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KHAO SAT HAM SO

Vin dé 1: ON TAP - CONG THUC

I. Tam thic bac hai:

a=b=0
c<0

a<0
A<0

eVXxe R, ax’ +bx+c<0 <

a=b=0
c>0

a>0
i A<0

«% Cho phuong trinh : ax? + bx + ¢ =0
Gia su phuong trinh ¢6 2 nghi¢m X,; X, thi:

eVXxe R, ax’ +bx+c>0 <

b c
S=x1+x2=—g;P=xl.x2=g
, n N a=0
e Pt 6 2 nghiém phan biét <
A>0
a=0
e Pt c6 nghiém kép <
A=0
a=0
A . a=0
e PtvO nghiém < <b=0 v
A<O
c+#0

e Pt ¢6 2 nghiém trai dau <P <0

, Y {AZO
e Pt c6 2 nghiém cung dau <
P>0
e Pt 6 2 nghiém phén biét cung duong
A>0
<<«P>0
S>0
e Pt c6 2 nghiém phan biét cung am
A>0
<<«P>0
S<0

I1. Pa thirc bic ba:
% Cho phuong trinh : ax®> + bx? +cx +d =0
Gia su phuong trinh c6 3 nghiém X,; X, ; X, thi:

b. c.
S=X; +X,+X, == Xy Xy + X5 X5 + Xg.Xg ==

d
P=X.X,X;=—
a

111.Dao ham:

BANG PAO HAM

(kx)' =k (ku)'=k.u'

(x4)' =ax*" u*)'=cu'u ™

U
(u) “h

(sinx)'= cosx (sinu)'= u'.cosu

(cosx)'=-sinx (cosu)'=-u'.sinu

(tanx)' = 12 (tanu)' = uz
cos” X cos’u
(cotx)'=—; (cotu)'=—
sin® x sin”u
(ef)' = ¢ (e")'=u'e"
(Inx)'= = (nuy =%
X u
1 u'
log. x)'= log. u)'=
(log. x) xIna (fog, u) ulna
(@)'=a*Ina (@")'=u'a".Ina

Quy tic tinh dao ham

(Uxv)=u=zv (uv) =u'v+vu

u)  u'v—vu ro_ gy
(—j :T(V;’EO) yx_yu'ux

Vv

Pao ham ciia mdt s6 ham théng dung

1 _ax+b _ad-bc
' cX+d (cx+d)2
ax’ +bx+c . adx?+2aex +be—cd
2. y=" T 0y .
dx+e (dx+e)
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http://www.vietmaths.com/

WWuw. vieTmaTiis.com

LY THUYET TOAN LTDH

Cao Hoang Nam

Vén dé 2: CAC BUGC KHAO SAT
HAM SO.

1. Cac buéc khao sat sw bién thién va vé dé thi
caa ham so

e Tim tap xac dinh caa ham sb.

e Xét sy bién thién cua ham sb:

o Tinhy'

o Tim cac diém tai d6 dao ham y’ bang 0
hoac khéng xac dinh.

o Tim céac gidi han tai vO cuc, gidi han
vb cuc va tim tiém can (néu co).

o Lap bang bién thién ghi r6 dau cua dao
ham, chiéu bién thién, cuc tri caa ham so.

e V& d6 thi ciia ham sb:

o Tim diém uén cua do thi (d6i voi ham

S0 bac ba va ham so trung phuong).
— Tinhy".
— Tim cac diém tai d6 y”’ = 0 va xét dau y”’.

o V& cac dudng tiém can (néu cd) cia dd
thi.

o Xac dinh mot s6 diém dac biét cua do
thi nhu giao diém cua d6 thi vadi céc truc toa do
(trong truong hop do thi khdng cat cac truc toa do
hoac viéc tim toa d6 giao diém phuc tap thi cé the
bo qua). Co thé tim thém mot so diém thudc do
thi @€ co thé vé& chinh xac hon.

o Nhan xét vé d6 thi: Chi ra truc doi
xang, tam do6i xing (néu cd) cua do thi.

2. Ham s bac ba y=ax® +bx* +cx+d (a=0):
e Tap xac dinh D =R.

e Db thi ludn ¢ mot diém udn va nhan diém ubn
lam tam ddi xang.

e Céc dang d0 thi:

y” =0 c6 2 nghiém phan biét
=D =b*-3ac>0

a>0 a<o

“y Ay

y’ =0 ¢6 nghiém kép < D’ =b*—3ac =0

a>0 a<o

A

VRN

1

EN W

=N\

=y

y’ =0 v nghiém < D’ =b?—3ac < 0

a>0 a<o

/O X 0\ X

3. Ham sé tring phwong
y=ax’+bx*+c (a=0):
e Tap xac dinh D = R.
e D6 thi ludn nhan truc tung 1am truc déi xung.
e Céc dang d6 thi:

y’ =0 c6 3 nghiém phén biét < ab <0

a>0 a<o

y

y’ =0 ¢6 1 nghiém phan biét < ab >0

a>0 a<o

¥4 y

A
il

4. Ham sb nhat bién

_ax+b (c#0,ad—bc=0):
CX +
e Tap xac dinh D = R\{—g}.
c

Trang 2
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X bhs 2 me A A 2 d . .
e Do thi c6 mot tiém can ding la x = —— va mot
c

. . a . o, I
tiém can ngang la y =—. Giao diém cua hai tiém
c

can 1a tam ddi xang cua do thi ham sd.
e Céc dang do thi:

ad-bc>0 ad-bc<0
j | I
0 X
0 X
2
R FI ax° +bx+c
5. Hamso hiruty y=———
a'x+b

(aa'= 0, tir khdng chia hét cho mau)

e TapxacdinhD =R \{—b—l}.
a

X eh A o Ap A A a1 b" .
e D6 thi c6 mot tiém can ding la x = —— va mét
al
tiém céan xién. Giao diém cua hai tiém can 1a tam
doi xurng caa do thi ham so.
e Céc dang d0 thi:

CAC BAI TOAN LIEN QUAN
KHAO SAT HAM SO

Van dé 1. SU TIEP XUC GIUA HAI
PUONG, TIEP TUYEN CUA
PUONG CONG

y’ =0 ¢6 2 nghiém phan biét

a>0 a<0

AU

I )
o0 4]

A

AN>0
aa'>0

y’ =0 v6 nghiém

a>0 a<0

yn yu

L7 N
A1 TN

Y nghia hinh hoc ciia dao ham: Pao ham cua
ham sé y = f(x) tai diém xo 1a hé sé goc cua tiép
tuyén véi d6 thi (C) cua ham sé tai diém
M, (X;F(X,)). Khi d6 phuong trinh tiép tuyén

cua (C) tai diem M, (Xq;f(X,)) la:

Y—Yo=F'(X).(Xx=%0) (Yo ="T(X0))
Dang 1: Lap phwong trinh tiép tuyén cia
dwong cong (C): y = f(x)

Bai toan 1: Viét phuong trinh tiép tuyén A caa
(C): y =f(x) tai diem M, (X,:Y,)

 Néu cho X thi tim yo = f(Xo).
Néu cho yq thi tim xo 1 nghiém ciia phuong
trinh f(x) = yo.
e Tinhy' =1f (x). Suy ray’'(xo) = ' (Xo).
e Phuong trinh tiép tuyén A 12:
Y = Yo = (X0).(X — Xo)
Bai toan 2: Viét phuong trinh tiép tuyén A ciia
(C): y =f(x), biét A c6 h¢ s6 goc k cho trudc.
Céch 1: Tim toa d6 tiép diém.
e Goi M(xo; Yo) la tiép diém. Tinh f' (o).
eAcoheségock =F (X)) =k (1)
e Giai phuong trinh (1), tim dugc X, va tinh yp
= f(Xo). Tir d6 viét phuong trinh cia A.
Céch 2: Dung diéu kién tiép xuc.
e Phuong trinh dudng thang A ¢6 dang:
y=kx+m.
o A tiép xtc véi (C) khi va chi khi hé phuong
trinh sau c6 nghiém:
f(x)=kx+m
{f (x) =k
e Giai hé (*), tim dugc m. Tir d6 viét phuong
trinh cua A.

*)

Trang 3
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Cha y: Hé sb goc k cua tiép tuyén A c6 thé
dugc cho gian tiép nhu sau:
> A tao véi chiéu duong truc hoanh goc a thi
k = tana
> A song song véi dudng thang
d:y=ax+bthi k=a
> A vubng goc véi duong thang
d:y=ax+b(a=0)thi k= 1
a

> A tao véi duong thang d: y = ax + b mot

a
=tana

goc o, thi
1+ka

Bai toan 3: Viét phuong trinh tiép tuyén A cua
(C): y = f(x), biét A di qua diem A(X,;y,).

Céch 1: Tim toa d6 tiép diém.
e Goi M(Xg; Yo) la tiép diém. Khi d6:
Yo = f(X0), y'o = f' (Xo)-
e Phuong trinh tiép tuyén A tai M:
Y = Yo = (X0).(X — Xo)
e Adiqua A(X,;Y,)Nén:
Ya—Yo=F (Xo).(Xa—Xo) (1)
e Giai phuong trinh (1), tim dugc Xo. Tir d6
Viét phuong trinh cua A.
Céch 2: Dung diéu kién tiép xuc.
e Phuong trinh duong thang A di qua
A(X,;Y,)Vva co hé sb goc k: y —ya = K(X — Xa)
e A tiép xuc vai (C) khi va chi khi hé phuong
trinh sau c6 nghiém:
f(X) =k(X=X,)+VYa
fi(x) =k
e Giai hé (*), tim duoc x (suy ra k). Tir d6 viét
phuong trinh tiép tuyén A.

*)

Dang 2: Tim diéu kién dé hai dwong tiép xuc

Dang 3: Tim nhing diém trén dwdong thing d
ma tir dé c6 thé V& duge 1,2, 3, ... tiép
tuyén véi dé thi (C): y = f(x)

Giastrd: ax + by +¢c = 0. M(Xm; Ym) € d.
e Phuong trinh duong thang A qua M ¢6 hé sb
goc ki y = k(X — xm) + ym
e A tiép xuc vai (C) khi hé sau c6 nghiém:
F(X) =k(X—Xy) +Yu @
{f (x)=k (2)
e Thé k tir (2) vao (1) ta duoc:
f(x) = (X —xm).F (X) + ym 3)
e S tiép tuyén cua (C) vé tir M = S nghiém
x cua (3)

Dang 4: Tim nhitng diém ma tir d6 ¢6 thé vé
dwoc 2 tiép tuyén véi do thi (C): y = f(x)
va 2 tiép tuyén dé vudng goc véi nhau

Goi M(Xm; Ym).
e Phuong trinh duong thang A qua M c6 hé sé
géc ki y =K(X —Xm) + ym
e A tiép xtc vai (C) khi hé sau c6 nghiém:
f(Xx) =k(X=Xy)+ Yy @
{f (x)=k (2
e Thé k tir (2) vao (1) ta duogc:
f(x) = (X —Xm).f (X) + ym 3
e Qua M V& dugc 2 tiép tuyén véi (C) < (3)
c6 2 nghiém phan biét x4, x,.
e Hai tiép tuyén d6 vudng goc véi nhau
< (x).f (x) =-1
T d6 tim duoc M.
Chuy: Qua M vé dugc 2 tiép tuyén véi (C) sao
cho 2 tiép diém nam vé hai phia véi truc hoanh
thi {(3)c02nghl¢mphanb1¢t
f(x)).f(x,) <0

Diéu kién can va du dé hai duong (Cy): y = f(x)
va (Cp): y = g(x) tiep xuc nhau la hé phuong
trinh sau c6 nghiém:
{f(X) =9(x) *)
f'(x)=9'(x)
Nghiém cua hé (*) l1a hoanh d6 cua tiép diém
cua hai duong do.

Van dé 2. SU TUONG GIAO CUA
CAC PO THI

1. Cho hai d6 thi (Cy): y = f(x) va (Co): y = g(x).
Pé tim hoanh d6 giao diém cua (C1) va (Cy)
ta gidi phuong trinh: f(x) = g(x) (*) (goi la
phuong trinh hoanh d¢ giao diém).
S6 nghiém cua phuong trinh (*) bang sé giao
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diém cua hai do thi.

2. Db thi ham sb bac ba

y=ax®+bx®+cx+d (a=0) cit truc hoanh tai 3
diém phan biét

< Phuong trinh ax® +bx*+cx+d=0 c6 3
nghiém phan biét.

< Ham sb y=ax® +bx? +cx+d ¢6 cuc dai, cuc
tiéu va Yep-Yer <0.

Vian dé 3. BIEN LUAN SO NGHIEM
CUA PHUONG TRINH BANG PO
THI

¢ Co s¢ cua phuong phap:
Xét phuong trinh: fxX)=g(x) (1)
~» S0 nghiém ciia phuong trinh (1) = S6 giao
diém cua (Cyp): y = f(x) va (C,): y = g(x)
» Nghiém cta phuong trinh (1) 1a hoanh d¢
giao diém cua (Cy): y = f(x) va (Co): y = g(X)
e Dé bién luan sé nghiém caa phuong trinh
F(x, m) = 0 (*) bang do thi ta bién doi (*) vé mot
trong cac dang sau:
Dang 1: F(x,m)=0<f(x)=m 1)
Khi d6 (1) c¢6 thé xem 1a phuong trinh hoanh
do giao diém cua hai duong: (C): y = f(x) va d: y
=m
e d 1a duong thang cung phuong véi Ox
e Dya viao do6 thi (C) ta bién luan sé giao diém
cua (C) va d. Tir d6 suy ra sé nghiém cua (1)
pv

C
m A/ ((d)) y=m
Yobi > . !
AR
Yet =" 77777
Dang 2: F(x,m)=0<f(x)=g(m) (2)

e Thuc hién tuong tu, c6 thé dat g(m) = k.
e Bién luan theo k, sau d6 bién luan theo m.

Dic biét: Bign luan sé nghiém ciia phwong
trinh bac ba bang do thi

e Co s¢ cua phuong phap:
Xét phuong trinh bac ba:
ax®+bx?+cx+d=0(a=0) (1) co dd thi (C)
> S6 nghiém caa (1) = Sé giao diém cua (C)
Vai truc hoanh

Bai toan 1: Bién luan sé nghiém cia phwong
trinh bac 3
e Truong hep 1: (1) chi c6 1 nghiém < (C) va
Ox co6 1 dieém chung
f khong c6 cyc tri  (h.1a)
& | | fco 2 cuc tri (h.1b)
Yep-Yer>0

v

© ©

Y0 (tw  x SIAEI IR TS I

e Trudng hgp 2: (1) c6 dung 2 nghiém < (C)
tiép xuc vai Ox
{f c6 2 cuc tri
@ —|
Yep-Yer=0

(h.2)

©
Yes | _ (H.2)
'
)
A R B
X 0

(¥er=f(xp) =0}

e Truwong hgp 3: (1) cd 3 nghiém phan biét <
(C) cat Ox tai 3 diem phan biét

- f c6 2 cuc tri (h.3)

Yep-Yer<V
Bai toan 2: Phwong trinh bac ba c6 3 nghi¢m
cung dau
e Truwong hop 1: (1) c6 3 nghiém duong phan
biét < (C) cat Ox tai 3 diém phan biét c6 hoanh
do duong
f c6 2 cuc tri

Yep-Yer <0
Xep >0, Xop >0
a.f(0) <0 (hay ad <0)

(©
L= Yes S

: f(0y A
Xoxpx o fXc - verl Nl )
Y P .

e Truong hop 2: (1) cé 3 nghiém co &m phan

—\:
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biét < (C) cit Ox tai 3 diém phan biét c6 hoanh
do am
f c62 cuc tri

Yep-Yor <0
Xep < 0, Xer < 0

a.f(0) > 0 (hay ad > 0)

¥ ¥
© aco
©
F(0)
_______ Yok - == Y&
| v
A/ T \B © e A X B/(:\c

Van dé 5. PIEM PAC BIET TREN
PO THI CUA HAM SO

Dang 1: Tim cip diém trén dé thi
(C): y = f(x) d6i xirng qua dwong thang
dy=ax+b

Vén dé 4. HAM SO CcO CHUA DAU
GIA TRI TUYET POI

1. D6 thi ham s6 y =£(|x|) (ham sé chén)

Goi (C):y=f(x) va (C)):y=f(|x|) ta thuc hi¢n
cac budc sau:

Buéc 1. V& do thi (C) va chi giit lai phan do
thi nam phia bén phai truc tung.

Buéc 2. Lay dbi ximg phan do thi ¢ budc 1
qua tryc tung ta dugc do thi (Cy).

2. D6 thi ham sb y =|f(x)|

Goi (C):y=Ff(x) va (C,):y=|f(x)| ta thuc hién
cac budc sau:

Buéc 1. V& db thi (C).

Buéc 2. Giit lai phan do thi cua (C) nam phia
trén truc hoanh. Lay doi xang phan d6 thi nam
phia dudi truc hoanh cua (C) qua truc hoanh ta
dugc do thi (Cy).

3. b thi ham sb y =|f (|x)

Goi (C):y=F(]¥), (C,):y=[f(x)] va
(C5):y =[f([x|)| . D& thdy dé v& (Cs) ta thuc hign
cac budc vé (Cy) rdi (C2) (hoic (Cy) rdi (Cy)).

Co sé ciia phwong phéap: A, B d6i xang nhau
qua d < d la trung truc cia doan AB
e Phuong trinh duong thang A vuéng goc

véi d: y =ax + b co dang: A: y:—1x+m
a

e Phuong trinh hoanh d6 giao diém cua A va
©): f)=-Ixem ()
a

e Tim diéu kién cuia m dé A cat (C) tai 2
diém phan biét A, B. Khi d6 xa, Xg l1a céc
nghiém cua (1).

e Tim toa d6 trung diém | cua AB.

e Tir diéu kién: A, B ddi xangquad < | €
d, ta tim dugC M = Xa, Xg = Ya, Y8 = A, B.

©

(d)

Chay:
e A, B d6i xttng nhau qua truc hoanh
X, =X
PN { A B
Ya="VYs
e A, B d6i xtrng nhau qua tryc tung
{XA =X,
&
Ya=VYe

e A, B dbi xtmg nhau qua dudng thaingy = b

{XA =Xg

=

Ya+Ys=2b

e A, B di ximg nhau qua duong thang x = a

{XA+XB =2a
=
Ya=Ys

Trang 6
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Dang 2: Tim cip diém trén d6 thi LUONG GIAC

(C): y=f(x) dbi xirng qua diém 1(a; b)

Co sé clia phwong phap: A, B d6i xang nhau Van dé 1: ON TAP

qua | < I 1a trung diém ciia AB.

< . l. 0 D lwon iac:
e Phuong trinh duong thang d qua I(a; b), c6 Géc va cung lweng giac

hé sé goc k ¢ dang: y = k(x—a)+b. 1. Gia tri Iwong giac ciia mét sé goc:
e Phuong trinh hoanh d6 giao diém cua (C) A 0 T T T r
vad: f(x)= k(x-a)+b (1) 6 4 3 2
e Tim diéu kién dé d cit (C) tai 2 diém phan Sina | 0 1 ﬁ ﬁ 1
biét 2 2 2
A, B. khi do xa, Xg 1 2 nghiém cua (1). Cosa | 1 NN 0
e Tir diéu kién: A, B ddi xing qua | < | 1a 2 2 2
trung diém cta AB, ta tim duoC K = Xa, Xg. \/§
Ny . X, =—X
A, B d6i xtng qua gdc toa d6 O < { A ® Cota | o | <3 | 1 V3 0
Ya="Ys 3
2. Cung lién két: (cos ddi, sin bu, phu chéo)
Dang 3: Khoang cach T T
Tz —X T—X| ——X | t+X | — *+tX
Kién thire co ban: 2 2
1. Khoang cach giira hai diém A, B: Sin | —sinx | sinx | cosx | -sinx | cosx
AB = (Xg =X ) + (Vg —Ya)? _
\/( B WA) Vo =Ya) ) Cos | cosx | —cosx | sinx —sinx
2. Khoang cach tir diém M(Xo; Yo) dén duong COsSX
thang A:ax + by + ¢ =0: Tan | —tanx | —tanx | cotx | tanx —Cotx
d(M, A) = [ax, + by, +¢| Cot | —cotx | —cotx | tanx | cotx | —tanx

Ja? +b?

