
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PHUONG TRINH LAGRANGE CUA CO HE HOLONOME

1. Phuong trinh Lagrange cta co hé chuyén dong trong truong hre thé

Thanh lap phuong trinh Lagrange

Xét cd hé holonome s6 s toa dd suy rong g; (i=1,2,...,s), chuyén dong trong trudng luc thé. Trong trudng
hdp nay, co hé dudc goi la co hé bao toan. Trong khoang thdi gian chuyén dong tir thdi diém t; dén t,,
cdc quy dao khd di va quy dao that c6 chung diém dau va di€m cudi. Ta cé: 6g;(t1) = 8q;(t2) = 0.
Chuyén dong ctia co hé dudc dic trung béi ham Lagrange L c6 dang nhu sau:

L(qi,4i,t) = T(qi,4i,t) — U(q, 1), (12)

trong d6 T va U 1an luct 12 dong ning va thé ning cla co hé.
Bién phan tic dung S:

55 = / SL(gi, ;) t)dt = / Z <—5q1 a—Léq.,-) dt. (13)
?

Xét tich phan sau trong (13
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di

Theo nguyén ly Hamilton thi §S = 0 va do ég; ddc 1ap tuyén tinh nén ta suy ra
d [ JL oL
— ~ | —-=—=0 (i=12,...,s) (15)
dt aq: aql

s phuong trinh vi phan bac 2 trén goi la phuong trinh Lagrange. Giai (I3)), ta dugc s phuong trinh
chuyén dong cia hé g;(t).

Dang khac cua phuong trinh Lagrange
Thay ham L = T — U véi U khong phu thudc vao q.i vao phuong trinh (13), ta dugc

d d d
——(T-U)—=—(T-U)=0 (16)
dtaqi 8q1

_dar ot _ ou .
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ou )
Ta c6: —=— = Q (luc suy rong theé). Vay ta c6 dang khac cua phuong trinh Lagrange

99
0q;

Céc phuong trinh Lagrange trén (13)), (15) cling ding cho trudng hgp hé kin. Noi luc tuong tac gitia
cac chit diém trong hé ciing 12 Iuc thé va tuong ting U 12 ndi thé ning ctia hé kin (thé ning ing vé6i noi
luc tac dung 1én cdc chit diém ctia hé.)

2. Phuong trinh Lagrange cta co hé chuyén dong trong truong luc tong quat Xét co hé holonome cé s
toa do suy rong g; (i=1,2,...,s), chuyén dong trong trudng luc c6 cé lyc hoat dong thé 15}( va luc hoat dong
khong thé 1-:;;“ Trong trudng hgp ndy, cd hé dudc goi la co hé khong bao toan. Biéu thiic lvc suy rong ctia hé
trong truong hdp nay co dang

I .
Y (F+F)=r = Qi+ Q (19)
i=1 94
trong do
@—i*ﬂ (20)
i _k: k aq

1a Ivc suy rong dng véi luc khong thé.
Phuong trinh Lagrange ctia co hé chuyén dong trong trudng luc tdng quét c6 dang

d aT 9T _
i+ 21
hay ta c6 thé viét
d [ dL oL
— 5 =05 (22)
dt (a%) 9; 1

trong d6 L 12 ham Lagrange tuong ting trong trudng luc thé.

Uu diém n6i bat clia phuong trinh Lagrange 12 khi gii ra quy luat chuyén dong ctia co hé ta khong can xac
dinh phan luc lién két tac dung 1én hé. Trong co hoc, x4c dinh dudc phan luc lién két tac dung 1én co hé 1a
mot van dé rat khé va phiic tap.
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CAC TINH CHAT CUA HAM LAGRANGE

1. Ham Lagrange c6 tinh chét cong
Ham Lagrange ctia co hé gdm hai phan khong tuong tic nhau A va B (c6 cac ham Lagrange tuong ting 1a L 4
va Lp) bang tong ham Lagrange ctia hai phan y.

L(ﬂA/ EI.A/ CIB, l].B/ t) - LA(‘]A/ q.A/ t) + LB ([/]B/ q.B/ t) (23)

Do A va B khong tuong tac (A va B du xa), nén céc toa do suy rong cia hé A va B la g4 va gp tuong ting doc
13p v6i nhau. Ham L = L4 + Lp (v6i toa do suy rong 1a g 4 va qp) déc trung cho chuyén dong ctia hé gdm hai
phan A va B khong tuong tdc. Ta can ching té hAm L = L 4 + Lp ciing 1a ham Lagrange.

LAy bién phan tdc dung tuong ting ctia L trong khoang thoi gian tif t; va t5:

ty ty t
/ SLdt = / SLdt + / SLydt.
t t H

Ma L4 va Lp 1a ham Lagrange ctia A va B nén bién phan tac dung tuong ting ctia chiing bang 0. Do vy ta c6:

5]
/ SLdt =0
51

Theo nguyén ly Hamilton thi ham L = L4 + Lp la ham Lagrange va n6 dic trung cho chuyén dong that cia
hé gdm hai phan khong tuong tic A va B.