I1. Céng thire lwong giac:
3. Dién tich tam giac ABC:

1. Cong thire co ban:

L \2 B
S= 1ABACsinA= 1\/ABZ.AC2 ~-(ABAC) sin?a+cos?a =1
2 2 tana.cota=1
. 1+tan’a =
Nhan xét: Ngoai nhiimg phuong phap da néu, bai cos’a
tap phan nay thuong ket hop vai phan hinh hoc L ol
giai tich, dinh 1y Vi-et nén can chli y xem lai cac reota = o

tinh chat hinh hoc, cac cong cu giai toan trong - A
hinh hoc giai tich, &p dung thanh thao dinh Iy 2. €0nd thifc cong: o
Vi-et trong tam thirc bac hai. cos(o ) = cosa.cosf +sino.sin B

cos(a.+f) = coso.cosB —sina.sinf
sin(a.—f) =sinso.cosf —cosa.sinf
sin(a+B) =sinsa.cosB +cosa.sinf
tan . —tan 3
1+tano.tan
tano +tanf
1-tano.tan

tan(o+B) =

tan(a.—p) =

Trang 7
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3. Cong thirc nhéan doi, nhan ba:

c0s 20, = C0S” o.—sin® o = 2¢0s* o —1=1-2sin’* o
= (coso —sina)(cos o +Sina.)
sin2a = 2sino.cosa
cos 3o = 4cos® o —3cosa
sin3a. = 3sina—4sin’ o
4. Cong therc ha bdc:
2, 1+C0S2x

COS? X = =1-sin?x
= (1-cos x)(L+cosx)
] 1+ cos2x
sinx="—"""=-1-cos*x

= (1-cosx)(1+sinx)
5. Cong thirc bién déi téng thanh tich:

COSX +COSY = 2COSMCOSX—;y

cosx —cosy = —2sin =Y sin 2 =Y
2 2

X+y  X-y

sinx+siny=—25inTcosT

sinx—siny = Zcosizysin%

6. Cong thic bién déi tich thanh téng:

COS0LCOSP = %[cos(oc +B)+cos(a—P)]
sinasinf = —%[cos(oc +B)—cos(a—B)]

sina.cosP = 1 sin(o.+B) +sin(a.— )
2[ ]

» M@t sé cha v can thiét:
sin® X +cos* x =1—2.sin* X.cos? X

sin® x +cos® x =1—3.sin* X.cos” X
sin® x +cos® x = (sin* x + cos* x)? — 2sin* x.cos* x
= (1-2sin® x.cos” x)* — 2sin” x.cos” x

= %sin4 2X —sin® 2x +1

Trong mét sé phwong trinh lwong giac, doi
khi ta phai si dung cach dat nhu sau:
bat t=tanx

_ 2
Khi do: sin2x=1i cost=1 t

t2’ 1+t2

Vin dé 2: PHUONG TRINH LUQNG

GIAC

I. Phwong trinh co ban:

X=a+k2r

e sinx=sina < keZ
X=n—o+k2n
X=a+k2n

e (COSX=COSOo < keZ
X =—o+k2n

e tanx=tanoa < X=o+kn keZ

e cotx=cota<X=a+kn keZ

Truwong hop dac biét:

e sinx=0 ox=kmkeZ

e sinx=1 <:>x=g+k2n keZ

. sinx=—1<:>x=—g+k2n keZ

e cosx=0 <:>X=E+krc keZ

e cosx=1 <x=k2=n keZ

I1. Phuong trinh bac hai hay bac n cia moét
ham lwong giac:

e asin®x+bsinx+c=0(1)
e acos’x+bcosx+c=0(2)
e atan®’x+btanx—c=0(3)

e acot’x+acotx+c=0()
Cach giai:

- Dat t1a mot trong cadc ham luong giac.
Giai phuong trinh theo t va dé dang tim dugc
nghiém cua phuong trinh da cho.

I11.Phwong trinh a.SinX+Db.cosx=c
Cach giai:

- Néu a®+b? <c?: phuong trinh v6 nghiém

- Néu a®+b? >¢?: Ta chia hai vé cua
phuong trinh cho v/a +b? . Pt tro thanh:

a b c
Ja? +b? Ja? +b? a2 +b?

. ) c
<> €0SOLSIN X +5iN0L.COS X = ——
Ja? +b?

sin X+ COSX =

& sin(x+a) =

c
Ja? +b?

y: ,Cosa =

. b a
Luu y: | sina = —— —_—
[ JaZ+b? Ja?+b? j

Trang 8



http://www.vietmaths.com/

WWuw. vieTmaTiis.com

LY THUYET TOAN LTDH

Cao Hoang Nam

Bién thé:
a.sinx+b.cosx =csiny+dcosy
Trong d6: a® +b® =c? +d?
a.sinx+b.cosx =csiny (co thé c.cosy)
Trong dé: a® +b* =c?
IV.Phwong trinh
a.sin® X + b.sin x.cos X +c¢.cos” x =d
Cach gidi:
Céch 1:

- Xét cosx:0<:>x:g+k2n,kez

Pt tr¢ thanh: a = d.(kiém tra diing sai va két luan
c6 nhan nghi¢ém cos X =0 hay khong?)

- Xét cosx¢0c>x¢g+k2n,kez

Chia hai vé ctia phuong trinh cho cos? X . Phuong
trinh tr¢ thanh:

a.tan’ X + b.tan x + ¢ = d(1+tan® x)
Dit t=tanx ta dé dang gidi dugc phuong trinh.
Cach 2:
Dung cong thirc ha bac dua vé phuong trinh II1.
Chuy: Dbi véi dang phuong trinh thuin
nhat bac 3 hay bac 4 doi véi sin va cos ta cling
c6 cach giai hoan toan tuong tu.
V. Phuong trinh
a(sinx+cosx)+b.sinx.cosx+c=0
Cach giai:
bat t =sin X +cos X

Diéu kién: |t| < ﬁ[Do t= ﬁsin(x+§D

Ta co: t? =sin? X +c0s? X + 25in X.cos X

) t2 -1
—>SIN X.COS X =

t? -1

Pt tré thanh: at+b +c=0

Ta dé dang giai duoc.
Chu y: Béi v6i dang phuong trinh
a(sinx —cos x) +b.sinx.cosx+c=0

Bing cach dit t=sinx —cosx = \/Esin(x —gj

ta s€ giai dugc véi cach gidi hoan toan tuong tu
nhu trén.

VI.Phuwong trinh AB=0

Céch gidi:
- Dung céac cong thirc bién d6i dua vé
dangAB=0
A=0
AB=0<
B=0

Vian dé 3: Ki THUAT NHAN BIET

e Xuit hien3 nghi dén phwong trinh III.

e Xuat hién J3 va goc lugng giac 1on nghi dén
dang bién thé cua phuong trinh III.

e Xuét hign géc Ion thi diing cong thirc tong
thanh tich dé dua vé cac gbc nho.

e Xuat hién c4c goc c6 cong thém

k%, kg, kr thi c6 thé dung cdng thirc tong thanh
tich, tich thanh tong hozc cung lién két, hoic

cdng thirc cong dé lam mat céc k%, kg,kn

e Xuét hién /2 thi nghi dén phuong trinh III
hoac ciing c6 kha nang la cac vé con lai nhdm
duoc (SinX £cosx) dé trigt 2 vi

t:sinxicosx:ﬁsin(xi%]

e Khi da don gian cac goc, ma chua dua vé
dugc phuong trinh quen thudc thi nghi ngay dén
kha nang “nhom nha, nhom ctra”. Luu y, kha
nang tach phuong trinh bac hai theo sin (hoac
cos) vé tich hai phuong trinh bac nhat.

Chu y: G6c 16n 1a goc ¢6 sé do 16n hon 2x.
Ta chi stir dung cong thirc nhan ba khi da dwua bai
toan Vvé sinx, sin®x hoac cosx, cos® X .

Van dé 4: GIAlI TAM GIAC

. Cong thirc sin, cos trong tam giac:
Do A+B+C=m nén:

a. sin(A+B)=sinC

b. cos(A+B)=-cosC

A B T .
Do —+—+—=—nén
2 2 2
a sm(—+—):cos%
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b. cos(é+E) :sinE
2 2 2
I1. Pinh li ham s sin:
a b ¢
SinA  SinB SinC
[11.Pinh i ham sb cosin:
a’ =b”*+c*—2bccos A
IV. Céng thirc dwong trung tuyén:

,  2b*+2¢% -a?

ma
4
V. Coéng thirc dwong phan giac:
2bc.cos A
| =— 2
: b+c

V1. Cac cong thirc tinh dién tich tam giac:

Szlaha :lbcsinA=@=pr
2 2 4R

=/p(p—a)(p—b)(p—c)

PAI SO

Van dé 1: PHUONG TRINH BAC
HAI

I. Phwong trinh bic hai

Cho phuong trinh bac hai ax* +bx+c=0
(a#0)co A=Db*—4ac.
v' A <0: phuong trinh vd nghiém.

v" A =0: phuong trinh c6 nghiém kép x = —2£ .
a

v" A >0:(3) cé hai nghiém phan biét

_—b=JA  —b=b?—dac
25 28 2a
Il. Binh Iy Vi—et (thuian va ddo)
v' Cho phuong trinh ax’+bx+c=0 cd hai

S=X,+X, :—E
nghiém x,, X, thi a

C
P=x,X,=—
a

S=x+y

P=xy

phuong trinh X?> -SX+P =0.

I11.Bang xét dau caa tam thirc bac hai
f(x) = ax’ + bx + ¢ (a#0)

v' Néu biét { thi x, y la nghiém cua

A<O:
o 4o
Cung diu a
A=0:
X —00 X, +00
y Cungddua 0 Cungdiua
A>0:
X —00 X, X, +00
y Cung O trai 0 Cung

IV.Céch xét dau mat da thirc:

e Tim nghiém ca da thirc gom ca nghiém
tr va nghiém mau (néu da thac la phan thic)

e Lap bang xét dau

e Xét dau theo quy tic “Thuong ciing, I¢

doi, chan khong”

Cha y: Khong nhan nhimng diém ma ham sé
khong xac dinh.
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Vin dé 2: PHUONG TRINH BAC
CAO

I. Phwong trinh bac 3:
ax® +bx* +cx+d=0(a=0)

e Budc 1: nham 1 nghiém x=a
e Budc 2: chia ax® +bx*+cx+d cho
(x—a) (ding so &6 Horner), dua (4) vé phuong
trinh tich (x —a)(ax® +Bx +C) =0.
Cha y: truong hop nghi¢ém phuong trinh bac I6n
hon 3 ta cling c6 thé giai tuong tu.
» Céch nham nghiém hitu ti: Nghiém la
mot trong cac ti so (udc cua d vai ude cua a)
Il. Phwong trinh bac 4 dic biét:
1. Phwong trinh trung phuong:
ax*+bx*+c=0(a=0)
Patt=x% t>0.(5) < at’ +bt+c=0.
2. Phwong trinh ddi xing:
ax*+bx®+cx? £ bx+a=0(a=0)
Budc 1: Chia 2 vé cho X2,

pt©a[x2+%j+b(xilj+c:0.
X X

1 N
Buéc 2: bat t =x+—, dua (8) vé phuong trinh
X

bac hai theo t.
3. Phwong trinh trung phwong tinh tién:
(x+a)*+(x+h)=c

bat t=x+ aLzb , dua (7) vé phuong trinh tring

phuong theo t

4. Phwong trinh cin bang hé so theo phép
cong:
(x+a)(x+b)(x+c)x+d)=evsia+tc=b+d

Pit t = (x + a)(x + ¢), dwa (6) vé phuong

trinh bac 2 theo t

5. Phwong trinh can bang hé sé theo phép
nhan:
(x+a)(x+b)(x+c)(x+d)=mx*véi ab=cd=p
bat t= x+% hoac t=(x+a)(x+d)

6. Phwong phap hé s6 bat dinh:

Gia str phuong trinh bac 4:

x*+ad+bx?+ex+d=0
va c0 phan tich thanh
(X +ax + by) (X* +ax + by) =0

Luc do6 ta co:
a,+a,=a
aa,+b,+b,=b
a,b, +a,b, =c
bb, = d

Tiép theo tién hanh nham tim cac hé sb ay; bs;
a, ; b, . Bat dau tir bib, = d va chi thir véi céc gia
tri nguyén.

Chu y: Phuong phap hé s6 bat dinh nay con
ap dung rat nhiéu & cac dang toan doi hoi nhém
dit thira sé chung hay phan chia phan sé.

I11. Phwong phap tham sd, hiing sé bién thién:

Phuong phap: Coi c4c gié tri tham s6, hang sb 1a
bién. Con bién duogc coi 1am hang sé.
IV.Phuwong trinh
a[f(x)]" +bf(x).g(x) +c[g(x)] =0
Trong do6 bac f(x) va g(x) < 2.
o Xét g(x) = 0 thoa phuong trinh?
o Xétg(x)= 0 chia hai vé cho [g(x)]" dat

_Tx)

t= .
g(x)

Vén dé 3: PHUONG TRINH - BAT

PHUONG TRINH VO TY.

I. Cé&c cong thiic:
1. Céc hang dang thirc dang nhé:

. \/E:|A|={A’ A>0

-A, A<0

B

2 2
e A’+AB+B? =(AiEJ +3£

4
e (AtB)’=A’+B’+3AB(AtB)

weeea(xog ]
e X +bx+c=a|X+— | ——
2a 4a

2. Phuong trinh — bét phwong trinh chira
dau gia tri tuyét doi:
o |A|:|B|(:>A2 =B’ A=1B
B>0

° |A|=B<:>{
A=1B
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+ |Al<[B <[l <A<[B 700~ = Yk~
° |A| <B~ B>0 — Binh phuong, giai phuong trinh hé qua.
-B<A<B s YA+YB=3C

B>0
A<-BvA>B
3. Phwong trinh — bt phwong trinh vé ty:

A>0vB=>0
. JA- J_@{ v

A=B
e JA=B<B>0AA=B?

e JA+J{B=0=A=B=0
. J_>J_@{B 0

A>B

A>0AB>0
° A<Bs
VA {A<B2

B<0 (B>0
OJ_>B<:>{< {

A>0 |A>B?

° %ﬁ<%<:>A<B

o 2”%:B©A282n+1
> >
. 2nA=2\n/§<:>{A—OVB—O

. |A|>B<:>B<Ov{

A=B

e YA=Be ,
A=B"

Il. Cac dang toan thwong gap:

1. Phwong trinh V0 ty:
a. Dang co ban:

R 1} —,f ) = f(x)=9(x)=0

o \/f (x) +\fg(x) =Jh(x . bat diéu kién
binh phuong hai vé
Cha y: O day ta c6 thé khong dat diéu kién,
ctr binh phuwong cac vé dé mat can, phuong trinh
mM&i la phuong trinh hé qua cta phuong trinh da
cho. Do @6 khi giai tim nghiém ta phai thu lai.

o \/f (x)+\fg(x):\/h(x)+\/k(x)
Voi f(x)+h(x)=g(x)+k(x)

— Ta bién d6i phuong trinh vé dang

- A+ B+3«3/A.B(§/K+§/§):C

— Stdung phépthé:JA+3B=C
— Ta dugc phuong trinh:

A+B+3JABC=C

— Tha lai nghiém.

b. Dt an phu:
Dang 1: Dit 4n phu dwa vé phwong trinh 1 4n
méi:

ax? +bx+C=/px? +gx+r trong d6 a_b
P q
Céch giai: Dat t = \Jpx® +gx+r didukién t>0
Dang 2: Phwong trinh dang:
+JQ(x))

a(P(x)+Q(x))+B({P(x)
iZoc«/P(x).Q(x) +y= 0(oc2 +B° = O)
Céch giai: Dat t:\/P(x)i\/’Q(x)

=t*= P(x)+Q(x)iZa/P(x).Q(x)

Dang 3: Phwong trinh dang:

aP(X) +BQ(X) +y4/P(X).Q(x) =0 (apy=0)
Céch qiai:
P(x)=0
* Néu P(x):0:>pt<:>{ ()
Q(x)=0
* Néu P(x) = 0chia hai vé cho P(x) sau d6 dt
t= M voi t>0
P(x)

Dang 4: Phwong trinh d6i xirng véi hai cin
thuc:

Ja+cex +4/b—cx +dj(a+cx)(b—cx) =n

Céch giai: bat t=+a+cx +vb—cx

(\/mgtSJZ(aﬁ-b))

Dang 5: Phwong trinh dang:

x/x+a2—b+2a»\/x—b +«/x+a2—b—2a«/x—b

=CX+mMm
Cach giai: Dat t=+/x—b diéu kién:t>0
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Pua phuong trinh vé dang:
|t+a|+|t—a| =c(t* +b)+m
Dang 6: Phwong phap tham s, hang sb bién
thién.
6x* 10X +5—(4x —1)V6x* —6x+5 =0
C. Sirdung dn phy duwa vé h¢ ddi ximg, he
Nira doi Xing:
Dang 1: Phwong trinh dang
X" +a=Dbybx-a
Céch giai: Pat y=Ybx—a khi d6 ta c6 hé:
x"-by+a=0
y"—bx+a=0
Dang 2: Phuong trinh dang:
Jax+b = r(ux+v)2 +dx +e
trong d6 a,u,r#0 va u=ar+d,v=br+e
Céch giai: Dat uy+v=+/ax+b khi do ta cé hé:
2
{uy+v: r(ux+v) +dx+e

ax+b:(uy+v)2

Dang 3: Phwong trinh dang:
Qfa—f(x)+q1/b+f(x) =
Céch giai: Dat u= pja—f (x),v= ma/b+f (x)

Khi d6 ta co6 hé:

u+v=c
u"+v"=a+b

d. Nhdn lwong lién higp:
Dang 1: Phuong trinh c6 dang:

\/f(x)+ai\[f(x)—

Céch giai: Nhan lugng lién hop caa vé trai khi d6
ta cé hé:

Dang 2: Phuong trinh dang:

JFG 2 a -a(f (0 -5(x)

Cha y: Bai toan nhan lién hiép thuong ding néu
ta nham duoc nghiém cua bai toan va nghiém do
la nghiém duy nhat.

‘Tanén bién d6i dé nhan cho luong lién hiép
tong dé viéc ching minh nghiém duy nhat dugc
de dang.

e. Phwong phdp ham sé:

Dang 1: Chieng minh nghiém duy nhat

Dé ching minh phuong trinh f(x) = g(x) (*)
¢ nghiém duy nhat, ta thuc hién cac budc sau:

e Chon dugc nghiém Xo Cua phuong trinh.

o Xét cac ham sé y = f(x) (Cy) va y =9(x)
(C,). Ta can ching minh mot ham s ddng bién
va mot ham so6 nghich bién. Khi d6 (C1) va (Co)
giao nhau tai mot diém duy nhat c6 hoanh dd Xo.
Do chinh la nghiém duy nhat cta phuong trinh.

~ Chu y: Néu mét trong hai ham s6 1a ham
hang y = C thi két luan trén van dang.

Dang 2: Bién luan tham sé m

e Dit 4n phu theo cac phwong phap trén.

e Chuyén m theo an phu m

e Diing c6ng cu dao ham dé dinh m thoa bai
toan.

f. Phwong phap dinh gid

Phuong phap nay chu yéu dua vao cac bat
dang thirc, dao ham dé dénh gia so sanh vé tréi va
Ve, phai. Nghiém bai toan 1a khi ta di giai quyét
dau bang xay ra khi nao cua cac dang thaec trai va
phai.

2. Bit phuong trinh v ty:

Phuong phap giai bat phuong trinh cling
dugc chia thanh cac dang giong nhu giai phuong
trinh.

chay:

e Ludn dit diéu kién trude khi binh phuong.
e Mot s6 cong thirc bo sung:

a. m>0<:>{f(x)>o hoac {f(x)<0
g(x) g(x)>0 g(x) <0
b. m<0©{f(x)>0 hoiic {f(x)<0
g(x) g(x) <0 g(x)>0
B
C. ﬂ>l<:> >0
B A > B?
B>0
d. £<1@{ <0 oic {Az0
B A>0
A < B?
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Vin dé 4: HE PHUONG TRINH

I. Hé phwong trinh bac nhét hai 4n:
{alx +by=c

a,x+by=c,
Céch giai:
ptD=* | b, =% % p - Cl‘
. a2 bZ ’ " CZ bZ ’ ’ az CZ

1. D=#0: H¢ phuong trinh c6 nghi¢m duy

. |x=D,/D
nhat {ysz/D.

2. D=0, D, #0 hogc D, #0: H¢ phuong
trinh vé nghiém.

3. D =Dyx=Dy=0: Hé co vo s6 nghiém thoa
aix + byy = ¢1 hoac ax + byy = c,.
Il. Hé chira mét phwong trinh bac nhat:

yzl(c—ax)
{ax+by:c b

foxy)=d 1
(x,y) = f(x,g(c—ax))zd
111.Hé dbi xt&eng loai 1:

{f(x,y) =0 Vs {f(x.y) =f(y,x)
g(x,y)=0 g(x,y) =9(y,X)

U=Xx+y
V =Xy

Céch giai: bat { voi u? > 4v

IV.Hé d6i xteng loai 2:
f(x,y)=0
g(x,y)=0

f -
Dang 1: { véi { (X, ¥) =9(y,x)
B g(x,y) =f(y,x)
Céch giai:
f(x;y)-g(x;y) =0 - (X=y)h(x;y) =0
f(x;y)=0 f(x;y)=0
X-y=0 h(x;y)=0
= v
f(x;y)=0 f(xy)=0
f(x,y)=0
g(x,y)=0
trinh d6i xtng.
Céch qiai:
Céach 1: Dua phuong trinh db6i xting vé dang
tich giai y theo X roi thé vao phuong trinh con lai.
Céch 2: Pua phuong trinh dbi xiing vé dang
f(x) =f(y) & x =y vdi ham f don digu.

Dang 2: { trong do chi cO mot phuong

V. Heé ding cip bac 2:
a,x*+bxy+cy* =d,
a,x*+b,xy+c,y* =d,

Céch qiai:
o Xéty=0.
e Xeét y=0 khi do dat x =tyva giai
phuong trinh bac hai an t
V1. Hé bac hai mé rong:
{f(x,y) =0 @{f(x,y) =0
g(x,y)=0  |af(x,y)+Bg(x,y)=0
{f (X,y)=0
=
(ax+by+c)(px+qy+r)=0

Chu y: Mot s6 bai toan can phai dat an phu dé
chuyén vé cac dang toan da biét. Ngoai ra phuong
phap danh gia va phuong phap ham sé ciing co
thé duoc dung dé giai.
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MU - LOGARIT

Van dé 1: CONG THUC

. Ham so mii y =a” (a>0)
1. Tap xacdinh: D=R
2. Tap giatri: G =(0;+x)
3. Tinh don diéu:
e 0<a< 1: Ham nghich bién trén R
e a >1:Ham sb ddng bién trén R
4. M@t sé cong thire co ban:

a1
- a’=1(a=0) —a'"==
a
_ am an:am+n _ am.an:am—n
n
_ (am —amn _ (ab)m:am.bm
a)" a" m
“1p) Tp™ - a" =4ya"

I1. Ham sé logarit y = logax (0<a 1)
Dinh nghia: y = logx < x =a’
1. Téap xac dinh: D = (0;+0)
2. Tap giatri: G=R
3. Tinh don diéu:
e 0<a<1:Ham nghich bién trén D
e a >1:Ham s6 dong bién trén D
4. Mot sb cong thire co ban:

— g'%x =y - e™=x

log, ¢ log, a
— agb :C b

log, x*" =2nlog, ||

— log,, bB:EIogab — log, b=
(0

log, a

log. b
— log, b=—"— - . =
9. log, a log, b.log, c=1log, c
— log, (bc) =log, b+log, c

log, (%) =log, b—log, c

I11.Phwong trinh va bit phwong trinh mii co
ban:

af‘x):b b>0
O<a¢1 f(x)=1log, b

2100 000 {VXER f(x),0(x)eR
{O<a¢1
f(x) =9(x)

N

b>0
a"™ >p f(x) <log, b
3. &
O<ax<l b<0
(WX eR:f(x)eR
[(b>0
a"™ >p f(x)>log, b
=
a>1 b<0
| [V XxeR:f(x)eR

&

f(x) g(x)
{a 78 S f(0) <g(x)

O<axl
f(x) g(x)

6. {a 8 S () > g(%)
a>1

IV. Phuong trinh va bit phwong trinh logarit
co ban:

g, 108 T00=b o a0
O<a=#l
log, f(x)=log,g(x) [f(x)>0
O<a=l < f(x) =9(x)

o 0<f(x)<a’

&

< 0<f(x) <g(x)

< f(x) > g(x) >0

log, f(x) > log, g(x)
{a >1

V. Céac dang toan thwong gap:
1. Phwong trinh mii:

a. Puwa vé cing co sé:
Véia>0,a=1: a"™® =a%™ < f(x) =g(x)
Cha y: Trong trwong hop co sb co chia 4n sb thi:
a¥ =a" < (@-1)(M-N)=0
b. Logarit hoa:
a'™ = b < f(x) =(log, b).g(x)
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c. Dt an phy: f(x)=g(x)
. log, f(x)=1lo X) &
Dang 1: 0. T (x) = log, 9(x) {f(x) >0 (g(x)>0)
P )= o |18 >0 b. Mii héa
P(t)=0 ’ Voia>0,a=1:

_ log, f(x) _ Ab
trong do P(t) 1a da thac theo t. i log, f(x) =b <a™ =a
Deng 2 3 Jlsl)g’]ﬁddn P h don digu ciia ham sé

26(%) £(x) 2(x) . Sw Qung tinh don di¢u Cua ham so
- +B(ab) ™ +yb™ " =0 e. Duwa vé phwong trinh dic bigt
Céch qiai: f. Phwong phap doi lap

f(x)
Chia 2 vé cho b*™, réi dit t= (%)

Dang 3:
a"® 4+b'™ =m, vsi ab=1.

Céch giai: Dat t=a'® = b® :%

d. Sir dung tinh don digu ciia ham sé:
Xét phuong trinh: f(x) = g(x) (1)
e Doan nhan X, 1a mét nghiém cua (1).
» Dua vao tinh dong bién, nghich bién cua f(x)
va g(x) dé két luan xo 1a nghiém duy nhat.
« Néu f(x) dong bién (hoic nghich bién) thi
f(u=f(vysu=v
e. Puwa vé phwong trinh cdc phwong trinh
ddc bigt:
A=0
B=0
A=0
B=0

e Phuong trinh tich: AB=0< {

e Phuong trinh A’ +B°=0< {

f.  Phwong phdp doi \dp:

Xét phuong trinh: f(x) = g(x) (1)
f(x) > M
gx) < M

Néu ta chimg minh dugc: { thi

{f (x) =M
1) <
g(x) = M

2. Bit phwong trinh mii:
Céch qgiai: Twong tu nhu phuong trinh mi.
Ch y: Trong trudng hop co s6 a ¢ chira an
séthi: a¥ >a" < (a-1)(M-N)>0

3. Phwong trinh logarit:
a. Dwa vé cing co so
Véia>0,a=1:

Chuy:

e Cac phuong phap liét k& khéng néu céch
giai cO cach giai twong tu phuong trinh m.

Khi giai phuong trinh logarit can cha y diéu
kién dé biéu thirc 6 nghia.

e Vdia b,c>0vaa,b, c=1thi

log, ¢ log, a
agb :C b

4. Bat phwong trinh logarit:
Céch giai: Tuwong tu nhu phan phuong trinh.
~ Chuy: Trong truong hop co sb a c6 chira an
so thi:
log,B>0«< (a-1)(B-1)>0;

190, A g (A—1)(B-1)>0
log, B

5. Hé phwong trinh mii — logarit:
Céch giai: Két hop céc cch gidi cua phuong trinh

mil — logarit ¢ trén va phan giai phuong trinh va
h¢ phuong trinh dai so.
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NGUYEN HAM - TICH PHAN

BANG NGUYEN HAM

Nhu vay: J.f

I1. Tinh chét:
1. jkf x)dx = kjf

2. [[f(x)=g(x)]dx= jf

3jf x)dx = F(x +Cth|jf

x)dx =F(x)+C

X; (k=0)

dx+Ig
u)du = ( )+C

Vén dé 2: TICH PHAN

Ham | Ho nguyén | Him s6 |[Ho nguyén ham
sO f(x)| ham F(x) f(x) F(x)+C
a ax + C
o+l a+l
@ X" rc |(axeb)yr |1 @& o
o+l a a+l
L In|x|+C 1 1In|ax+b|+C
X ax+b a
a* a +C
Ina
1 o
e e“+C g™P ;¢ "+C
. sin(ax+b) | 1
sinx | -cosx +C 3 cos(ax+b)+C
cos(ax+b) | 1 .
cosx | sinx+C ( ) gsm(ax+ b)+C
1 1 1
———| —tg(ax+b)+C
1 1 1
, —————|-=cotg(ax+b)+C
ul) Inju(x)|+C L —In X“al, ¢
u(x) x? —a? 2a [x+a
tox | —Injcosx|+C L In‘x+ x*+a’|+C
g x* +a’
cotgx | Infsinx[+C

VAin dé 1: NGUYEN HAM

. Dinh nghia:
Ham s6 F(x) goi 1a nguyén ham ctia ham sé

f(x) trén (a,b) néu F'(x)=F(x), ¥xe(a,b).
Chu y: Néu F(x)languyén ham cua f(x) thi
moi ham s6 c6 dang F(x)+C(C la hang so) ciing
la nguyén ham cua f (x)va chi nhitng ham sé ¢6
dang F(x)+Cméi la nguyén ham cua f(x). Ta
goi F(x)+Cla ho nguyén ham hay tich phan bat
dinh ctia ham s6 f(x) va ky hiéu IaJ'f (x)dx

. Dinh nghia:

f(x)dx = F(x)[

D ey T

~F(b)-F(@)

I1. Tinh chat:

1. jb‘f(x)dx:—j.f(x)dx

zjkf x)dx = kjf x)dx (k#0)
3. j[f(x (x)]dx = jf dx+jg

C

4§[f j

5. Néu f(x)>0, vxe[ab] thi [f(x)dx>0

a

)dszjg(x)dx

dx+jf

b

6. Néu f(x)>g(x) thi If(x

a

vx e[a;b]
7. Néu m<f( )<M, ¥x e[a;b] thi

m(b-a) _[f )dx <M(b-a)

Chay:

- Mudn tinh tich phan bang dinh nghia ta phai
bién d6i ham s6 dudi dau tich phan thanh tong
hozc hiéu cua nhitng ham sb da biét nguyén ham.

- Néu ham sé duéi dau tich phan 13 ham sb
hitu ty c6 bac caa tir 16n hon hoic bang bac cua
mau ta phai thyc hién phép chia tir cho mau.
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Van dé 3: TICH PHAN DPOI BIEN SO

. Coéng thirc:

I flo(x)]¢'(x)dx= j F(t)at

e Buoc 3:  Tinh (uv)‘: va suy nghi tim cach
) b
tinh tiép '[vdu
a

Il. Nhirng cach dat thong thuwong:

I1. Nhirng phép di bién phé théng: u dv
Ham sé co chira [o(x)]" | Patt=o(X) [P00.e7dx P(X) edx
Ham s6 ¢6 mau s6 Diat t 1a mau s6 J' P(x).cos xdx P(X) cos xdx
6 ch 5 batt = ¢(x) hay I (X).sinxd
Ham so cé chira /(X P(x).sin xdx P(x sin xdx
t= o) *)
P(x).In xdx Inx P(x)
Tich phan chtra dx bat t=Inx '[
X Chay:
Tich phan chia e* bat t=¢" Tich ph&n ham hiru ti:
] . dx - Néu mau 1a bac nhét thi 13y tr chia ma
Tich phan chira —= Pit t =X E,:u ilu ?bac -att, a¥ tur chia mau .
Jx - - Néu mau 1a bac hai ¢6 nghiém kép thi dua vé
] ] dx 1 hang dang thtc
Tich phan chira 2 batt=> - Néu méu la bac hai ¢6 hai nghiém thi dong
Tich phan chtra cosxdx | bat t=sinx nhat thu:c . ) _ .,
- Néu mau la bac hai v6 nghiém thi doi bién so.
Tich phan chira o x bat t=1gx Tich phan ham hrong giac:
- Néu sinx,cosx c6 s6 mii chan thi ha bac
Tich phén chtra — > batt=cotgx. ( .2 1—cos2x 2 1+cos2x)
SIn~ X sin X=T;cos X=T
bat x = asint, L ST .
(h ohan chi \/ﬁ C oo - Neéu sinx,cosx c6 s6 md 1¢ thi tach ra roi dat t
Tich phan chirava® —x* | {¢ _E;E} - Néu c6 tan®x hoic cot?x thi thém bét 1
Dat x = atant, ;m :\Ieu cd tanx,cotx c6 thé dua veé sinx,cosx roi
Tich phan chira T, T A o C
p u Z+x2 | te _5;5) - Neu c6 sina.cosb,sina.sinb,cosa.cosb thi dung
cbng thuc bién doi tich thanh tong.

V4n dé 4: TICH PHAN TUNG PHAN

. Co6ng thrc:

I uv'dx = uv

Ivu

hay Iudv = (uv)‘: —Ivdu

Cac budc thuc hién:
e Buoc 1:
i u=u(x) N du=u'(x)dx (Paoham)
dv =v'(x)dx
Thé vao cong thirc (1).

v =v(x) (nguyén ham)

e Budc 2:

- Nhiéu bai ching ta phai bién ddi cac ham
lugng gidc dé dua vé cac dang c6 kha nang tinh
duoc.

Chu y: Tich phan trong cac dé thi dai hoc thudng
ra dudi dang két nhiéu dang tinh tich phan. Vi
thé, tir tich phan ban dau ta bién d6i vé tong hoic
hiéu céc tich phan. Khi d6, tung tich phan dé
dang tich duoc bang cac phuong phép trén.
(thuong 12 mot tich phan d6i bién va mot tich
phén tirng phan).
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Vin dé 5: TICH PHAN CO CHUA
DAU TRI TUYET POI

b
Gia st can tinh tich phan 1= [|f (x)|dx.

Bwéc 1. Lap bang xét dau (BXD) cua ham s f(x)
trén doan [a; b], gia str f(x) c6 BXD:

X ‘ a X1 X2 b
fx) | + 0 - 0 +
Buwdc 2. Tinh

| = i|f(x)|dx = Tf(x)dx—xff(x)dx+ jif(x)dx.

Chu y: Néu trong khoang (a; b) phuong trinh
f(x) = 0 khdng c6 nghiém thi:

T|f(x)|dx = j‘f(x)dx

Vién dé 6: UNG DUNG CUA TICH
PHAN

I. Tinh dién tich hinh phang:
1. Trwong hep 1:
Dién tich hinh phing S gidi han bai cac
duong y="F(x), y=9(x), x=a, x=>b la:

S=j|f(x)—g(x)|dx

2. Trwong hep 2:
Dién tich hinh phang S gidi han boi cac
duong y="1(x), y=09(x) la:

B
S=I|f(x)—g(x)|dx

Trong d6 o, B la nghiém nho nhat va lon
nhét cua f(x) = g(x).

cha y:
% Néu trong khoang (o; B) phuong trinh
f(x) =g(x) khdng cé nghiém thi:

B

[[F ) —g0)]dx

o

B
[If0)-g00]ax =

<> Néu tich S gidi han boi x = f(y) va x = g(y) thi
ta doi vai tro x cho y trong cong thuec trén.

I1. Tinh thé tich khdi tron xoay:
1. Trwong hep 1.
Thé tich khdi tron xoay V do hinh phing gioi
han béi cac duong
y=f(x)20 vxe[a; b],y=0,x=avax=b

(a < b) quay quanh truc Ox la:

b
Vznjfz(x)dx

2. Trwong hop 2.
Thé tich khdi tron xoay V do hinh phing gioi
han bai cac duong

x=g(y)=0 Vye[c; d],x=0,y=cvay=d
(c < d) quay quanh truc Oy la:

d
V =nr[g’(y)dy

3. Trudng hep 3. Thé tich khéi tron xoay V
do hinh phang gigi han bai cac duong
y=1(x), y=9(X),x=avax=b
(a<b, f(x) =0, g(x) 20 Vx &[a; b]) quay
guanh truc Ox la:

V = []f*(x) -9 (x)|dx

4. Trudng hop 4. Thé tich khéi tron xoay V
do hinh phang gigi han bai cac duong x = f(y),
x=9g(y),y=cvay=d
(c<d, f(y)20, g(y)20 Vy e[c; d]) quay
guanh truc Oy la:

V=x[[f*(y)-g*(y)|dy

Chu y: Cach gidi tich phan co dau gia tri
tuyét doi da néu o trén.
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Chuyén dé: HINH HQC KHONG GIAN

I. Kién thirc co ban:
1. Kién thic hinh hoc 9 — 10:
1.1 Hé thire lwong trong tam gidc vudng:
Cho tam giac ABC vudng tai A c6 dudng cao AH, dudng trung tuyén AM. Ta c6:

e AB%+AC?2 =BC? e AH? =BH.CH A
e AB’= BH.BC e AC?>=CH.BC
1 1 1 B .
° = + . = 8 c
A A A e AH.BC=ABAC H M

° sinB:E, cosB:E, tanB:E,cotB:E
a a c b

M la trung diém BC nén MA = MB = MC va M la tam dwdng tron ngoai tiép tam giac ABC

1.2 Hé thirc lwong trong tam giac thuong:
Cho tam giac ABC c6 céc canh lan luot 13 a, b, ¢, dudng trung tuyén AM.

e Dinh Iy ham cos:
a>=Db%+ c2- 2bc.cosA

b?+c?—a®
COSA=——"—
2bc A
e Dinh Iy ham sin: c b
2 .bB= °_-2R a
sin sin sin
B T *C

e Dinh Iy dwong trung tuyén:

mz :AM2 — 2(b2 +C2)—3.2

1.3 Céc cOng thwe tinh dién tich:

Tam giac ABC: Hinh thang ABCD Hinh vuéng ABCD canh a:
Sypee = % BCAH = pr (AB // CD;, dwong cao DH: Spocs = ABAC
_- 1 ,

—=—\AB.ACSInA
4R 2.

=p(p—a)(p—b)(p—c)

Dién tich hinh tron:

Hinh chir nhat ABCD:
Spsco =AB.AD

Dién tich hinh thoi ABCD:

S %AC.BD

2
Sy = TR

Dién tich hinh binh hanh:
S = canh ddy x chiéu cao

Dién tich tam giac déu:

a’\3

SAABC = T

Tam giac vudng tai A:

S= %AB.AC
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1.4 Tam giéc - Cdc trwong hep bang nhau - déong deng ciia tam giéc:
a. Trwong hop bang nhau va dong dgng ciia tam giac thwong:
Tam gidc ABC c6 cac goc A;B;C cac canh ddi dién twong wng a;b;c. Chu vi 2p.
Diéntich S
Tinh chét:
e Hai tam giac bang nhau thi cac yéu té tuong tmg bang nhau.
e Hai tam giac déng dang thi :
- Ty sb giia cac yéu to( khong ké goc; va dién tich) twong ng bang nhau va bang ty
so dong dang.
— Ty sb dién tich bang binh phuong ty s6 dong dang.
e Hai tam giac ddng dang néu cd 1 yéu té vé d6 dai twong tng bang nhau thi bang nhau.
b. Trwong hep bang nhau va dong dang ciia tam giac vudng:
Do 2 tam giac vudng c6 géc vudng twong tng bang nhau nén cé su dic biét so voi
tam gidc thuong:
e Hai canh goc vubng bang nhau (ty 18 ).
e Mot gbc nhon twong tng bang nhau va 1 canh gc vudng bang nhau (ty 1¢).
e Mot canh goc vudng va canh huyén bing nhau (ty 18).
1.5 Pinh ly Thalet:
o Nhitng duong thing song song dinh ra trén 2 cat tuyén nhitng doan thang ty 8.
e Trong tam giac 1 duong thang song song Véi canh day khi va chi khi n6 dinh ra trén 2
canh kia nhirng doan thang twong ung ty I€.
e Trong tam giac duong thang song song v&i mot canh thi tao vei 2 canh kia 1 tam giac
dong dang véi tam giac da cho ban dau.
1.6 CAc yéu té co ban trong tam giéc:

e Ba duong trung tuyén dong quy tai 1 diém: trong tim G cach dinh bing % mdi duong.

MJi duong trung tuyén chia tam giac thanh hai phan c6 dién tich bang nhau.

e Ba dudng cao dong quy tai mot diém: truc tam H.

e Ba duong trung truc dong quy tai mot diém goi 1a tim dudng tron ngoai tiép, con goi 1a
tdm cua tam giéc.

e Ba duong phan giac trong dong quy tai mot diém goi 1a thm duong tron noi tiép.

Mbi duong phan giac chia canh di dién thanh hai phan ti 1 véi hai canh bén twong ng.

1.7 Cé&c tinh chat dic biét:

Cho tam giac nhon ABC, noi tiép dwong tron tim O, dwong kinh
AA’, M trung diém BC, H la truc tam, H” d6i xing vaéi H qua BC.
Ta co:

- BHCA'’ Ia hinh binh hanh ¢ tim 1a M nén A’ 1 diém dbi xtiing
cua H qua M

- H’ nam trén duong tron tm O.

- 9 diém gom trung diém 3 canh tam gidc, trung diém AH, BH, CH,
va cac chan duong cao nam trén mot duong tron co6 tam la trung diém B
OH duoc goi la dwong tron Euler.
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2. Kién thic hinh hoc 11:

Quan hé song songq:

Bai 1: PUONG THANG SONG SONG VOI MAT PHANG

Dinh nghia:

Mot duong thang va mot mat phang
dugc goi la song song neu ching
khong co diém chung.

all(P) =an(P)=

binh ly:

PL1: Néu duong thang d khang

nam trén mat phang (P) va song d(P) R .
song Vdi dwong thang a nam trén d//a =d//(P)
mat phang (P) thi duong thang d ac (P) )
song song voi mat phang (P)

. , @ )
bL2: Néeu mét duong thang song all(P) .
song véi mat phang thi n6 song ac(Q) —d//a
song véi giao tuyen cia mat phang
d6 va mat phang bat ky chta no. (P)N(Q)=d @) /
PL3: Néu mot dudng théng song (P)~(Q) =d
song véi 2 mat p_hﬁ_ng cat rA)hauv thi 1P —~d//a
nd song song vai giao tuyen cua hai a
mat phang do. (Q)//a

Bai 2: HAl MAT PHANG SONG SONG

Dinh nghia:

Hai mét phang dugc goi la song
song néu chung khong c6 diem
chung.

(P)/ Q) = (P)N(Q) =T

binh ly:

PL1: Pieu kién can va dii dé 2 mat
phang song song la trong mqt
phang nay chiza 2 dwong thang cat
nhau cung song song voi mat
phang kia.

a,bc (P)
anb=1 = (P)/1(Q)
all(Q),b/1(Q)

PL2: Néu 2 mgt phang song song
véi nhau thi moi duong thang nam
trong mat phang nay déu song song
véi mat phang kia.

{(P)//(Q) L alO)

ac(P)

Trang 22



http://www.vietmaths.com/

WWW. vieTmaTiis.com

LY THUYET TOAN LTDH

Cao Hoang Nam

PL3: Cho 2 mat phang song song.
Mat phang nao cit mit phang nay
thi cling cat mat phang kia va 2
giao tuyén song song véi nhau.