2. Ham Lagrange khong don tri
Cac ham Lagrange ctia co hé sai khac nhau mot dao ham toan phan theo thdi gian cia mot ham f(g;, t) bat ky.
Goi L 1a ham Lagrange cua co hé thi ham L xac dinh nhu sau ciing 1a ham Lagrange cia cd hé:

L'=L+ %f(qi,t), i=1,2,..,s (24)

That vay, bién phan tac dung tuong ting ctia trong khoéng tii t; dén t,:

tr ty ty d
/ SL'dt = / SLdt + / 5—f(q;, t)dt
t t t dt

1

t t
= / “oLdt + / 25df(qi, t) (25)
h h
Trong (25)), ta co:

[5)
/ 6Ldt = 0 viL la ham Lagrange cua co hé,
51

t
=0; do (5qi(t1) = 5qi(t2) =0
51

g s [waf, ] wof
5d i,tz/d Vsl =y Loy,
/tl flat) = |, L;aqi q] ; il

i

nén:

5]
/ SLdt = 0.
f

Theo nguyén ly Hamilton thi ham L’ ciing 1a ham Lagrange cta co hé.
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CAC PHUONG TRINH CHINH TAC

1. Céc bién s6 chinh tac .
Gidi s phuong trinh Lagrange ta suy ra g;(#) va g;(t), cho ta phuong trinh chuyén ddong va vén toc trong toa
do suy rong; 2s bién sb: g; va g; goi 1a bién s Lagrange. Tuy nhién, g; 1a bién doc 1ap thi ta van c6 thé suy ra
g; nén g; khong 1a céc bién doc 1ap.
Mit khéc, chuyén dong cta co hé cling c6 thé biéu dién qua toa do suy rong g; va dong lugng suy rong

oT

pi = —. 2s bién s nay dugc goi 1a céc bién sb chinh tac hay bién s6 Hamilton. Chiing 1ap nén mot khong
aqz

gian 2s chiéu, goi 12 khong gian pha. Khic véi cac bién s6 Lagrange, cic bién sé6 Hamilton doc 1ap v6i nhau.
2. Ham Hamilton. Cic phuong trinh chinh tic

a/ Ham Hamilton va cdc phuong trinh chinh tic
Xét co hé holonome chuyén dong trong trudng Iuc thé. Cac dong lugng suy rong ctia hé dugc xac dinh bdi

cong thuc:
aT oL . N
pi = = —; U khong phu thudc g; nén dao ham bang 0
8q, 04,

Bién phan ham Lagrange ta dudc:

‘71/ 5]1/ Z 8—5% + Z

Zlql

Thay p; vao phuong trinh trén ta dugc:

L(4i,qi,t) Z 5 5% + Z pidq;

S S

:Za—q,5 +Y_ o(pig:) Zqzépz- (26)

i=1"1 i=1
Tu phuong trinh Lagrange ta suy ra:

oL d dL .
— =—(—)=np (27)

Thay (27) vao (26) roi chuyén vé, ta dugc:
S ° S . S °
S| =L+ pigi| ==Y pidgi+)_ qidpi. (28)
i=1 i=1 i=1

Ham —/L +37 piq.i 12 niing luong clia co hé va theo vé bén phai ctia |i thi né 12 ham cda cic bién s
chinh tdac. bat ham nay la H va H dugc goi la Hamilton hay Hamiltonian:

H(‘]z‘/ pi/ t) - —L(Qi/ 17.1‘/ t) + Zq.ipi (29)
i=1

Vay ham Hamilton dic trung cho chuyén dong that ctia co hé theo cac bién sd chinh tic. Bién phan ham
Hamilton ctda co hé:
6H Z i Ho, (30)
% Pz/ a ap pl

1
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So sanh va (30), ta rit dugc hé phuong trinh sau:
« OH
(i=1,2,..5) 31

2s phuong trinh vi phan bac nhit dudc goi 1a cac phuong trinh chinh tic hay phuong trinh Hamilton.
Giai hé cdc phuong trinh nay, ta suy ra g;, p;.

b/ Ham Hamilton khi co hé chiu lién két dirng
Pong niing co hé 1a ham béc 2 ctia van tdc suy rong:

1 s [ BN )
T=T,= > Z aijqiqj,
i=1

trong do:
N 9%
k
a; = my
! k_z{ 94;0q;
. o n o or JdT . .. .
Trong truong hgp nay, dong lugng suy rong co6 dang: p; = —- = —,- , va ham Lagrange tuong ung:
;i 9
L =T — U = T, — U. Him Hamilton ctia co hé chiu lién két diing c6 dang:
s o s aTz
H=) pgi—L=) —
i=1 i=10q;q; — Th + U
. PR NN N % N X ~ . s aTZ d L LR A .
Theo dinh ly vé ham thuan nhat (ham dong bac), tacé: ) ;| —-q; = 2T2. Ta c6 thé viet lai:
99
H=2T,-T,+U=T,+U=E (32)

¢/ Phuong trinh Hamilton ctia co hé chiu lién két khong dirng
Khi hé chiu lién két khong diing, dong ning ctia co hé c6 dang:

T =T, + Ty + Ty, trong do Ty, Ty, Ty la dong nang suy rong bac 2, bac 1, bac 0

Ham Lagrange tuong tng: L = T, + T; + To — U. Ham Hamilton ctia co hé chiu lién két khong diing c6
dang:

H =

pigi — L= Y —qi+ )Y, — qz'+2—.bfi—(Tz+T1+To—U)
i=1 i=1 04; i=1 04; i=1 0qg;

Theo dinh ly vé ham dong bc, ta c6:

s S T e T e & 0Ty

> 0Ty e
Y. —2q; =2T,,
i=1 aqi

S 9T, »

Z .Qi:Tll

i=1 aqi
> BTO °
Y —aqi=0.
i=1 0q;
Vay ham Hamilton ctia co hé chiu lién két khong diing c6 dang:

H=T,-Ty+ U (33)

Noi dung trong ti liéu nay dugc trich tir gido trinh Co hoc Iy thuyét ctia thay Ninh Quy Cudng.