(P)/1(Q)
(R)n(P)=a

(R)N(Q)=b

=allb

Quan hé vudng goc:

Bai 1: PUONG THANG VUONG GOC VOl MAT PHANG

Dinh nghia:

Duong thang vuong géc voi mat
phang khi va chi khi n6 vudng goc
véi moi duong thang nam trong

al(P)<=alcvcc(P)

mit phang do. P
binh ly:

PL1: Néu duong thang d vudng dla dlb )

‘a b cong nam trong M) - 0e@)  =0L®

dwong thang d vudng goc véi
mp(P).

DL2: (dinh ly 3 dwong vuong
goc): Cho duong thang acé hinh
chiéu trén mgt phang (P) la dwong
thang a’. Khi dé mét dwong thang b
chera trong (P) vubng goc vai a khi
va chi khi né vudng goc vdi a’.

a /L (P),bc(P)
bla
a'=al(P)

< bla'

Bai 2: HAl MAT PHANG VUONG GOC

Dinh nghia:

Hai mat phang duoc goi la vudng
géc véi nhau néu goc gitra ching
bang 90°.

(P) L (Q) = ((P).(Q)) =90"

binh ly:
DL1: Néu mgt mat phang chira mgt ) .
dwong thang vudng goc véi mét al
mat phang khac thi hai mat phang | |ac (@)~ O+ )
do vuong goc vai nhau. =
PL2: Néu hai mgt phang (P) va (Q) | ((P) L (Q)
vudng goc vdi nhau thi bat cir _
dwong thang a nao nam trong (P), P)N@Q=d =al(Q
vudng goc véi giao tuyén cua (P) ac(P)ald B L

va (Q) déu vudng goc véi (Q).
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PL3: Néu hai mat phing (P) va (Q) | [(P) L(Q) P
vudng goc véi nhau va A la mot Ac(P) a
diém trong (P) thi duong thang a di A —ac(P) A
qua diém A va vuong goc véi (Q) €a
s& nam trong (P) al(Q .
PL4: Néu hai mat phang cat nhau (P)n(Q)=a m
va cling vudng goc véi mat phang B
th ba thi giao tuyén cua chung (P)L(R) =alR)
vudng goc véi mat phiang thi ba. Q) L(R) M /

Bai 3: MOI LIEN HE QUAN HE SONG SONG VA VUONG GOC

allb a L (P) (P)/1(Q)

1. {aL(P):bJ—(P) 2. {bJ_(P)ja//b 3. {aJ_(P) =al(Q)
al(P) alb

4. {aJ_(Q):(P)//(Q) 5. {(P)Lb:a//(P)hayac(P)

Bai 4: KHOANG CACH

1. Khoang cach tir 1 diém téi 1 dwong thang, dén 1

mit phang:

Khoang cach tir diém O dén duong thang a (hogc dén

mat phang (P)) la khodng cach gitra hai diém O va H,

trong d6 H 13 hinh chiéu cua diém O trén duong thang a

(hoac trén mat phang (P)) a
d(O; a) = OH; d(O; (P)) = OH

2. Khoang cach giira dwong thang va mit phang
song song:

Khoang cach giita duong thang a va mat phang (P)
song song véi dudng thang a 1a khoang céch tir diém O
bat ky thudc duong thang a dén mit phang (P)

:_I
~J

3. Khoang céch giira hai mit phiang song song:
Khoang cach giita hai mat phang song song la khoang
cach tir diém thudc mat phang nay dén mat phang kia.

4. Khoang cach giira hai dwong thang chéo nhau :
Khoang cach giita hai dudng thang chéo nhau 1a d6 dai
doan vudng gdc chung caa hai dudng thang do.
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Phwong phap: Dung doan vudng goc chung caa hai dwong thang chéo nhau a va b.

Céch 1: Giastra L b:

« Dung mit phang (P) chaa b va vudng goc véi a tai
A.

e Dung AB L btai B
= AB la doan vubng gdc chung cta a va b.

a

Céch 2: Sir dung mit phang song song.
 Dung mit phang (P) chaa b va song song vai a.
e Dung hinh chiéu vuéng goc a’ cta a trén (P).

e Tur giao diém B cua a’ va b, dung duong theftng
vuong goc vai (P) roi lay giao diém A cua duong thang
nay vai a.
= AB la doan vubng gdc chung cta a va b.

Céch 3: St dung mat phang vudng goc.

e Dyng mat phang (P) L a tai O.

e Dyng hinh chiéu b’ cua b trén (P).

e Duyng OH L b’ tai H.

e Tir H, dung dudng thang song song Véi a, cit b tai
B.

e Tur B, dung duong thiang song song voi OH, cit a
tai A.
= AB la doan vubng gdc chung cta a va b.
Ch ¥: d(a,b) = AB = OH.

Bai 5: GOC

1. GAc giira 2 dwong thang trong khong gian:

Goc gilta 2 duong thang trong khong gian la goc hop
boi hai duong thang cung phuong véi ching, xuat phat
tur cung mot diém.

Luu y: 0° < (eﬁ)) <90°

2. Goc giira dwong thang va mat phang:

« Duong thang khoéng vudng géc véi mit phang: La
goc gitra duong thang d6 va hinh chiéu caa n6 Ién
mat phang.

« Duong thang vudng géc véi mit phiang: goc giita
chiing bang 90°

Phuong phip: Xac dinh géc giira dwong thing a va mit phang (P).

e Tim giao diém O cua a véi (P).

e Chon diém A e ava dung AH L (P). Khi d6 AOH = (a, (P))
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3. GOc giira hai mat phang
e GOc gitra 2 mat phang la goc tao bai 2 duong thang /\
lan lugt vudng goc voi 2 mit phang A
e Hoic 1 g6c giita 2 dudng thang ndm trong 2 mat K\Jb <
B r 9 a a
phang cung vudng goc vai giao tuyen tai 1 diem

Phwong phap: Mudén tim géc giira hai mit phang (P) va (Q) ta c6 thé sir dung mét trong cac
cach sau:

e Tim hai dudng thing a, b: a L (P), b L (Q). Khi dé: ((P/),(\Q)) = (a/,\b) .

ac(P),alc
beonbLc ™ (P@)=(b)

[T‘lm mat phang (R) vudng géc véi giao tuyén ¢ = (P) N (Q)
(R) N (P)=2; (R) n (Q =b= (P).(Q)=(ab) ]

eGiasu (P)n(Q)=c.Tul ec, dung {

4. Dién tich hinh chiéu: »
Goi S la dién tich cua da giac (H) trong mét phang (P)
va S’ 1a dién tich hinh chiéu (H”) ctua (H) trén (P’).

Khidotaco: S'= S.COS(@') A w

B

Luweu y: Ngoai nhiing van dé da néu thém phuong phap glal hoc sinh nén chu y cac dinh 1y duoc in
nghiéng cling chinh 14 phwong phap thuong duoc sir dung dé giai quyét cac van de.

MOT SO HINH THUONG GAP
v Hinh ling tru: 1a hinh da di¢n c6 2 ddy song song va céc canh khdng thudc hai ddy thi song
song va bang nhau va goi la cac canh bén.
v Hinh hop: 13 hinh lang tru c6 day 14 hinh binh hanh
v Hinh ling tru ding: 1a hinh lang try ¢6 canh bén vudng goc véi day.
v/ Hinh ling tru déu: 1a lang try ding va c6 day 1a da giac déu.
v" Hinh hgp d&ng: 1a hinh hp c6 canh bén vudng goc véi day.
v" Hinh hdp chir nhat: 1a hinh hop dung co day 13 hinh chir nhat . Ba d¢ dai cua ba canh xuit
phét tir mét dinh goi la ba kich thudce caa hinh hop chix nhat.
v Hinh Iap phwong: 12 hinh hop chit nhat co ba kich thuéc bang nhau.
v" Hinh chép: 14 hinh da dién c6 mot mat 1a mot da giac con cac mat khac déu 1a cac tam giac co
chung dinh.
v Hinh t& dién: Ia hinh chép c6 day 1a hinh tam giac.
¥ Hinh chép ’déu: 1a hinh chép co6 day la da giac déu va céc canh bén déu bang nhau. Puong
thang noi tir dinh deén tam da giac deu goi la truc cua hinh chdp. Truc cua hinh chop vudng géc véi mat
phang day.
v' Hinh chdp cut: 1a hinh da dién tao ra tir hinh chop ¢6 hai ddy 1a hai da gidc dong dang nam
trong hai mat phang song song, cac mat bén la cac hinh thang.
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3. Kién thic hinh hoc 12:
Dién tich — thé tich khéi da dién:

v Dién tich xung quanh: bang tong dién tich cac mat bén.

v/ Dién tich toan phan: bang tong dién tich xung quanh va dién tich day.

1. THE TICH KHOI LANG TRU:

V =B.h
véi B: la dién tich day hinh lang tru
h: 1a duong cao hinh lang tru

X

CI

THE TiCH KHOI HQP CHU'
NHAT:

V=ab.c
Vi a, b ¢ 1a chieu dai, chieu rong,
chiéu cao cua hinh hop chir nhat.
THE TICH HINH LAP
PHUONG:

V=a®

Vi a la d6 dai canh hinh lap
phuong

2. THE TICH KHOI CHOP:
3

vé6i B: la dién tich day
h: 1a duong cao

3. TI SO THE TICH TU DIEN:
Cho khoi tur dién SABC va A’, B,
C’ la cac diém tuy y lan luot thude
SA, SB, SC ta co:

Voase _ SA SB SC

Veuge SA'SB'SC'

4. THE TICH KHOI CHOP CUT:
V=2(5+ B'+»\/BB')

vai B, B’: 1a dién tich day
h: 1a duong cao
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. Dinh nghia:

KHOI TRON XOAY
MAT CAU

1. Tap hop cac diém trong
khéng gian cach diém O ¢b
dinh mot khoang R khong doi
goi 1a mat cau tm O va bén
kinh bang R.

S(O;R)={M/OM =R}

G

2. Tap hop cac diém trong
khong gian nhin doan AB ¢
dinh dudi méot goc vubng goi la
mit cau duong kinh AB.

S(AB) ={M/ ZAMB =90°|

3. Khoi cau B(O;R) la
tap hop cac diém M trong
khong gian sao cho OM <R

B(O;R)={M/OM <R}

N

I1. Vi tri twong doi giira mat cAu va mit phang:

Cho mit cau S(O;R) va mat phang (P). Goi H 14 hinh chiéu cia O 1én mit phang (P) va dat d = OH

» d>R:(P)n(S) =T

> d=R:(P)tiép xuc (S) tai
H

Taco H: tiép diém; (P) tiép
dién.

N

H
p

> d<R:(P)cit(S) theo
giao tuyen la 1 duong tron co
tam la H ban kinh

r=+R%—d?

I11.Vi tri twong d6i giira mit ciu va dwong thang:

Cho mit cau S(O;R) va dwong thing A. Goi H 1a hinh chiéu ciia O 1én A va diatd = OH

» d>R:Avamatcau
khong c6 diém chung

» d=R:Avamitcau
¢6 1 diém chung 12 H. A goi
la tiép tuyén ciia mat cau tai
H. H la tiép diém cua A va
mat cau.

hai diém phan biét.

> d<R: A cat mit cau tai
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IV. Mit cau ngoai tiép — noi tiép khoi da dién:
Mt chu ngoai tiép Mt ciu ndi tiép

Hinh da dién | Tt ca cac dinh cua hinh da dién déu | Tt ca cic mat cua hinh da dién déu tiép
nam trén mat cau xuc voi mat cau

Hinh tru Hai dudng tron day cta hinh try ndm | Mat cau tiép xtc véi cac mit day va moi
trén mat cau duong sinh cua hinh try

Hinh nén Mit cau di qua dinh va dudng tron day | Mat cau tiép xuc voi mat diy va moi
cua hinh non duong sinh ctia hinh nén

V. Xic dinh tAm mit cAu ngoai tiép khoi da dién:

> Mit cau di qua moi dinh cua hinh da dién goi 1a mat cAu ngoai tiép hinh da dién. Tam la
di€ém cach déu cac dinh cua hinh da di¢n, ban kinh 1a khoang cach tir tam dén mdt trong céc
dinh do.

> Cich xac dinh tAm mit ciu:

e Céach 1: Néu (n — 2) dinh cda da di¢n nhin hai dinh con lai dudi mdt géc vudng thi tdm cua

mat cau la trung diém cia doan thang noi hai dinh do.

e Céch 2: Pé xac dinh tAm ctia mat cau ngoai tiép hinh chop.

o Xac dinh truc A ctia day (A 1a dudng thang vudng goc véi day tai thm duong tron ngoai
tiep da giac day).

o Xac dinh mit phang trung truc (P) ctia mot canh bén.
o Giao diém cua (P) va A 1a tdm caa mat cau ngoai tiép hinh chop.

V1. Xac dinh tdm mit cau ndi tiép hinh chop:
> Mt cau ni tiep hinh chdp 1a mat cau ¢ trong hinh chép va tiép xtic vai tat ca mat bén va
mat day cta hinh ch(')p do6. Tam la diém céch deu tat ca cac mat bén va day, ban kinh la
khoang céach tur tim dén mot trong cac mat ay.
> T dién ludn co mat cau noi tiép, cac hinh chdp khéac cé thé khong ¢ mat cau noi tiép.

> Cach xac dinh tam mat cau: Tam mat cau noi tiép (néu co) 1a giao diém cac mat phan giac
cua céc nhi dién hop bai cac mat bén va day.
> Bankinh: r =Y
p
DIEN TiCH - THE TICH
Céu Tru No6n
S,, =2mnRh S =mRI
Dién tich S=4nR?
Sp = Su + 254, Se =Suq +Sus
Ao 4 3 2 1 2
Thé tich V=§nR V =nR?h V=§TCR h
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HINH HQC TOA PQ OXY

Vén dé 1: TQA PQ PHANG

I. Binh ly:
Cho A(XA’ yA)’ B(XB' yB)’ a= (al’az)

1L AB=(Xg—XaYg—Ya)

2. AB= ‘A@‘ = \/(XB _XA)2 + (yB _yA)2 '
‘5‘ = Ja? +a,?

Il. Tinh chét vecto:

Cho a=(a,,a,), b=(b,,b,)

a, = b1

a,=hb,

ka = (ka,, ka,)

atb=(a, £b;a,*h,)

L 525@{

ma +nb = (ma, +nb,;ma, +nb,)

o M LN

ab=ab, +a,b,

6. a cung phuong b < a=kb
a,b, —a,b, =0

7. 5LB<:>5.5:0<—>ab +a,b, =0

a,b, +a,b,

‘aH‘ \fa +a, \/b2+b2

9. AB=(a,a,),AC=(b,b,)

8. cos(a;b) =

1
= SABc = §|a1b2 _a2b1|

111.Dang toan thwong gap:

1. A, B, Cthing hang < AB cing phuong AC.

2. A, B, C lap thanh tam giac < AB khdng
cung phuong AC.
3. A,B,C,D I hinh binh hanh < AD =BC.

4. M trung diém AB: M(XAZXB Ya ;ysj

5. M chia AB theo ti sd k = 1:

M(XA_k'XB.yA_k'yBj
1-k " 1-k

Xa +Xg + X
Xg = B
6. Trongtam G:
_Yat¥stYe
Yo ="T"7—
3
. . |AHBC=0
7. Tructdtm H: Giaihé: ¢ __
BH.AC=0
8. E chan phan giac trong: E __AB
EC AC
F chén phan giac ngoai: g _AB
FC AC

9. Tam dudng tron ngoai tiép AABC

2 1p2?
Giai hé: IA"=1B
1A% = IC?

Vén dé 2: PUONG THANG

I. Phwong trinh dwong thing:

qua M(x,;y,)
VTPT :n = (A;B)
< A A(x-x,)+B(y-y,)=0
< Al Ax+By+C=0

1. Phuong trinh tong quat A: {

qua M(x,;y,)

2. Phuong trinh tham s6 A: .
VTCP:a=(a;a,)

X=X,+at
<A (teR)
Yy=Yotast

qua M(x,;Y,)
VTCP:a= (a;;a,)

_ Y-Yo
a a,

3. Phuong trinh chinh tic A:{

X -X
& A—2L

I1. Vi tri twong dbi ciia hai dwdng thing:

A, B,
1. (A )m(A2)<:>A—¢B

2 2

A _ B
B

2. (A)//(A) <= %
2 2 2
3 (=) et
2 2 2
111.Vi tri twong doi cia hai diém dbi véi mot
dudng thang:
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Cho hai diém M, (X;; y,), M,(X,; y,) va

duong thang (d): Ax + By + C = 0, ta c6:
< M, hoic M, nam trén (d)
< (Ax, +By, +C)(Ax, +By, +C) =0.
< M,, M, nam khac phia so voi
(d) < (Ax, +By, +C)(Ax, + By, +C) <0.
< M,, M, nam cung phia so véi (d)
< (Ax, +By, +C)(Ax, +By, +C)>0.
IV.Goéc ciia hai dwdng thang:

|A1A2 + Ble|
JAZ+B2,|AZ 1B
V. Khoing céch tir mét diém dén mét dudng

Cho (A): Ax+By+C=0 va M(x,;Y,)

|Ax, + By, +C|

JA? +B?

CoS Q=

=d (M,A)=

<

.Chuy:

Truc Ox copttq: y=0

Truc Oy copttq : x=0

Puong thang song song hoac tring véi Oy
ax+c=0(b=0)

< Puong thang song song hoic triing vai OX :

by+c=0(a=0)
% Duong thang di qua gbc toa do:
ax+by=0(c=0)

X/
X4

L)

X/ X/
L XA X4

< Duong thang cit Ox tai A(a;0)va Oy
tai B(O; b)
5+X:1(a,b;«t0)
a b
<% Duong thang qua diém M(X,;Y,) vaco hé s
gockla: y—y,=k(x—x,)
< Duong thang d qua diém M(X,;Y,) va song
song véi duong thang A:ax+by+c=0co
phuong trinh tong quat Ia:
a(x—x,)+b(y-y,)=0
<% Duong thang d qua diém M(X,;Y,) va vudng
goc vé6i dudng thang A :ax+by+c =0c6 phuong
trinh tong quat 1a :
b(x_xo)_a(y_yo):()

% Cho (A):Ax+By+C=0

1. (d)//(A)=>(d): Ax+ By +m =0

2. (d) L(A)=(d):Bx—Ay+m=0
VII.Dang toan thwong gap:
Dang 1 : Tim hinh chiéu cia mgt diém M trén
mot dwong thang d :
Cach 1:
e Buwdc 1: Goi H 1a hinh chiéu caa M trén d suy
ra toa do cua H theo t
e Buéc 2: Tim toa do vecto MH theo t , tim
VTCP u cuad
e Budc 3: Giai phuong trinh MH.u =0 cd t
suy ratoado H
Cach 2:
e Buwdc 1: Viét phuong trinh duong thiang qua
d” qua M va vuong goc vai d

d .
e Budc 2: Giai hé: {d‘ co toa do diem H

Dang 2 : Tim diém ddi xing caa mot diém M
qua mét dwong thang d

e Buwéc 1: Tim hinh chiéu H caa M trén d

e Bwéc 2: goi M’ 1a hinh diém d6i xtiing cira M
qua d thi H 1a trung diém cta doan MM’ , dua
vao cong thuc toa do trung diém suy ra toa do M’

Van dé 3: PUONG TRON
I. Phwong trinh dudng tron:

1. Phuong trinh chinh tic dudng tron (C) tam
I(a;b), ban kinh R:

& (C): (x—a)*+(y—b)*=R?

2. Phuong trinh tong quét duong tron (C) tam
I(a;b), ban kinh R:

< (C):x2+y*—2ax —2by+c=0

(DK:a2 + b2 —c > 0) vaR =a? + b —c

I1. Phwong trinh tiép tuyén ciia dwong tron:
1. Phuong trinh tiép tuyén TAI M(X,;Y,):

. qua M(Xo;Y,)
| VTPTIM = (x, —a;y, —b)
S AL (X —a)(X=X,) + (Y, —b)(y-Y,)=0
S AL XX, +YY, —a(X+X,)—b(y+y,)+c=0
2. Diéu kién tiép xac: d(1,A) =R
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I11. Phwong trinh duwdng thing di qua 2 tiép
diém:

Cho M(X,,;Y,,) Ndm ngoai duong tron tam
I(a; b) ban kinh R. Tir M dung 2 tiép tuyén tiép
xtc duong tron tai 2 diém A, B. Phuong trinh
duong thang AB c6 dang:

(x—a)(xy—a)+(y—b)(yy —b)=R?

IV. Phwong trinh tiép tuyén chung cia hai
dwong tron:

Budc 1: Xét tiép tuyén vudng goc voi 0x :
x=a+R va x=a—R.Kiém tra tiep tuyen thoa
man dieu kién dau bai?

Burdc 2: Xét tiép tuyén khong vuong goc véi Ox
€O dang: y =kx+m. bé tim k va m: Ta giai hé
lap duoc tir diéu kién tiép xuc.

e Néu (Cy) va (Cy) ngoai nhau: c6 4 tiép tuyén
chung.

e Néu (Cy) va (C,) tiép xtic ngoai: ¢6 3 ticp
tuyen chung.

e Néu (Cy) va (Cy) cit nhau: c6 2 tiép tuyén
chung.

e Néu (Cy) va (C,) tiép xuc trong: c6 1 tiép
tuyen chung.

e Néu (Cy) va (Cy) long nhau: khong co tiép
tuyén chung.

Vén dé 4: ELIP

I. Dinh nghia:
ChoF,,F, ¢6 dinh va EF, =2¢ (¢>0)
Me(E) < MF+MF,=2a (a>c>0)
I1. Phwong trinh chinh tic:

2 2

Xy
(E)g"'?:l (a,b>0)

I11.Céc tinh chit:
Tiéu diém : F(-c;0), F,(c;0).

Tiéucu: FF, =2c.

binh truc I6n: A (-a;0), A,(a;0).
binh truc bé : B,(0;-b), B,(0;b).
D¢ dai truc Ion: AA, =2a.

b¢ dai truc bé: BB, =2b.

© o &~ w P

. ) c
7. Tamsai: e=—<1.
a

- A g2 MF, =a+ex,,
8. Ban kinh qua tiéu diem :
MF, =a—ex,,

9. Phuong trinh canh hinh chi nhat co so:
X==xa
{y:ib
2

10. Phuong trinh dudng chuan x = +2
c

IV. Phwong trinh tiép tuyén caa Elip:
1. Phuong trinh tiép tuyén TAl M(X,;Y,):

AZXe VYo g @ b>0)

a’ b?

2. Diéu kién tiép xdc:
X2 y2
Cho: (E)?+F =1 (a,b>0) vaduong
thang (A): Ax+By+C=0
(A) tiép xuc (E) < A%a® +B%b? =C?

Vin dé 5: Cac dang toan tam giac
Trong mat phang Oxy cho tam giac ABC biét
diém C(a;b) va hai dwong thang cat nhau d,,d,
khéng di qua C 1an lugt c6 phuong trinh tham s6 :

g .{x=xl+altl iy .{x:x2+a2t2

o y:y1+b1t1 ‘ y:yz"'bztz
Hay tim toa do cac dinh A, B trong céac truong
hop :
Dang 1: d;,d, 1a hai dwong cao.
Gia sur d; 1a duwong cao AM , d; 1a duong cao BN

e Viét phuong trinh BC: (BC ¢6 VTCP la
VTPT cua d; di qua C)

. BC »
e Giaihé g = toa do diém B
2
Tuong ty :
e Viét phuong trinh AC (AC c6 VTCP la
VTPT cuia d, va di qua C)

. AC | L
e Gial hé d €O toa do diem A

1
Dang 2: d,,d, 1a hai dwong trung tuyén.
Gia sir di: 1a trung tuyén AM ; d, la trung tuyén
BN
e Med; suy ratoa dd M theo t;
e M la trung diém CB suy ra toa do B theo t,
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e Be dynénco h§ theot; vat, . Giai hé co t;
suy ra toa do¢ diém B

Tuong tu :

e Ned;suyratoado N theot,

e N latrung diém CA suy ra toa do A theo t,

e Acdinénco h§: theot; vaty, . Giaihé cot,
suy ra toa d¢ diém A

Chu y: C6 thé giai theo cach khac :

e Tim toa do trong tdm G cua tam giac ;

e Tim diém d6i xung D cua C qua G

e Viét phuong trinh duong thang qua d’; qua D
song song vai d;

e Viét phuong trinh dudng thang qua d’; qua D
song song vai dp

"= toado A;
1

. d
o Gial hé{
d

dl
Giai hé { ?= toado B
d,
Dang 3: d,,d, 1a hai dwong phéan giac trong
cia goc A va goc B.
e Timtoa dd diém C; la diém ddi xtng cua C
quad;; C,€AB
e Timtoa dd diém C; la diém ddi xtng cua C
quady; C, € AB
e Viét phuong trinh tham s6 C;C; 1a phuong
trinh caa AB

TP L O] O
e Toado cua A langhiém cua hé :
1

C.C,

e Toa do cua B la nghiém cua hé : {
2

Dang 4: d, 1a dwong cao, d, la trung tuyén.

Gia sir di: duong cao AM; d,: trung tuyén BN

e Viét phuong trinh canh CB (nhu trén)

tim toa do diém B
2

. CB
o Giai hé {
d

e Dung tinh chat trung diém N thuoc BN , N 1a
trung diém AC va A thuoc AM suy ra toa do
diem A

Dang 5: d; 1a dwong cao, d, la phan giac

trong.

Gia str d;: duong cao AM; dy: phén giéac trong BN

e Viét phuong trinh canh CB

. CB
e Giaihé q = toa do diem B

2
e Tim toa do diém C, 1a diém ddi xing cua C
qua d; ( C, thuoc AB)
e Viét phuong trinh BC; (BA)

. BA o
e Giaihé {dl =toa do diem A..
Dang 6:d, la trung tuyén, d, la phan giac
trong
Gia str di: duong trung tuyén AM:; d,: phan giac
trong BN

Med,
e {MA=MC= toadd diém B.

Aed,

e Tim C,la diém ddi xang cua C qua ds
e Viét phuong trinh tham s6 BC, (BA)
. BA o
e Giai hé q =toa do diém A
1

Nhan xet:

e Hoc sinh chi can nim ki cac dang 1, 2, 3 thi
cac dang khac don gian hon.

e Néu bai toan ¢ lién quan’dén duong cao Cﬁp
cht y dén diém hinh chiéu cia dinh da biét
trén duong cao hoac VTPT cua dudng cao
hogc tim VTCP cua canh va viét phuong trinh
tham so6 cua canh tam giac

e Néu bai toan ¢6 lién quan dén trung tuyén can
luu y dén tinh chat trung diéem .

e Néu bai toan c6 yéu té dudng phan giac trong
can luu y dén diém doi xang cua dinh da biét
qua duong phan giac trong do.

ChU y: Bé thi dai hoc thuong st dung cac
tinh chat doi xtmg tam (diém), dc}i Xtng truc
(duong) — lién quan den Phép bien hinh 11. Ngoai
ra su ket hop gilra cac tinh chat cua duong tron va
tam giac cling la dang toan rat thuong gap.
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HINH HQC TOA PQ OXYZ

Vin dé 1: TOA PO PIEM VA
VECTO

I. Toa do cua vécto:
Trong khong gian véi hé toa d6 Oyz

1. a=(a;a,a,)<a=ai+a,j+ak
2. 1=(1,0,0); j=(0,1,0);:k=(0,0,1)

3. Cho a=(a;;a,;a5) VA b=(b;;b,;b;) taco:

a, =b,
e a=boa,=b,
a, =h,

e axh=(a,+b;a,+b,a,+b,)

ka = (ka,;Ka,;ka,)

‘5‘:1/af+a§+a§

ab= ‘5‘ .‘B‘cos(é; b) =a,b, +a,b, +a,b,

I1. Toa d6 diém :

Trong khong gian vai hé toa do Oxyz
L. M(Xy:YaiZy) < OM=x,i+Y,, j+2,K
2. Cho A(Xa;YaiZa)Va B(Xg;Ys:Zg)ta co:

° AT@Z(XB—XA;YB_yA;ZB_ZA)

e AB= \ll(XB =X+ (Y —Ya) + (25 —24)°

3. Néu M chia doan AB theo ti sb k

MA:kWB) thi ta co :
X, —kx y. —ky z,—kz
X, =_A B _JA B 2 =ZA B
vE T T Tk Mo1-k
(V6ik #-1)

> Dic biét khi M 1a trung diém AB (k = — 1) thi
ta co:
=XA+XB. =yA+yB'Z =ZA+ZB
M 2 'IM 2 1=M 2
Tich c6 hwong cua hai vecto va ng

1.
dung:
1. Néua=(aja,az) va b=(b;b,;b,) thi:

i

a,8;
b,b,

. a3a1
‘[bsb,

a,a,
b,b,

2. Vecto tich ¢6 huéng ¢ = [5, B] vuong goc voi
hai vecto @ va b.

3, ‘[5,5]‘=‘5H5‘sin(5,5).

4. Spec = %‘[A_B,A—C]‘ '

5. VHspaBCDA’B'C'D” = ‘[E, AD].AA’ ‘ .

6. VT&diénABCD=%‘[ATB,ATC].KD"-

IV.Didu kién khac:
1. a va bcung phuong;

a, = kb,
@[5,5]:6©3keR:5:k5<:> a, = kb,
a, = kb,

2. a va b vudng goc:
<ab=0ca.b +a,b,+a;b, =0
3. Bavecto a, b, cdong phang <>[a,b|c=0
4. AB,CD la bén dinh cua t¢ diégn <
AB, AC, AD khong ddng phang.
5. G latrong tdm cua tam giac ABC:

X5+ Xg + X
G~ 3
YatYstYc
=9Ye = 3
Z,+2Z5+2,
G~ 3

6. G latrong tam tur dién ABCD

< GA+GB+GC+GD=0

Xp+Xg + X+ X,

G~ 4
Yat¥s+¥YctVYp

<& 1Ye = 2
Zy+2Zp+2Z.+12Z,

G~ 4

7. G latrong tam cua tir dién ABCD:
<GA+GB+GC+GD=0.

8. Chiéu cao AH ké tir dinh A cta t¢ dién

ABCD:

AH = 3VABCD

SABCD
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Vin dé 2: MAT PHANG

|. Phwong trinh mit phing:
1. Trong khong gian Oxyz phuong trinh dang

AXx +By+Cz+D=0v4i A+ B>+ C?#0
1a phwong trinh tong quét ciia mit phang, trong
d6 n=(A;B;C)la mot vecto phap tuyén cua no.
2. Mat phang (P) di qua diém Mo(Xo;Yo;z0) Va
nhan vecto n = (A; B;C) lam vecto phap tuyén cé
dang :

A(Xj Xo) + B(y — o) + C(z~20) =0
3. Mat phang (P) di qua My(Xo;Y0;Zo) vVa nhan
a=(ay;a,;a;) Va b=(by;b,;b,) 1am cip vecto
chi phuong thi mat phing (P) c¢6 vecto phap
b2 b3 b3 bl bl b2

tuyen:

a:[a,a}:( j
Il. Vi tri twong d6i ca hai mit phang:
1. Cho hai mit phang (P): Ax + By +Cz+D =0
va(Q):A’x+By+Cz+D’ =
e (P)cit(Q) ©A:B:C#A"B:C’
e P/IIQ < A:A’=B:B’=C:C’#D:
D,
e P=(Q) < A:B:C:D=A":B:C:D
2. Cho hai mat phang cit nhau :

{(P):Ax+By+Cz+D:O

a, a;| |83 a;| |8, &,

(Q):A’X+B’y+C’Z+D’ =0
Phuong trinh chum mit phang xac dinh boi
(P) va (Q) la:
m(Ax +By+Cz+D)+n(A’x +B’y+C’z+D’)
=0 (V6i m*+n’#0)
I11. Khodng cach tir mét diém dén miit phing:
Khoang cach tir Mo(Xo;Yo;Zo) dén mat phang
(x): Ax+By+Cz+D=0.
_|Ax,+By,+Cz,+D|
JA? +B? +C?
IV. Géc gira hai mit phing:
Goi ¢ 1a goc giita hai mat phang :
(P):Ax+By+Cz+D=0
{(Q) A’x+By+Cz+D =0

d(M,, @)

. Taco:

. ind
coscp:‘cos(np,nQ)‘:r
el el

|AA'+BB+CC]

JA? +B? +C? /A% +B?2+C?
(=90 <> n, Ln, < hai mat phing vudng goc
nhau.
V. Cé&c dang bai tap:
Dang 1: Viét phuong trinh mit phang:
e TimVTPT fi=(A;B;C) va diém di

qua M, (Xo; Yoi Zo)
e Dang: A(X—X,)+B(y-Y,)+C(z-2,)=0
Dang 2: Viét phwong trinh mt phing qua ba
diem A, B, C:
e Tinh AT?),R
e Mp (ABC) c6 VTPT Ia fi :[A@,ATC’] va

qua A
e K&t luan.
Dang 3: Viét phuwong trinh mat phz:mg (OL) di
qua diém A va vudng géc BC
Mit phang (o) L BC nénco VTPT laBC qua A
Chay:
e Truc Ox chua i =(10;0)
e Truc Oy chua j=(0;10)
e Truc Oz chira k =(0;0;1)

(0°<p=90°)

Dang 4: Viét phwong tinh mp (B) la mit

phang trung truc caa AB.

e Matphang (B) L AB.Néncé VIPT la AB di
qua I 13 trung diém cua AB

o Kétluan.

Dang 5: Viét phwong tinh mit phiang (B) di

qua diém M, (X,;Y,;Z, ) va song song véi mit

phiang (o): Ax+By+Cz+D=0

e (B)//(a).Nén phuong trinh (B) c6 dang:

Ax+By+Cz+D’=0
e M,e(p)=D'
o Kétluan.

Dang 6: Viét phwong trinh mp (P) di qua hai
diem A, B va vudng goc véi mp (Q)

e Mt phing (P) c6 cap VTCP la; AB va VTPT
cua (Q) la fi,
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e Mit phing (P) c6 VTPT Ia fi = [A—B, ﬁQ]vé Vin dé 3: PUONG THANG

qua A |. Phwong trinh dwong thing:
e K&t luan. 1. Phwong trinh tham sb cia dwong thang:

Dang 7: Viét phwong trinh mp (o) di qua cdc
diém 1a hinh chiéu ciia diém M (X,;Y;2,)
trén cac truc toa do.

o Goi Mj, Mz, M3 lan luot 12 hinh chiéu cua

diém M trén Ox, Oy, Oz. Thi M1(X;0;0),
M2(0;Y0;0), M3(0;0;%0)
e Phuong trinh mit phing (o) la:
X, Y.z _4
XO y ZO
Dang 8: Viét phwong trinh mp (o) di qua
diém M, va vudng goc véi hai mit phang (P)
va (Q).
e (P)c6VTPTIA fi,

e (QcoVTPTIa

e Mp (a) c6 VTPT la [ fi,,fi, | vaqua M,

o Kétluan.

Dang 9: Toa d diém M’ déi xieng ciia M qua

mit phing (a)

e Goi M’ (x’;y’;2°)1adiém ddi xting cia M
qua (a)

e GoidladuongthingdiquaMva d L(a) .
Néndco VTCP Ia n

e Viét phuong trinh tham s6 cua d

o GQi{H} zdﬁ(oc)

e Toa d¢ diém H la nghiém ciia hé phuong trinh

{(d)i
(o)

e ViH la trung diém cia MM’ = Toa d6 diém
M

Dang 10: Viét phuong trinh mit phang tiép

dién cia mat cau (S) tai tiep diem A.

e Xac dinh tdm | cua mit cau (S)

e Mit phing (a): Mp tiép dién c6 VTPT : 1A

e Viét phuong trinh tong quét.

— Toa do diém H

Cho diém M, (X,;Y,:Z,) 1a diém thude dudng
thang A va a = (a;;a,;a,) 1a VTCP ciia duong

thang A . Phuong trinh tham sb cua dudng thang
A

X=X, +a,t
y=Y,+a,t (teR)
Z=27,+agt
2. Phuong trinh chinh tic ciia dudng thang:
Cho diém M, (X,;Y,:Z,) 1a diém thude duong
thang A va a = (a;;a,;a;) 1a VTCP cia duong

thang A . Phuong trinh chinh tic cta duong thang
A

X=X, _ Y=Yy _2-2

a, a, a,

1. Vi tri twong déi ciia cac dwong thing va
cac mat phang:
1. Vi tri twong d6i cia hai dwong thing:

Cho hai duong thiang (A) di qua M c¢6 VTCP
ava(A’)diquaM’ c6 VICP a'.
o (A)chéo(A) < [aa’|[MM %0

o (A)cit(A) < [aa |[MM'=0 vsi|aa’|#0

- —_a é;; =0
. (A)//(A’)@{[a’a]_? hoiic [ }
Me [a:MM]=0
- =z 5;; =0
¢« (W)=(A) e {[a,a]—lo hoiic [ }
Me [ MM ]=0

2. Vi tri twong dbi clia dwong thing va mgt
phang:

Cho duong thang (A) di qua
M, (Xo; Yo:Z,) €0 VTCP a = (a;;a,;a,) Va mit
phang (a):
Ax+By+Cz+D=0 ¢6 VTPTn=(A;B;C).

e (A)cét (o) < an=0
an=0
e (A)//
(A) /] () < {Mg(a)
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an=0

e (A)nimtrén (0) < {M ()

I11.Khoang cach:
1. Khoang céach tir M dén dudng thing (A) di
qua Mg c6 VTCP a.
[M,M, 2]

8
2. Khoang céch gitra hai dwong chéo nhau :
qua Mo(xo; yo;zo) A {qua M Io(x |o;y'o;zlo)

d(M, A) =

'{VTCPE

VTCPa'
\[5,5‘].MM \
d(a, Ay ="
[a,a]]
Chuy:
* Néu (A) va (A”) cat nhau hoac triing nhau thi:

d((a).(a”))=0
* Néu (A) va (A”) song song thi:
d((A),(A%)) =d(M , (A%)) =d(N,, (4))
(trong d6 Me (A)vaN € (A))

V. Gdc:
1. Goc giira hai dwong thang:
A_{quaMo(xo;yo;zo)_A,_{qua'Vllo(xlo;y'o;zlo)

VTCPa VTCPa'
. R
CosSQ = ‘cos(a, a ')‘ = W

lagat+a,a’,+azal)|

- \/af +a§ +a§.\/a'12+a'§+a'§

2. Goc gitra dwong thang va mit phang:
(A) di qua Moc6 VTCP a=(a;;a,;a;), mp(a) co
VTPT n=(A;B;C).Goi ¢ 1a goc hop bsi (A) va
mp(a) , ta co:

|Aa, +Ba, +Cay|
JAZ +B? +C? .\/alz +a§ + ag
V. Dang toan thwong gap:
Dang 1: Viét phwong trinh dwong thing A
e Canbiét VTCP d=(a,;a,;a,) vadiém

Mo(xo;yo;zo) €A

sing = ‘cos(a, ﬁ)‘ =

e Viét phuong trinh tham s6 theo cong thurc.

e Viét phuong trinh chinh tic theo cong thirc.
Dang 2: Viét phwong trinh dwong thang A khi:
A AXx+By+Cz+D,=0

" |AXx+B,y+C,z+D, =0
e Cho z= 0 tim dugc diém Mo.
e Viét phuong trinh dudng thang.
Dang 3: Viét phwong trinh dwong thing A di
qua diém M, (X,;Y,;Z,) va vudng goc véi mat
phiang (a): Ax+By+Cz+D=0
e Mp (o) coVTPT la i=(A;B;C)
e Duongthang A di qua diém Mg va c6 VTCP

lan

e Viét phuong trinh duong thang.

Dang 4: Viét phwong trinh hinh chiéu cia d
trén mit phang (o)

Blcl
B,C,

ClAl
CA,

AlBl
AB,

e ACOVTCPIa: é:[

e Goi d’ Ia hinh chiéu cua d trén mp (o)

e Goi (B) lamit phing chirad va (B) L (o)

e Nén (B) c6cap VTCP Ia VTCP cuad la U,
va fi, 1a VTPT cua mat phang (o)

e Mp (B) c6 VTPT fi, =[Uy,fi,] di qua diem
Mo ed

e Viét phuong trinh tong quét cia Mp (B)

(o)

(B):

e Chuyén vé phuong trinh chinh tic (tham so).
Dang 5: Viét phuwong trinh dwdng thang d qua
diém M, (X,;Y,:Z,) V& vudng goc véi hai

e Phuong trinh duong thing d: {

duwong A, va A,

e A COVTCP 0,

e A,cOVTCP U,

e dvudng goc voi A, va A,. Nénd co VTCP la
Uy = [Uv Uz]

Dang 6: Viét phwong trinh duong thang d di

qua diém A va cat ca hai duwong A, va A,.

e Thaytoa do A vao phuong trinh A, va A,
=AgA AgA,
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o Goi (P) lamiat phang di qua diém Avachaa | e Goi MeA,va NeA,(M, N dudi dang tham
A, s6). Tinh MN.
e Goi (Q) la mat phang di qua diém A va chira MN.U =0
A, e Giai hé: {__l . Tim dugc tham s6 =

, P
e Phuong trinh duong thang d: {(

Q)

e Chuyén vé phuong trinh chinh tic (tham sd)
Dang 7: Viét phwong trinh dwong thang d
c(P) cét cé hai dudng A, va A,.

e Goi A=A N(P)

e Goi B=A,n(P)

e Puong thang chinh 1 dudng thang AB
Dang 8: Viét phwong trinh dwong thang d // d;
va cit ca hai duong A, va A,.

e Goi (P) la mat phang chua A, va (P) // dy

e Goi (Q) lamat phang chira A, va (Q) // dy
« d=(P)n(Q)

(P):

(Q):

Dang 9: Viét phwong trinh dudng vudng géc
chung cia hai dwong thang chéo nhau A, va
A,.

Céch 1:

o Goi 0, va U,lan luogt A VTCP ciia A, va A,

e Phuong trinh dudng thang d {

o Gol \7=[Ul,u2]

e Goi (P) la mat phang chura A, va c6 mot
VTCP Ia V. Nén c6 VTPT Ia A, =[0,,V] =
phuong trinh mat phang (P)

e Goi (Q) la mat phang chia A, va c6 mét
VTCP la v. Nén c6 VTPT la fig =[U,,V] =
phuong trinh mat phang (Q)

e Phuong trinh duong vudng goc chung cua A,

\ (P)
va A, :
(Q)
Céch 2:
e Chuyén phuong trinh dwong thang A, va A,
vé dang tham s.

MN.U, =0
tim dugc toa do diém M, N = viét phuong
trinh MN.

Dang 10: Viét phwong trinh dwong thing d

vudng goc (P) va cit hai dwong thing A, va A,

e Goi () lamat phang chira A, va co mot

VTCPla n, (VTPT cua (P))
e Goi (B) lamat phang chira A, va co mot
VTCPla n, (VTPT cua (P))

e Duong thang d =(a)(B)

Dang 11: Viét phwong trinh dwong thang d di

qua diém My vudng gic véi dwong thing A, va

cit dwong thang A,

o Goi (oc) la mat phang di qua My va vubng

goc A,
e Goi (B) la mat phang di qua diém Mg va
chuaa A,

e Duong thing d =(a)(B)

Dang 12: Viét phuong trinh duong thang d di

qua giao diém cia dwong thang A va mat

phang (o) va dc=(a),d LA

®* Goi {A} =Am(0c)

® Goi (B) la mit phing di qua A va vudng goc
vGi A . Nén (B) c6 VTPT Ia VTCP cua A

® Duong thang d =(a)(B)

Dang 13: Tim tea d9 diém M’ déi xirng ciia Mo

qua dwong thang d

® GoiM (X;y;2)

® Goi (P) la mit phang di qua diém Mg va
(P)_Ld.Nén (P) nhan VTCP cuad lam
VTPT

® Goi{H}=dn(P)

® M’ la diém ddi xtng ciia Mo qua dwong thang
d. Nén H la trung diém ctua doan MM’
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X, +X' I11.Vi tri twong déi giira dwong thing va mat
H™ 5 cau:
Ly Cho mat ciu (S):(x — a)® +(y — b)*+(z —c)* =
Ta co: Yo Y v _

Yu > X=X, +a,t

Z, 42" R? va dwong thang (d) : Jy =y, +a,t

Ho 2 z=7,+a,t

Dang 14: Khoang céch giira hai dwong thang
chéo nhau Ava A'

e Goi U va u' lan lugt 1A VTCP ciia A va A’
e A diquadiém My, M', A’

0,u" | MM,

d(A,A’ :‘[u'
R

Vin dé 3: MAT CAU
|. Phwong trinh mit ciu:
1. Phwong trinh mit ciu tam I(a;b;c)ban
kinh R

(x—a)2 +(x—b)2 +(x—c)2 =R,
2. Phuwong trinh mit ciu tam I(a;b;c), ban
kinh R=+/a?+b?+¢?—d:

x?+y? +7° —2ax—2by—2cz+d=0

véi @+ b’ +c?~d>0
I1. Vi tri twong ddi cia mit cAu va mit phang:
Cho mit cau
(S):(x—a)2 +(x—b)2 +(x—c)2 =R?
tam 1(a; b;c) ban kinh R va mat phang (P):
Ax+By+Cz+D=0.
e Néu d(1,(P)) > R thi mat phang (P) va mit cau
(S) khong cé diem chung.
e Néu d(1,(P)) = R thi mat phang (P) va mt cau
(S) tiep xtc nhau. Khi do (P) goi la tiep dién cua
mat cau (S) va diém chung goi la tiép diem
e Néu d(l,(P)) < R thi mat phang (P) va mit cau
(S) cét nhau theo giao tuyén 1a duong tron cé
phuong trinh:
(x—a)*+(y-b)’ +(z—c)* =R?
Ax+By+Cz+D=0

Trong d6 ban kinh dudng tron
r=JR%—d(1,(P))? va tam H cita duong tron 12
hinh chiéu caa tdm | mat cau (S) 1én mat phiang

(P).

Muén tim giao diém giira (d) va (S) , ta thay x,
y, z trong phuong trinh (d) vao phuong trinh (S)
ta dugc mot phuong trinh bac hai theo't .

e Néu phuong trinh theo t v6 nghiém thi (d) va
(S) khong c6 diem chung

e Néu phuong trinh theo t c6 mot nghiém t thi
(d) tiép xuc véi (S) . Khi do (d) goi la tlep tuyen
ctia mat cau (S) va diém chung goi 1a tiép diém .

Néu phuong trinh theo t c6 hai nghiém phan biét
t;; to thi (d) cat (S) tai hai diém phan biét.
IV.Dang toan thwong gap:
Dang 1: Viét phwong trinh mit cau
e Xac dinhtdm I(a; b ; ¢) cua mit cau
e BankinhR
e Viét phuong trinh mit cau
(x—a)"+(x—b)" +(x—c)" =R?
Dang 2: Viét phwong trinh mit cau dwong
kinh AB
e Goi I la trung diém cia AB. Tinh toa do | =
| la tam mat cau

e Bankinh R :%AB

e Viét phuong trinh mit cau

Dang 3: Viét phwong trinh mit cau (S) c6 tam

I (a; b; ¢) vatiép xtc véi (o)
Ax+By+Cz+D=0

e Matcau (S) c6 tam | va tiép xtc véi (o). Nén

€0 ban kinh
+ Rl BB D
A% +B*+C?

e Viét phuong trinh mit cau
Dang 4: Viét phwong trinh mit cau (S) ngoai
tiep ter dien ABCD
e Phuong trinh mit cau (S) c6 dang

X2 +y?+ 722+ 2AX + 2By +2Cz+D =0
e A B,C,Dthugc (S). Ta co hé phuong trinh
e Giai hé phuong trinh tim A, B, C, D
e Kétluan
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Dang 5: Lap phwong trinh mat cu di qua ba
diem A, B, C c¢6 tdm nam trén mat phang Oxy

e Goi I(xi; yi; 0) latdm cia mat cau, 1< (Oxy)
e TacoAl’=BFF=CF

Al =BI?

Al> =CI?

e Giai h¢ phuong trinh= tm | =IA =R

o Kétluan

e TacO hé phuong trinh {

Vin dé 5: Cac dang toan tam giac

_Trong khong gian Oxyz cho tam giac ABC
biet diem C(a;b;c) va hqi duong thang cat nhau
d,,d, khong di qua C lan lugt c6 phuong trinh
tham s6 :

X=X +at X=X, +a,t,
d,:qy=y,+bt, va d,:qy=y,+b,t,
z=127,+Ct, Z=12,+C,t,
Hay tim toa do cac dinh A, B trong cac truong
hop :
e d,,d, lahai duong cao cta tam giac .
e d,,d, 1a hai dudng trung tuyén cua tam giéc.
e d,,d, 1a hai duong phan giac trong géc A, B
e d, 1a duong cao, d, latrung tuyén caa tam
giac
e d, la duong cao, d, la phan giac trong cua
tam giac
e d, latrung tuyén, d, 1a phan gi4c trong cua
tam giac

» Phuong phap: Tuong tu nhu trong hinh
hoc phang.

Chu y: Hinh hoc giai tich khong gian d¢ thi
dai hoc thuong tap trung vao cac dang toan
thuong gap cua phuong trinh duong thang, cac
dang toan khoang cach, diém doi xung nén hoc
sinh can nam ki (vi hinh hoc giai tich trong Oxy
dé thi da khai thac yeu t6 tam giac)

Vién deé 6: Ung dung hinh hec giai tich
giai cac bai hinh hec thuan.

Co s6' ly luan:
Nhu ta da biét trong véi cong cu giai tich
ta c6 thé tinh duoc dién tich mot da giac, thé tich
mot khéi da dién, khoang cach giira hai mat

phang, gitta hai duong thang, goc gitra hai mat
phang, gitra duong thang va mat phang, gitra hai
duong thang. ..

7 Vi véy giai bai toan thuan tay hinh hoc c6
thé dua vé mét bai toan hinh hoc giai tich néu ta
xay dung mot hé truc Oxyz hep ly.

Nhan xét:
- Uu: Giai bai toan chi don thuan 1a tinh toan,
khong suy nghi nhiéu.
- Khuyét: Khong thay duoc céi hay cua hinh hoc
thuan tly, tinh toan phai hét stc can than.
Mét s6 cach chon hé truc Oxyz thwong dung:

1. Vi hinh lap phuong hoac hinh hop chir
nhat ABCD.A'B'C'D'

2. Vi hinh hop day la hinh thoi
ABCD.A'B'C'D'

3. Vi hinh chop tir giac déu S.ABCD

4. Véi hinh chép tam giac déu S.ABC

5. Véi hinh chop S.ABCD c6 ABCD la hinh
chir nhat va SA L (ABCD)

6. Vi hinh chép S.ABC c6 ABCD la hinh
thoi va SA L (ABCD)

7. Vi hinh chép S.ABC c6 SA L (ABC) va
A ABC vuong tai A.

8. Vai hinh chép S.ABC cé SA 1 (ABC) va
A ABC vubng tai B.

9. Vi hinh chop S.ABC c6 (SAB) L (ABC),
A SAB cén tai S va AABC vubng tai C

10. Véi hinh chop S.ABC c6 (SAB) L (ABC),
A SAB cén tai S va A ABC vudng tai A

11. Véi hinh chop S.ABC cé (SAB) L (ABC),
ASAB can tai S va AABC vudng cén tai C
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M@t cach tong quéat: Chon trudc hé truc Oxy
nam trong mat phang day duya trén cac tinh chét
vubng goc (O nam & goc vudng). Sau d6 dung tia
Oz vudng gbc vai Oxy tai O.

SO PHUC

Vén dé 1: CAC PINH NGHIA - TiNH
CHAT.

I. Khai niém sé phiic

e Taphopséphac: C
e S4 phtic (dang dai s6) : z=a+bi
(a, be R, ala phan thyc, b 1a phan 4o, i 1a don vi
40, i2 = -1)
e 14 sb thuc < phan a0 cua z bang 0
(b=0)
e zlathuan a0 < phan thuc cua z bang 0
(a=0)
e S60 vira l1a sd thuc vira 1a s ao.
e Hai sb phuc bang
nhau:

a+bi=a'+b'i<:>{a: (ab.a'b'<cR)

2. Biéu dién hinh hoc: Sé phtic z = a + bi (a,
beR) dugc biéu dién bai diém M(a; b) hay boi
U = (a; b) trong mp(Oxy) (mp phuc)

C | IB| %

N

Truc thiyrc

Truc é0

3. Cong va trir sé phirc:
e (a+bi)+(@a+b'i)=(@+a)+(b+bi
e (a+bi)—(a+b'i)=(a—a")+(b=b"i
e Sbddictaz=a+bhila-z=-a—bi
e U biéudiénz, ' biéudiénz thi
U+U'biéudiénz+2z va G—0U" biéudién
z2-7.
4. Nhan hai sb phirc:
e (a+bi)(a+b'i)=(aa'-bb")+(ab'+ba")i
o k(a+bi)=ka+kbi (keR)
5. S6 phirc lién hop cua s phirc z = a + bi 1a
Z=a-hi
7=

° Z, 2tz2'=z+x7";
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- - Z =z
e z7'=27%|21|=2
ZZ ZZ

o 2Z=a’+b’
) zlas(;thuc<:>z:2;
zlasdao = z=-7
6. Médun ciia sé phic: z = a + bi
o |zl=+a?+b? =Jzz =|OM|
e |zI>0,vzeC, lzZl=0=2z=0
o lzz|=lzl.Iz]
z| Iz
2| Iz
o |zl-lzll<lz+z1<lzl+Iz]
7. Chia hai sé phic:

. z’l:izi (z+0)
z

8. Cin bac hai cia sb phic:
e Zz=Xx+Yi lacin bac hai cua sé phic

x* -y’ =a
2xy=Db

e w=0codung I can bac hai Iaz’: 0

w # 0 c6 dung hai can bac hai doi nhau

e Haicinbachaiciaa>01a +/a

e Haicanbac haicuaa<0 la J_r\/z.i

9. Phuong trinh bac hai Az* + Bz + C =0 (*)
(A, B, C la cac so phtrc cho truée, A #0).

w=a+bhi o z2=w @{

A=B’-4AC
e A=0:(*)co hai nghiém phan biét
2., = 5% (5 1a 1 ciin bic hai cia A)
’ 2A
e A=0:(*)co61nghiém kép:
z2,=2,= _B
2A

Chu y: Néu zo e C la mot nghiém cua (*)
thi Z, cling 1a mét nghiém cua (*).
10. Dang lrong gi4c ciia s6 phirc:

e z=r(cose+ising) (r>0) la dang lvong

. . a
gidccuaz=a+hi (z#0)<=cosp=—
r

. b
sing=—
;

e o lamotacgumen cuaz, ¢=(0x,0OM)
e |zZl=1<z=cosp+ising (peR)

11. Nhan, chia sé phirc dwéi dang lwong giac:
z=r(cosp+ising), z'=r'(cose'+ising’)

o zz'=rr'[cos(p+¢")+isin(p+¢")]
. ;:%[COS((p—(p')HSin((P—(P')]

12. Cong thirc Moa—vro:

o [r(cose+ising)]" =r"(cosne+isinng),
(neN")
o (cos@+ising)" =cosne-+isinne
13. Ciin bac hai ciia s6 phirc duéi dang lirong

-7

giéc:
e Sbphuc z=r(cosp+isin @) (r > 0) co hai
can bac hai la:

@)y ¢ P
r{ cos—+isin— | hoac —/r| cos—-+isin—
\/_( 2 2) ' J_( 2 2)

(3]

e M@ rong: S6 phic z =r(cose+isin )
(r>0) cé ncan bacn la:

Q/F(cos(P+k2n+isin (p+k2n), k=0,1..n-1
n n

Vin dé 2: CAC DANG TOAN

I. Thuc hién céc phép todn cong trir, nhan
chia sé phikc.

— Ap dung cac quy tic cong, trir, nhan, chia
hai s phirc, can bac hai cua sb phic.

— ChU y céc tinh chat giao hoan, két hop dbi
v&i cac phép toan cong va nhan.
I. Giii phwong trinh - hé phwong trinh s
phurc:

- Giasuz=x+yi. Giai cac phuong trinh
an z la tim x, y thoa man phuong trinh.

- Giai phuong trinh bac hai trong tap s6
phtic, két hop voi dinh ly Vi-et.
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- Chay: | |1ado 16n ciia mot s phirc chir
khong phai I trj tuyét doi. (tri tuyét déi 1a truong
hop riéng cua do 16n duoc dinh nghia trén truc so
thuc).

I11.Tap hop diém.

- Giasirs phitc z = x + yi dugc biéu dién
diém M(x; y). Tim tap hop céc diém M Ia tim hé
thuc gitrax vay.

- Chiy: Cac dang phuong trinh duong
thang, duong tron, conic.

IV. Dang lwong giac.
- Ap dung nhu céc cong thirc da néu.

Cha ¥: Viéc két hop khai trién nhi thic Newton
trong tap so phirc dé ching minh cac dang thac
cling hay duoc str dung.

PAI SO TO HOP — XAC SUAT

Vién dé 1: HOAN VI - CHINH HQP —
TO HOP

V. Quy tic dém, cong va nhan:
1. Quy tic dém:
a. Quy tac:
Véi diéu kién 1a khoang céch giita céc sb bang
nhau (cach deu), ta co:

. . sO 16n nha't —s6 nhd nhat
s6 cdcsd =

khodng céch giita 2 s6 lién ké
b. Céc dau hiéu chia hét:
— Chia hét cho 2: s6 ¢6 chir sé tan cing 12 0, 2, 4,
6, 8.
— Chia hét cho 3: s6 c6 tong céac chir s chia hét
cho 3.
—Chia hét cho 4: s6 ¢6 2 chir s6 tan cung lap
thanh s6 chia hét cho 4.
— Chia hét cho 5: s6 ¢6 chir sb tan cung 12 0, 5.
— Chia hét cho 6: s chia hét cho 2 va 3.
—Chia hét cho 8: s6 c6 3 chir sb tan cung lap
thanh so chia hét cho 8.
— Chia hét cho 9: sb c6 téng cac chir s6 chia hét
cho 9.
— Chia hét cho 10: s6 ¢6 chit s6 tan cung 12 0.
— Chia hét cho 11: 56 ¢6 hiéu cia tong cac chit s0
& hang ¢ va tong cac chir s6 ¢ hang chan chia hét
cho 11 (VD: 1345729 vi (1+4+7+9) — (3+5+2) =
11).
— Chia hét cho 25: s6 ¢6 2 chir s6 tan cung la 00,
25, 50, 75.
2. Quy tic cong:
1) Néu mot qué trinh (bai toan) c6 thé thyc hién
duoc mot trong hai cach (truong hop) loai trir lan
nhau: cach thu nhat cho m ket qua va cach thir hai
cho n ket qua. Khi d6 viéc thuc hién qua trinh
trén cho m + n ket qua.
2) Néu mot qué trinh (bai todn) ¢6 thé thuc hién
dugc k cach (truong hop) loai trir lan nhau: cach
thir nhat cho my ket qua, cach thir hai cho m; ket
qua, ..., cach thtr k cho my két qua. Khi do viéc
thuc hién qua trinh trén cho my + mz + ... + my
ket qua.
3. Quy tic nhan:
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1) Néu mét qué trinh (bai toan) duoc thyc hién
theo hai giai doan (bugc) lién tiep nhau sao cho
cd m cach thuc hién giai doan th(r nhat, dong thoi
ung vé&i moi cach do ¢o n cach d@é thuc hién giai
doan thir hai. Khi d6 ¢6 mn cach thuc hién qua
trinh trén.
2) Néu mot qué trinh (bai toan) dwoc thyc hién
theo k giai doan (budc) lién tiep nhau sao cho co
m; cé&ch thuc hién giai doan tha nhat, vai moi
cach d6 c6 my cach dé thuc hién giai doan thu
hai, ..., c6 my cach thuc hién giai doan thir k. Khi
do, toan bo qua trinh ¢c6 my.m,...my cach thuc
hién.
V1. Hoan vi — Chinh hop — T6 hop:

1. Hoén vi:
Pinh nghia. Cho tap hop X gom n phan tir phan
biét (n>0). M3i cach sdp xép n phan tir cua X
theo mot thir tu nao d6 duoc goi la mét hoan vi
caa n phan tir. S6 cac hoan vi cua n phan tir dugc
ky hiéu la P,.

Po=n!=12...n

2. Chinh hep:
Pinh nghia. Cho tap hop X gom n phan tir phan
biét (n>0). M3i cach chon rak (0<k<n) phan
tir ctia X va sap xép theo mot thr tw nao do dugc
goi la mét chinh hop chap k cua n phan ti. S6 cac
chinh hop chap k cta n phan tir dugc ky hiéu la
Ak,

Kk n!
" (n-k)!

3. To hep:
Pinh nghia. Cho tap hop X gom n phan tir phan
biét (n>0). M3i cach chonrak (0<k<n) phan
tir ctia X duoc goi 1a mot t6 hop chap k ciian
phan tir. S6 cac t6 hop chap k cta n phan tu dugc
ky hiéu la C*.

ok _ n!
" k!(n—k)!

Nhan xet:

1) Piéu kién dé xay ra hoan vi, chinh hop va t6
hop 1 n phan tir phai phan biét.

2) Chinh hop va t6 hop khac nhau ¢ chd Ia sau
khi chon ra k trong n phan tir thi chinh hop ¢6 sap
thir tw con to hop thi khong.

VIl. Phwong phap gii todn dém:

1. Phwong phap 1.
Buréc 1. Doc ky céc yéu cau va s6 ligu cia dé bai.
Phan bai toan ra cac truong hop, trong moi truong
hop lai phan thanh cac giai doan.
Buéc 2. TUy tung giai doan Cu thé va gia thiét bai
toan dé su dungqquy tac cong, nhéan, hoan vi,
chinh hgp hay t6 hop.
Bwéc 3. Dap an 1a téng két qua cua cac truong
hop trén.

2. Phuwong phap 2.
Déi véi nhiéu bai toan, phuong phéap 1 ‘rét dai. Do
do ta str dung phuong phap loai trir (phan bu)
theo phép todan AUA=X=A=X\A.
Buéc 1: Chia yéu cau cua dé thanh 2 phan 1a yéu
cau chung X (tong quat) goi la loai 1 va yéu cau
riéng A. Xét A 1 pha dinh cia A, nghia la khong
thoa yéu cau riéng goi la loai 2.
Budc 2: Tinh sé cach chon loai 1 va loai 2.
Bwéc 3: Dap an 1a s cach chon loai 1 trir s cach
chon loai 2.
1) Cach phan loai 1 va loai 2 c6 tinh twong ddi,
phu thudc vao chu quan cua nguoi giai.
2) Gidi bang phuong phap phan bu c¢6 vu diém la
ngan tuy nhién nhuoc diém la thuong sai sot khi
tinh so lugng ting loai.
3*) Thuong thi ta xir ly cac diéu kién truéc, hogc
don gian cac dieu kién roi giai quyét bai toan.
VIll. Phwong phép’ phu’o’ng trinh,
phwong trinh, hé dai so to hop:
Buéc 1: Bat didu kién cho bai toan.

bat

- P co dicukignla xeN

- A, C* codiéukiénla k,neNva 0<k<n
Buéc 2: Ap dung cdng thire tinh dé dua bai toén
Ve cac phuong trinh, h¢ phuong trinh quen thugc.
Buéc 3: Giai phuong trinh, bat phuwong trinh, hé
phuong trinh roi so diéu Kién chon nghiém.

Chu y: Do tinh ddc biéc cua nghiém 1a 6 ty
nhién nén do6i khi mot s6 bai ta phai nham
nghiém, con doi véi nhitng bai bat phuong trinh
doi khi ta cing can liét ké cac nghiém.
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Van dé 2: NHI THUC NEWTON e Tiép tuc dao ham 2 vé cua (2) ta duoc (3):
| Dinh nehia- 1.2C% +2.3C3x +3.4Cix° +...+(n=DnCx"~?

Nhj thac Newton 1a khai trién tong liy thura co
dang:

(a+b)" =Cla" +Cha""b+C2a" ’b* +...
+Cra" b +...+Cib" = > Cra" b

k=0

e SO hang tha k+l1 la T, =Cka"*p"
thudng duoc goi 1a s6 hang téng quat.

e Caché sé C* duoc tinh theo cong thic to
hop chap hoac dua vao tam giéc Pascal sau:

Tinh chat

1) C<=C"* (0<k<n)

2) CK+CK =CF, (I<k<n).

Il. Phwong phap giai toan:
1. Dang khai trién:

» Dau higu nhan biét: Céc hé so ding
trudc to hop va liy thtra la 1 hodc 1 va — 1 xen ké
nhau.

e Khaitrién (a+b)" hoic (a—b)".
e Cong hoic trir hai vé cua 2 khai trién trén.
2. Dang dao ham:

a. Pao ham cap 1:

» Dau higu nhan biét: Céc hé so ding
trudc to hop va lily thira tang dan tir 1 dén n (hodc
giam dan tir n dén 1).

e Xét khai trién (1):

(1+x)" =C) +Cix +C2x* +...4+ Cix  +..+ Cx"

e Dao ham 2 vé cua (1).
e Thay s thich hop vao (1) sau khi dao ham.

b. Pao ham cap 2:

» DAau hiéu nhan biét: Céc he sb ding
truGc t6 hop va liy thura tang (giam) dan
tr 1.2 den (n-1).n hoac tang (giam) dan tur
1% ¢én n’

e Xét khai trién (1):
(1+x)" =C) +Cix +C2x* +...+Cl X" +CIX"
e Dao ham 2 vé cua (1) ta dugc (2):

CL+2C%x+3C3% +...+nCx"* =n(L+x)""

=n(n-1)(L+x)">.
e Nhan x vao 2 vé cua (2) ta duoc (4):
CLx+2C2x? +3C3x* +...+nCx" =nx (1+x)" .
e Dao ham 2 vé cua (4) ta duoc (5):
1°C +2°C*x +FC3X° +...+n’CIx"™
=n1+nx)(1+x)"?
3. Dang tich phén:

» DAu higu nhan biét: Cac hé s6 ding
trudc t6 hop (va lay thura) la phan so6 giam

dan tir 1 dén —— hoic tang dan tir L
n+1 n+1

dén 1.
e Xét khai trién (1):
(1+x)" =C2+Cix+C2%* +...+C) X" +C/ X"
e Lay tich phan 2 vé cua (1) tir a dén b ta
duoc:
b b b b
I(1+x)n dx:C‘H’J‘dx+C}1J‘xdx+...+C2J‘x”dx

n+1 b

1+ X b 210 n+t |°
:Q :cgf +C}]X— +..+C2X
n+1 1], 2 n+1
2 2 n+l n+l
:>b aC°+b L b™ —a C

1 " 2 "
_@+b)™ —(@+a)™
B n+1 '

Ch( y: Trong thyc hanh, ta d& dang nhan biét
gia tri cua n. Bé nhan biét 2 can a va b ta nhin vao
n+l _a

n+1

4. Tim sé hang trong khai trién nhi thic
Newton:

a. Dang tim sé hang thir k:
e S6 hang tht k trong khai trién (a+b)" la
Chgn-(D k-1

b. Dang tim sb hang chira x™:

n+1

c.

s6 hang

e S6 hang tong quét trong khai trién (a+b)"
la Cka"*b* = M(k).x"® (a, b chira x).
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e Giai phuong trinh f(k)=m=k,, s6 hang
can tim 1a Cl°a"*b* va h¢ s6 cia sé hang chua
X™ 13 M(ko).

Cha y: S6 hang khong chaa x thim =0
c. Dang tim sé hang hiru ti:
e S6 hang tong quét trong khai trién (a+b)"

m r

la Cka"*b* =C*.0” BY (o, B 12 hitu ti).

meN
. (keN,0<k<n)=Kk,.

—eN
q

e S hangcantim la Clea™*ob*
d. Dang tim hé sb I6n nhat trong khai
trien Newton:

e Xét khai trién (a+bx)" cd sb hang téng
quat 1a Ca"*b*x*.

e Ditu, =Ca"*b*, 0<k<n taco day h¢
so la {u,}.

e Dé tim sé hang 16n nhat cua day ta giai hé

A N l"Ik 2 uk+l
bat phuong trinh =k,.

u =u,,

e Hésb lon nhat la Cla" b

VAn dé 3: XAC XUAT

I. _Phép thir ngiu nhién va khong gian mau

1. Phép thir ngiu nhién:

a. Khai niém: Phép thir ngau nhién (phép
thir ) 1a mot thi nghiém hay hanh dong ma:
- Két qua ctia n6 khong doan trude duoc .
- C6 thé xac dinh dugc tap hop céac két qua cd thé
say ra cua phép thu do.

b. Ki hiéu:

Phép thir ngau nhién hay ki hieu la: T

2. Khong gian miu cia phép thi:

“a. Khai niém : Tap hop tat ca cac két qua co
the xay ra cua phép phep thtr goi la khdng gian
mau cua phép thar do

b. Ki higu
Khong gian mau duoc ki hiéu la : Q
3. Bién co cia phép thir:

a. Khainiém: Cho phép tha T
- Bién cd A lién quan dén phép tha T 1a mot su
kién ma viéc xay ra hay khong xay ra cia A phu
thudc vao ket qua cua phép tha T .
- MGi két qua cua phép thir T lam cho A xay ra
goi la mot ket qua thuan lgi cho A . Tap hop cac
két qua thuan loi cho A ki hiéu 12 : Qa . Khi d6 ta
noi bién cd A duoc mo ta bai tap Qa .

b. Chay:
- Bién cb cua mot phép thir ta hay ki hiéu la: A,
B,C,D... hOéCAl,Az,
-Talubncd: Qac Q
- Bién c6 chic chin 1a bién ¢ ludn xay ra khi
thuc hién phép thir T. Bién cb chic chan dwoc mo
ta bai tap Q 14 khdng gian mau cuaa phép thir T.
- Bién ¢6 khong thé la bién c6 khong bao gio xay
ra khi thuc hién phép thu T . Bién co khéng thé
dugc mo ta béi tap réng & .
I1. XA&c suat cia bién co

1. Dinh nghia:
- Cho phép thur T véi khong gian mau Q la mot
tap hiru han phan tu va cac ket qua cua phép thu
T la dong kha nang .
- Goi A la mét bién c6 lién quan dén phép thu T
va Qa 12 tap hop cac két qua thuan loi cho A .
- Khi d6 x4c suat cua A 1a mot sé , ki hieu P(A) ,
duogc xac dinh bai céng thic :

(=1

o
Trong do
+|Qal 1356 phin tir cua Qa .
+| Q1 1asé phantircua Q .
Viy dé tinh xac suat cia bién cé A caa phép
thw T ta 1am theo cac bwéc sau :
- Xéc dinh khong gian mau Q va dém s6 phan tir
cua nod (so két qua co thé xay ra cua phép tha T ).
- Xéc dinh s6 két qua thuan loi cho A (1a s6 phan
t caa Qa).
- Ap dung cong thuc.
2. Chuy:
e 0<P(A)<1
«P(Q)=1,P(@)=0
. Xéc,suéjt la mot Sé duong nho hon 1, xac
suat cua bien co chac chan bang 1, Xac suat cua
bien co khong thé bang 0.
I11.Bién cb doi
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1. Dinh nghia
Cho A 1a mét bién cb . Khi d6 bién cb “ khong
Xay ra A ”, ki hiéu la A , dugc goi 1 bién ¢ ddi
cua A.
2. Nhan xét:
e Goi Q la khong gian mau
e Goi Qa la tap két qua thuan loi cho A
Khi d6 tap két qua thuan loi cho A 1a:
Qﬂ =Q\ QA
IV. Quy tic cong X4c suit:
1. Bién cb hop:
Cho hai bién c6 A va B. Bién c6 “A hoic
B xay ra” goi la bién co hop cua hai bién co A va
B, va ki hiéu la AUB.
2. Bién cb xung khic:
Cho hai bién co A va B. Hai bién ¢ A va
B dugc goi la xung khac néu bien c6 nay xay ra
thi bién co kia khong xay ra.
3. Quy tic cdng X4c suit:
Néu A va B 1a hai bién c6 xung khic, thi:
P(Au B)= P(A)+P(B)
V. Quy tic nhan xac suat
1. Bién cb giao
Cho hai bién ¢ A va B . Bién cb “Ca A
va B clng xay ra” goi 1a bien co giao cua hai
bién co A va B va ki hiéu la : AB.
Vay AB la bién c6: “Ca A va B cling xay ra”
2. Hai bién cé doc lap

a. Khai ni¢m: Hai bién co A va B goi la
doc 1ap voi nhau neu viéc xay ra hay khong xay
ra cua bien co nay khong lam anh huong téi xac
suat xay ra cua bien co Kia.

b. Nhan xét: Néu hai bién ¢ A va B doc lap
voinhauthi Ava B; A vaB; A va B ciing
doc 1ap vai nhau.

3. Quy tic nhan x&c xuit
 Néu A va B 12 hai bién ¢ doc lap véi nhau thi :
P(AB) = P(A).P(B)
e NéuA;; A, ; A; 1ababién cd doi mot doc lap
véi nhau thi :
P(A1 Az Ag) = P(A1).P(A2).P(As)

Cha'y: Hoc ki cac cong thuc két hop phuong
phap dém ¢ phan dai so6 to hop.

BAT PANG THUC - CUC TRI

Dang toan nay la mgt dang toan kho
thuwong nam cau V trong dé thi dai hoc. O ddy xin
chi néu ngdn gon cacphu"ongphap Ban c6 thé
xem ki hon trong “Chuyén dé bat dang thirc — cuc
tri”.

Van dé 1: CAc tinh chit.

1. Va,b e Rcométvachi mottrong ba quan
hé:a>b,a=b,a<b.
2. Va,b,c eRmaa>b,b>cthia>c.
3. VaabeRmaa>bthia+c>b+c
4, Néua>bvac>dthia+c>b+d.
( Khéng duoc trir hai bat dang thuc).
5. Néua>bvac>0thiac>hc
(¢ <0thiac<bc).
6. Néua>b>0vac>d>0thiac>hbd>0.
7. Néua>b>0th‘|0<1<%va
a
a">b" >0va Va>VYb>0.
8. A’>0

Vin dé 2: Bat diang thirc Cauchy

I. Phéat biéu:
> Cho 2 s6 a, b khong am:
a+b > 2.ab haya®+b? > 2ab.
Dau ‘=" xayrakhia=b.
» Cho 3 s6 a, b, c khong am:

a+b+c > 3%abc.

Dau ‘=" xdyrakhia=b=c

> Téng quét: Chon $6 X1, X2, X3, ..., Xp
khong am: (trung binh cdng 16n hon hodc bang
trung binh nhén)

X+ Xy +Xg+o A Xy “':X1X2X3...Xn
n
DAu bﬁng xay ra khi X1 =X = X3= ..
1. Mét sb luu y:

Khi ap dung cac phuong phap con lai thi “toa
d6 diém roi” phai luén dugc dam bao.

Néu dé bai yéu cau: Cho a, b, ¢ > 0. Chung
minh... thi ta cling c6 thé xét trén mien
a+b+c=1, ... (do bt dang thirc ding véi
(a,b,c)thi cling dung vai (ta, th, tc)). Co gang
chon mién hop 1y dé bai toan duoc don gian.

=Xy
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Vin dé 3: Bat dang thirc B.C.S

I. Phat biéu:
» Cho 2 cdp s6:
|a,.b, +a,.b,| < /(@2 +aZ)(b? +b?)

L ¢ , . a a
Dau ‘=" xay rakhi -+ =—-2

b, b,
(Néu b6 déu | | thi can thém diéu kién > 0)

» Cho 3 cdp sb:

|a,.b, +a,.b, +a,b,| < \/(aZ +a2 +a2)(b? +b? +b2)

A 3 2 2 . a a a.
Dau ‘=" xayrakhi t=-2==2
bl bZ b3

(Néu b6 déu | | thi can thém diéu kién > 0)

4
A

» Cho n cép s0:

a —B‘ < Hé\ —‘BH . Ping thuc xay ra khi a, b
cung hudng

5{+£+...+%‘S‘aih‘ajh..&‘%‘. Déng

thirc xay ra khi aj, aj, ..,8.71 cung hudng.
Trong Oxy: a=(a,a,);b=(b,b,)
Trong Oxyz: a=(a,,a,a,);b=(b,,b,;b,)

I1. Mét s luu v:
Chon céc diém c6 toa do thich hop.
_ Thuong dung dé dua nhiéu can thire bac hai
Vvé mot can thic bac hai.

Vin dé 5: Dung diéu kién c6 nghiém
caa hé tim max, min

Bai toan:

la, b, +....+a,b,| < /(@2 +...+22) (b +...+b?)

. .a, a a
Dau ‘=" xayrakhi t=-2=, . =-"0

b, b, b

(Néu b6 déu | | thi can thém diéu kién > 0)

n

A

Hé qua: Cho céc sé khong am:

I1. Mgt s6 luu y:
Dung nhap cac téng binh phuong thanh mot.
Hé qua B.C.S cho phép chiing ta gop mau.
Chu y: cac ki thuat thém bot.

Vin dé 4: Bat diang thirc Vecto

I. Phét biéu:

Str dung quy tic ba diém va bét’dér}g thirc
trong tam giac, chu y truong hop bat dang thirc
trd thanh dang thuec.

Céc bt ding thirc:

5.‘ ‘B‘ > ‘55‘ . Péng thirc xay ra khi a, b cung
phuong

a+ B‘ < ‘5.‘ +‘B‘ . Pang thirc xay ra khi a,b

cung huéng

Cho cac sb thuc x, y thoa mén diéu kién
G(X,y) =0 (hodc G(x,y) =0;G(x,y) <0). Tim
gi4 tri 16n nhat gia tri nho nhat (néu c6) cla
P=F(x,y)

Cach gidi:

bat F(x,y) =m. Ta c6 hé:

G(x,y)=0 _ _ [G(x,y)=0 [G(x,y)<0
odc ;
F(X,y)=m F(x,y)=m |F(X,y)=m

Bién lugn m d¢ hé trén c6 nghiém. Tir d6 suy
ra gia tri 1én nhat va gia tri nho nhat cua P.

Luu y: Cac phuong phap giai h¢ phuong trinh, h¢
bat phuong trinh.

Vin dé 6: Céng cu dao ham
I. Chitng minh bat dang thirc:
Phwong phap:

e Chuyén bit ding thuc vé dang f(x) > 0
(hodc <, >, <). Xét ham so y = f(x) trén tap xac
dinh do dé bai chi dinh.

o Xét dau ' (x). Suy ra ham s6 dong bién hay
nghich bién.

e Dua vao dinh nghia sy ddng bién, nghich
bién d@é ket luan.

chay:

1. Trong truong hop ta chua xét dugc déy cua
i ’(x) thi ta dat h(x)’: ' (x) va quayllai tiep tuc xét
dau h' (x) ... cho d@én khi nao xét dau dugc thi thoi.
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2. Néu bat dang thrc ¢6 hai bién thi ta dua bat
dang thirc ve dang: f(a) < f(b). Xét tinh don di¢u
cua ham so f(x) trong khoang (a; b).
I1. Gia tri I6n nhat — gi4 tri nhé nhat:
Phwong phap:
Cach 1: Thuong dung khi tim GTLN, GTNN cua
ham so6 trén mot khoang.
e Tinh f' (X).
o Xét dau f' (x) va lap bang bién thién.
e Dya vao bang bién thién dé két luan.
Cach 2: Thu&yng dung khi tim GTLN, GTNN cua
ham s6 lién tuc trén mét doan [a; b].
e Tinh f' (X).
e Gidi phuong trinh f' (x) = 0 tim duogc cac
nghiém Xy, Xy, ..., X, trén [a; b] (néu co).
e Tinh f(a), f(b), f(X41), f(X2), ..., f(xn).
* S0 sanh céc gia tri vira tinh va két luan.

M = max f(x) = max { f(a), f(b), f(x)..... f(x,)}
m = min (x) = min{ (@), f(B), f(x)),.... f(x,)}

TAI LIEU THAM KHAO

1. Khao st ham 6 .....cc.ccevueeeneee. Tran Si Tung
Phuong trinh, hé dai S............. Tran Phuong
3. Vatai liéu cua cac Thay CO trén trang web:
s www.mathvn.com

»  www.boxmath.vn

s www.violet.vn

N

L)

o

Trong qua trinh tong hop, bién soan cac kién
thic khong tranh khoi sai sot, mong Thay C6é va
cac ban nhan xét, gop y.

Xin chan thanh cam on.
Cao Hoang Nam
Email: caohoangnamvn@gmail.com
bién thoai: 0907894460

#4% Nle mét mon qua thay cho 16i cdm on dén “dodn thinh kinh”,
“gia dinh nhém TN” cua ToanA(06 -10) PHSP. Cam on moi
nguwoi da dong hanh cling tdi sust chang duong Pai hoc, cho nhau
bao tiéng ciroi va niém vui.

MOQT SO PE THI PAI HQC

KHOI A — 2010

Cau I:

Cho ham sé y = x* — 2x* + (L —m)x + m (1),
m la so thuc

1. Khdo sat sy bién thién va v& d6 thi cua
ham so khim = 1.

2. Tim m dé d6 thi cua ham s6 (1) cit tryc
hoanh tai 3 diém phén biét c6 hoanh dd Xi, Xp, X3
théa man diéu kién : x? +x3+x3 <4
Céu Il:

1. Giai phuong trinh:

. . T
(1+sinx+cos 2x)sm(x+j
= ——=CO0S X

N7

1+tanx
2. Giai bat phuong trinh :

K

1202 —x+1)

Cau Il1:

1
Tinh tich phan : 1= j

0

X% +e* + 2x%e*
1+ 2¢*

Cau IV:

Cho hinh chép S.ABCD c6 day ABCD la
hirJh vudng canh a. Goi M va N lan lugt I@ trung
diém cua cac canh AB va AD; H la giao diém cua
CN va DM. Biét SH vubng gbéc véi mat phang
(ABCD) va SH = ay/3.

1. Tinh thé tich khdi chop S.CDNM.

2. Tinh khoang cach gita hai duong thang
DM va SC theo a.

Cau V:
Giai hé¢ phuong trinh:
{(4x2 +Dx+(y—3)5-2y =
AX? +y? +23-4x =7
Cau VI (A): (Chwong trinh chuan)

1. Trong mit phiang toa d6 Oxy , cho hai
duong thing di: Bx+y=0 va dy: 3x—y=0.
Goi (T) la duong tron tiép xdc vai d; tai A, cét d,

tai hai diém B va C sao cho tam giac ABC vuong
tai B. Viét phuong trinh cua (T), biét tam giac

0
X,y € R).
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ABC c6 dién tich bang ? va diém A c¢6 hoanh

do duong.
2. Trong khong gian toa d Oxyz, cho duong
thang A: XT_l = % = # va mit phang (P):

x—2y+z=0.Goi C 12 giao diém cua A véi (P),
M 1a diém thudc A. Tinh khoang céch tir M dén
(P), biét MC = /6 .
Cau VII (A):

Tim phan 4o caa sb phac z, biét:

z=(N2+0)*(L-2i)
Cau VI (B): (Chwong trinh ning cao)

1. Trong mit phang toa d6 Oxy, cho tam
giac ABC can tai A c6 dinh A(6; 6), duong thang
di qua trung diém cua cac canh AB va AC co
phuong trinh X+y—-4=0. Tim toa d6 cac dinh B
va C, biét diém E(1; —3) nam trén dudng cao di
qua dinh C cua tam giac da cho.

2. Trong khdng gian toa do Oxyz, cho diém
A(0;0;-2) va duong thang
X+2 y-2 z+3
.2 3 ‘ ,
den A, Viét phuong trinh mat cau tdm A, cat A tai
hai diém B va C sao cho BC = 8.

Cau VII (B):

A . Tinh khoang cach tir A

p— —_— 1 2
Cho sé phirc z thoa man z = alﬂ . Tim
—j

modun cua sé phuac z+iz.

KHOI B — 2010

Cau I:
2xX +1 (©)
+1

1. Khao st sy bién thién va v& do thi (C) cua
ham s6 da cho.

2. Tim m dé duong thang y =—2x+mcat d6
thi (C) tai hai diém phan biét A, B sao cho tam
giac OAB c6 dién tich bang 3 (O 1a géc toa
do).

Cau II:
1. Giai phuong trinh:

Choham sy =

(sin2x+c0s2x)cosx +2¢c0s2x —sinx =0

2. Giai phuong trinh:

V3x+1-/6—x +3x?-14x—-8=0 (x € R).
Cau IlI:

In x

Tinh tich phan | = j PTG
X(Z+1INnX

1
Cau IV:

Cho hinh ling tru tam giac déu ABC.A’B’C’
cd AB = a, goc giira hai mit phing (A’BC) va
(ABC) bing 60°. Goi G Ia trong tam tam giac
A’BC. Tinh thé tich khéi lang tru dd cho va tinh
ban kinh mat cau ngoai tiép tir dién GABC theo a.
Céau V:

Cho cac sb thuc khong am a, b, ¢ théa man:
a+b+c=1. Tim gia tri nho nhat cua biéu thuc:

M =3(a’h” +b°c’ +c’a’ ) +3(ab+bc +ca)

+2+/a’ +b? +c?.
Cau VI (A): (Chwong trinh chuin)

1. Trong mit phang toa do Oxy, cho tam
gidc ABC vudng tai A, c6 dinh C(-4; 1), phan
giac trong géc A c6 phuong trinh x+y—-5=0.
Viét phuong trinh duong thang BC, biét dién tich
tam gidc ABC bang 24 va dinh A c6 hoanh d6
duong.

2. Trong khong gian toa do Oxyz, cho cac
diém A (1;0;0), B (Q; b; 0), C (0; 0; c), trong do6
b, ¢ duong va mat phang (P): y —z + 1 = 0. Xac
dinh b va c, biet mat phang (ABC) vudng goc voi
mat phang (P) va khoang céch tir diém O dén mat

phang (ABC) bang % :

Cau VII (A):
~Trong mat ~phéng toa do Oxy, tim tap hop
diém biéu dién cac s6 phuc z thoa man:
lz—i|=|@+i)z|.
Céau VI (B): (Chuwong trinh néng cao)
1. Trong mat phang toa do Oxy , cho diém

2 2

A@; \3) vaelip (E): X?ﬂ? —1. Goi F1vaF, I

cac tiéu diém cua (E) (F1 c6 hoanh d6 am); M 1
giao diém c6 tung d6 duong cua duong thang AF;
vé6i (E); N 1a diém d6i xting cua F, qua M. Viét
phuong trinh duong tron ngoai tiép tam giac
ANF,.
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2. Trong khdng gian toa d6 Oxyz, cho duong | tdm duong tron ngoai tiép 1a I (-2;0). Xéc dinh toa
: - : d6 dinh C, biét C c6 hoanh do duong.
thing A: 2 =Y=1_ 2 xac dinh toa do diém M | ¢ 9! 161~ cooant €0 CUong .
2 1 2 2. Trong khong gian toa do Oxyz, cho hali

trén truc hoanh sao cho khoang cach tir M dén A
bang OM.
Cau VII (B):
Giai hé phuong trinh :
{logz(By—l) =X

4 42X =3y

X,y eR)

KHOI D — 2010

Cau I:

Cho ham s6 y=—x*—x*+6

1. Khao sat sy bién thién va v& d6 thi (C) cua
ham so6 da cho.

2. Vlet phuong trinh tlep tuyen cta dd thi

(C), biét tiép tuyén vudng goc voi duong thing
1

y= 5 x-1
Cau ll:
1. Gidi phuong trinh:
Sin2X —c0s2X +3sinX —cosX —1=0
2. Giai phuong trinh:

42x+«/@ +2X3 :424—\/@ +2x3+4x—4

(xeR)
Cau IlI:
1 N e 3
Tinh tich phan | = J.(ZX ——) In xdx
X
1
Cau IV:

Cho hinh chop S.ABCD c¢6 day ABCD la hinh
vuong canh a, canh bén SA7 = a; hinh chi¢u V}lﬁl’lg
goc cua dinh S trén mat phang (ABCD) la diém H

thugc doan AC, AH = ATC Goi CM la duong cao

cua tam gidc SAC . Chung minh M la trung diém
cua SA va tinh thé tich khoi tr dién SMBC theo a.
Cau V:
Tim gi tri nho nhét cia ham sé:
Yy =—X2 +4x +21 —/-x2 +3x +10
Cau VI (A): (Chwong trinh chuan)

1. Trong mit phiang toa d Oxy , cho tam
giac ABC c6 dinh A (3;-7), tructam la H (3;-1),

mit phang (P): x +y+z—-3=0va
Q):x-y+z-1=0. Viét phuong trinh mat
phang (R) vudng goc voi (P) va (Q) sao cho
khoang cach tir O dén (R) bang 2.

Cau VII (A):

Tim sb phtrc z thoa mén |Z| J2 vaz?lash

thuén ao.
Céau VI (B):

1. Trong mit phing toa dd Oxy , cho diém
A(0;2) va A 1a duong t hang di qua O . Goi H 1a
hinh chiéu vudng goc ctia A trén  A. Viét phuong
trinh duong ‘ghéng A, biét khoang cach tir H dén
truc hoanh bang AH.

2. Trong khong gian toa d¢ Oxyz, cho hai

(Chwong trinh nang cao)

X=3+t
duong thang A;: {y=t  va
z=t
As: ng :yT_lzg. Xac dinh toa do diém M

thudc A; sao cho khoang cach tir M dén A, bang
1.

Céau VII (B):
Giai hé phuong trinh
{xz —4x+y+2=0

R
2log,(x-2)~log ; y=0 xyeR)

KHOI A — 2009
Cau l:
X+2
Chohamso y= 1
0Y=503 O

1. Khao sat su bién thién va vé d6 thi ham sb
D).

2. Vlet phuong trinh tiép tuyén cua do thi
(1), biét tiép tuyen d6 cét tryc hoanh, truc tung lan
luot tai hai diém phan biét A, B va tam giac OAB
can tai goc toa do O.

Cau ll:

1. Giai phuong trinh:

(1-2sinx)cosx
(1+2sinx)(1-sinx)
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2. Giai phuong trinh:
23/3x-2+3J6-5x—8=0 (xeR)
Cau IlI:

Tinh tich phan | =

O'—;l\)\:l

(cos3x —1) cos?x.dx

Cau lV:

Cho hinh chép S.ABCD c6 day ABCD la
hinh thang vuodng tai A va D; AB = AD = 2a, CD
= a goc gitra hai mat phang (SBC) va (ABCD)
bang 60°. Goi I 1a trung diém cua canh AD. Biét
hai mat phang (SBI) va (SCI) cing vudng goc Vi
mit phing (ABCD), tinh thé tich khdi chop
S.ABCD theo a.

Cau V:
Chuang minh rang véi moi s6 thuc duong x, y,
z thoa mén x(x +y + z) = 3yz, ta co:

(x+y)3 +(x+z)3+3(x+y)(x+z)(y+z).
35(y+z)3

Cau VI (A): (Chwong trinh chuan)

1. Trong mit phang véi hé toa do Oxy, cho
hinh chir nhat ABCD c6 diem 1(6; 2) la giao diém
cua hai duong chéo AC va BD. biém M(1; 5)
thudc duong thang AB va trung diém E cua canh
CD thuoc duong thang A:x+y-5=0. Viét
phuong trinh duong thang AB.

2. Trong khoéng gian véi hé toa d6 Oxyz, cho
mat phang (P):2x—2y—z-4=0 va mat cau
(S):x*+y?+2* —2x—4y—6z-11=0. Chung
minh rang mat phing (P) cat mat cau (S) theo mot
duong tron. Xac dinh toa 6 tdm va tinh ban kinh
cua duong tron do.

Cau VII (A):

Goi z; va z, la hai nghiém phuc cua phuong
trinh z% + 2z + 10 = 0. tinh gia tri caa biéu thuc

= |z + |zaf.
Cau VI (B): (Chuong trinh nang cao)

1. Trong mat phang véi hé toa do Oxy, cho
duong tron (C):x’+y*+4x+4y+6=0 va
duong thing A:x+my—2m+3=0, véi m la
tham s6 thuc. Goi | Ia tam cua duong tron (C).
Tim m d¢ A cat (C) tai hai diém phan ’biét AvaB
sao cho di¢n tich tam giac IAB Ion nhat.

2. Trong khéng gian vai hé toa @6 Oxyz, cho
mit phang (P):x—2y+2z-1=0 va hai dudng
x+1 y z+9

thang A, : 1 e

X-1 y-3 z+1
2 1 =2
thugc duong thang A, sao cho khoang cach ta M
dén duong thang A, va khoing cich tir M dén
mit phang (P) bang nhau.

Céau VII (B):
Giai hé phuong trinh:

log, (X* +y*)=1+log, (xy)
3o =81

A,: . Xac dinh toa d6 diém M

(x,yeR)

KHOI B — 2009

Cau l:
Cho ham s6y = 2x* — 4x* (1)
1. Khao sat sy bien thién va v& do thi
so (1).
2. Véi cac gia tri nao cia m, phuong trinh
x? ‘Xz — 2‘ =m co6 dung 6 nghi¢m thyc phan biét?

Cau II:
1. Giai phuong trinh:

ham

SiN X + COS X SiN 2X + /3 c0s 3X = 2(C0s 4x +5in° X)
2. Giai h¢ phuong trinh:
Xy+X+1=7
e, (GYER)
X7y +xy+1=13y
Cau IllI:
3
Tinh tich phan I:J-3+Im:
1 (x+1)

dx

Cau lv:

Cho hinh lang tru tam giac ABC.A’B’C’ ¢o
BB’ = a, goc giita duong thang BB’ va mét phang
(ABC) bang 60°% tam giac ABC vudng tai C va
BAC = 60°. Hinh chiéu vudng goc cia diém B’
Ien mét phang (ABC) trung véi trong tam cua tam
giac ABC. Tinh thé tich khoi tir dién A’ ABC theo
a.

Céau V:
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Cho céac sé thuc x, y thay d6i va thoa man
(x+y)’ +4xy>2. Tim gié tri nho nhat cua biéu
thuc:

A=3(x" +y' +xy) 20 +y) + 1
Cau VI (A): (Chwong trinh chuén)
1. Trong mit phang véi hé toa do Oxy, cho

duong tron (C) : (x-2)°+y* = % va hai duong

thang A; : X —y =0, A : X — 7y = 0. Xac dinh toa
do tam K va tinh ban kinh cua duong tron (Cy);
biét duong tron (Cy) tiép xdc véi cac dudng thang
A1, Ay va tam K thude duong tron (C)

2. Trong khéng gian vai hé toa do Oxyz, cho
tr dién ABCD c6 cac dinh A(1;2;1), B(-2;1;3),
C(2:-1;1) va D(0;3;1). Viét phuong trinh mit
phing (P) di qua A, B sao cho khoang cach tir C
dén (P) bang khoang céch tir D dén (P)

cau VII (A):
Tim s6 phuc z thoa man :
lz—(2+i)|= J10 vazz=25
Cau VI (B): (Chwong trinh nang cao)

1. Trong mit phang véi hé toa do Oxy, cho
tam gidc ABC can tai A c6 dinh A(-1;4) va cac
dinh B, C thudc duong thang A: x —y — 4 = 0.
Xéac dinh toa do cac diém B va C, biét dién tich
tam giac ABC bang 18.

2. Trong khong gian voi hé toa do Oxyz, cho
mat phang (P): X — 2y + 2z — 5 = 0 va hai diém
A(-3;0;1), B(1;-1;3). Trong cac duong thang di
qua A va song song Vi (P), hdy viét phuong trinh
duong thang ma khodng cach tr B den duong
thang do la nho nhat.

Céau VII (B):
Tim cac gia tri cia tham s6 m dé duong thing
2

Loy, -1 .
y:—x+mcétdéth1hamséyzx tai 2

diém phan biét A, B sao cho AB = 4.

KHOI D — 2009

Céau l:

Cho ham s6 y = x* — (3m + 2)x* + 3m ¢6 dd
thi 12 (Cp), m 12 tham sé.

1. Khao sét sy bién thién va v& do thi cua
ham so6 da cho khi m = 0.

2. Tim m dé dwong thang y = -1 cat do thj
(Crn) tai 4 d@iém phén biét déu c6 hoanh do nho
hon 2.

Cau ll:
1. Giai phuong trinh:
\/§c035x—25in3xc032x—sinx:O
2. Giai h¢ phuong trinh:
X(X+y+1)-3=0

X, R
(x+y)2—£2+1:0 oy eR)
X

Cau IlI:
3

Tinh tich phan 1 :I?—X

1 & -
Cau lV:

Cho hinh lang tru ding ABC.A’B’C’ ¢6 day
ABC la tam giac vudng tai B, AB=a, AA’ = 2a,
A’C = 3a. Goi M 1a trung diém cua doan thang
A’C’, I'1a giao diém cua AM va A’C. Tinh theo a
thé tich khoi t&r dién IABC va khoang cach tur
diém A dén mat phang (IBC).

Cau V:

Cho cac s6 thyc khong 4m x, y thay dodi va
théa man x +y = 1. Tim gia tri 16n nhat va gia tri
nhé nhét cua biéu thic S = (4x? + 3y)(4y* + 3x) +
25xy.

Cau VI (A): (Chwong trinh chuan)

1. Trong mit phang véi hé toa do Oxy, cho
tam gidc ABC c¢6 M (2; 0) 1a trung diém cua canh
AB. Buong trung tuyén va duong cao qua dinh A
lan lugt c6 phuong trinh 1a 7x — 2y — 3 = 0 va 6x
—y—4=0. Viét phuong trinh duong thang AC.

2. Trong khong gian vei hé toa do Oxyz, cho
cac diem A (2; 1; 0), B(1;2;2), C(1;1;0) va mat
phang (P): x +y+z—-20=0. Xac dinh toa do
diém D thudc duong thang AB sao cho duong
thang CD song song véi mat phang (P).

Cau VII (A):

Trong mat phang toa do Oxy, tim tap hop

diém biéu dién cac s6 phuic z thoa man diéu kién:
|z (3-4i)=
Cau VI (B): (Chuong trinh nﬁng cao)

1. Trong mit phang véi hé toa do Oxy, cho
duong tron (C) : (x — 1)* + y* = 1. Goi | Ia tam
cua (C). Xac dinh toa @6 diém M thuoc (C) sao
cho IMO = 30°.
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2. Trong khdng gian véi hé toa d6 Oxyz, cho 2. Tim céc gia tri caa tham sb m dé phuong
. — . trinh 5 ding hai nghiém th han biét:
duong thing A: X+2 _y 2 _z va mat phing rinh sau c6 dung hai nghié uc phén bi¢
1 1 -1 Yox +2x + 246 -x +2/6—x =m (meR)

(P): x + 2y — 3z + 4 = 0. Viét phuong trinh duong
thang d nam trong (P) sao cho d cat va vudng goc
véi duong thang A.

Cau VII (B):
Tim cac gid tri caa tham s6 m dé duong thing
2 —
y=—2x+m cat dd thi ham s6 yzij—X1 tai
X

hai dién] phan biét A, B sao cho trung diém cua
doan thang AB thugc truc tung.

KHOI A — 2008

Cau l:
mx2+(3m2-2)x-2

Chohamsé y=
X +3m

(1), veoi
m 1a tham sé thuc.

1. Khao sét su bién thién va vé& do thi ham sé
(1) khi m =1.

2. Tim céc gi4 trj cua m dé géc giira hai
duong tiém can cua do6 thi ham so (1) bang 45°.
Cau II:

1. Giai phuong trinh:

1 1

. (Tm
— + =4sin| ——-X
sinx ( 3nj (4 j
sin X=>

2. Giai h¢ phuong trinh:

2 3 2 5
X°+ Y+ XY+ Xy +xy:—Z

x*+y?+xy(1+2x) = —g

Cau lll:
Trong khong gian véi toa dd Oxyz, cho diém
\ \ 2 Xx-1 'y z-2
A(2;5;3) va duong thang d: 1"

1. Tim toa do hinh chiéu vudng géc cua
diém A trén duong thang d.

2. Viét phuong trinh mat phing (o) chtra d
sao cho khoang céch tir A dén (o) 16n nhat.
Cau lV:

5

1. Tinh tich phan1=|

0

tan’ x
COS2X

dx

CauV (A). (Chwong trinh khong phan ban)

1. Trong mat phang véi hé toa do Oxy, hay
viét phuong trinh chinh tac cua elip (E) biét rang
(E) c6 tam sai bang gva hinh chit nhat co s&
cua (E) c6 chu vi bing 20.

2. Cho khai trién

(1+2x)" =a, +aX+...+a,x"
Trong d6 neN* vacac hé sb a,, a,, ..

man hg thac ao+%+. : .+2—2: 4096 . Tim s6

., a,thoa

I6n nhét trong cac sb a,, a,, ..., a
Cau V (B): (Chuwong trinh phian ban)
1. Giai phuong trinh

n:

log,, ,(2x* +x-1)+log, ,(2x —1)* =4

2. Cho lang tru ABC.A’B’C’ ¢6 d¢ dai canh
bén bang 2a, day ABC la tam giac vudng tai A,
AB = a, AC = a+/3 va hinh chiéu vuéng géc cua
dinh A’ trén mit phing (ABC) la trung diém cua
canh BC. Tinh theo a thé tich khoi chop A’.ABC
va tinh cosin cua goc gitra hai duong thang AA”,
B’C’.

KHOI B — 2008

Céaul:

Chohamséy=4x*-6x*+1 (1)

1. Khao sat su bién thién va vé& a6 thi ham sb
).

2. Viet phuong trinh tiép tuyen cua do thi
ham so6 (1), biét rang tiép tuyén d6 di qua diem
M(-1:-9).

Cau Il:
1. Giai phuong trinh:
sin® x — /3 cos® x =sin x cos? x —/3sin? x cos x
2. Giai h¢ phuong trinh:
X' +2x°y +x%y* =2x+9
ey (x,y<R)
X% +2Xy = 6X +6
Cau llI:

~Trong khong gian voi hé toa do Oxyz, cho ba
diem A(0;1;2), B(2;-2;1), C(-2;0;1)
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L Viét phuong trinh mit phing di qua ba
diém A, B, C.
2. Tim toa do cua diém M thuoc miat phing
2X+2y+2—-3=0 sao cho MA=MB=MC.
Cau lV:
1. Tinhtich phan

sin(x—njdx
4

1
| =
! Sin2x+2(1+sinx+cosx)

2. Cho hai s6 thuc x, y thay d6i va thoa man
hé thuc x* + y? = 1. Tim gia tri 16n nhit va gié tri
2
nho nhét cua biéu thirc P = M
1+2xy+2y
Cau V (A): (Chuong trinh khong phan ban)
1. Chuang minh rang:
nelf 1 1)1
n+2(Cf, Ck1 ) C

n+1 n+l

2. Trong mat phang véi hé toa do Oxy, hdy
xac dinh toa d6 dinh C cua tam giac ABC biét
rang hinh chiéu vuéng goéc cua C trén duong
thang AB la diém H(-1;-1), duong phan giac
trong ctia goc A c6 phuong trinh x—y+2=0va

duong cao ké tr B cO phuong trinh
4x+3y—-1=0.
CauV (B): (Chwong trinh phan ban)

1. Giai bat phuong trinh:

X% +X
lo lo <0
gO,7( g6 X+4j

2. Cho hinh chép S.ABCD c6 day ABCD la
hinh vuéng canh 2a, SA=a, SB = a«/§ va mat
phang (SAB) vudng goc voi mat phang day. Goi
M, N lan luot 13 trung diém cua céc canh AB, BC.
Tinh theo a thé tich caa khéi chép S.BMDN va
tinh cosin cuia goc giira hai duong thang SM, DN.

thi cua ham s6 (1) tai ba diém phan biét I, A, B
dong thoi I 1a trung diém cua doan thang AB.
Céu Il:
1. Giai phuong trinh:
2sinx (1+cos2x)+sin2x =1+2cos x
2. Giai h¢ phuong trinh:
Xy +X+Yy=x" -2y
Xy2y —yIX —1=2x -2y
Cau IlI:
_ Trong khong gian véi h¢ toa do Oxyz, cho
bon diém A(3;3;0), B(3;0;3), C(0;3;3), D(3;3;3)
L Viét phuong trinh mit cdu di qua bén
diem A, B, C, D.
2. Tim toa do tam dudng tron ngoai tiép tam
giac ABC.
Cau IV:

(X,yeR)

2
1. Tinh tich phéan I:Im—;(dx
X

1

2. Chox,yla hai s6 thuc khong m thay déi.
Tim gia tri I6n nhat va gia tri nho nhat caa biéu
thuec:

o (X=Y)A-xy)
(L+x)*(L+y)?
Cau V (A): (Chuong trinh khong phan ban)

1. Tim s6 nguyén duong n thoa man h¢ thic
Ch, +C3 +..+C1=2048 (C* 1a sb t6 hop
chap k caa n phan tu)

2. Trong mét phang véi hé toa do Oxy, cho
parabol (P) : y* = 16x va diém A(1; 4). Hai diém
phan biét B, C (B va C khac A) di dong trén (P)
sa0 cho goc BAC = 90°. Ching minh ring duong
thang BC 1udn di qua mot dieém co dinh.,

KHOI D — 2008

Cau V (B): (Chuong trinh phan ban)
1. Giai bat phuong trinh:
2 f—
|Og1 M >0

Cau I:
Chohamséy =x3-3x*+4 (1)
1. Khao sat sy bién thién va vé& do thi cua
ham so (1).
~ 2. Ching minh rang moi dudng thang di qua
diem 1 (1;2) véi hé so goc k (k >—-3) déu cat do

2
2. Cho lang tryu dung ABC.A'B'C' ¢6 day
ABC la tam giac vuéng, AB = BC = a, canh bén
AA'=a\2. Goi M la trung diém ciia canh BC.
Tinh theo a thé tich cua khoi lang tru ABC.A'B'C'
va khoang céach gitra hai duong thang AM, B'C.
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