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Cho a, b, cla cac s6 thiyc khong am. Chiing minh rang

3@+ b+ %) > (a+b+c)(Vab+ Voc+ vea) + (a— b2+ (b—¢)* + (c—a)®> > (a+ b+ c)%

(Trich Dé thi chon HSG quoc gia mon Todn 2015)

Loi gidi
Dau tién, ta sé chiing minh
3(a® + 0>+ ) > (a+b+c)(Vab + Voc + ea) + (a — )+ (b—¢)® + (c — a)*.
Bat déng thic trén tuong duong

(@a+b+c)*> (a+b+c)(Vab+ Ve + yea),

hay

a+b+c>Vab+ Vbe+ ea.

That vay né luon dang vi

a+b+c— (Vab+ Vbe+ fea) = (\/__\/E)QH\/E_Q‘/E)QH‘E_‘/&)Z > 0.

Ding thic xay ra khi va chi khia=b=c. R
Tiép theo, ta sé chiing minh
(a+b+c)(Vab+ Vo + ea) + (a— b2+ (b—c)* + (c—a)* > (a + b+ ).

Cach 1:
Bét dang thic nay tuong duong

(a=b)+ (b= +(c—a)’ = (a+b+c) [at+b+c— (Vab+vhe+ vea)| >0,

(0= + (=P +(e—a) — 2 (a+bto) [(Va— VD) + (Vb—va) + (Ve va)] 20

Se(a —b)> 4 Sa(b—¢)* + Sy(c — a)* > 0,

trong do

(g, =1 atbte

2(vb + /<)

a+b+c

Sp=1——a

' 2(vVe + a)?

b
§=1- 2Fote
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Gia stt a > b > ¢, ta thay

a+b+ec _a+c+4\/ﬁ—b>0

Sp=1-— =
2Vetva)  2ye+ Va)
S -1 a+b+02 :a+b+4\/%;czo
2(v/a+ V) 2(va+ V)
Mit khac, ta c6 ——° > 2 do d6
b—c b

Se(a—b)> 4+ Sa(b—¢)* + Sy(c — a)* > Su(b— ¢)> + Sp(a — ¢)°

Nhu vay, ta chi can chiing minh a%S, + S, > 0, ttic 1a chiing minh

2 (FLHQ) pr |1 atbre Jo,
2(v/e++a) 2<\/5+\/E>

2 b2
a>+ b > (a+b+c) A

2AVe+ V" (vt ve)

That vay, vi ¢ > 0 nén (va + 1/c)? = a + ¢ + 2y/ac > a + ¢, tuong tu (Vb4 /)2 > b+ c. Do d6
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Bai toan duge chiing minh xong.
Dang thitc x4y ra khi va chi khi a = b= c hoica =b,c=0. B

Cach 2:
Dai bién a, b, ¢ béi a?, b?, ¢ ta can ching minh

(a® 4+ b* + ) (ab + bc + ca) + (a* — b*)* + (b? — )2 + (2 — a®)* > (a® + b* + 2)?,
tuong duong vé6i

a' + b+t + (a® + b7+ F)(ab + be + ca) > 4(a’V + b + Pa?),

2



at + '+ +abe(a + b+ c) + ab(a® + b%) + be(b* + ) + ca(c® + a?) > 4(a®b* + b + *a?).
Theo bat dang thiic Schur bac 4, ta c6

at +b* +c* +abe(a + b+ c) > ab(a® + b*) + be(b* + ¢2) + ca(c + a?)
Do d6 ta can chiing minh
ab(a® 4+ b%) + be(b? + ) + ca(c® + a®) > 2(a®b* + b*c® + *a?).

Bét dang thic nay luon ding vi theo AM — GM thi a® + b? > 2ab, b* + ¢ > 2be, ¢ + a® > 2ca.
Bai toan dugce chiing minh xong.
Déang thitc xay ra khi va chi khi a = b = ¢ hoiic @ = b, ¢ = 0 hodc céc hoan vi ciia n6. B

Cach 3:
Bét dang thtc can ching minh tuong duong

(a+b+c)(Vab+ Voc + ea) + a + b + ¢ > 4(ab + be + ca).

Ta ¢,
a+b a+b

Tu d6 suy ra vab > aLM' Tuong t ta ciing c6 vbe > ; +CC’ Jea > Ciaa_
Stt dung cac bat dang thitc nay va bat dang thiic Cauchy — Schwarz ta dude

2
> 0.

(a+b+c)(Vab+ Vbe+ vea) +a® + b +
Soatbto) (2L b @) ey
a+b b+c cHa

S
a+b b+c cHa

> 2(ab + be + ca) + 2abe )
at+b+b+c+c+a

9abc
a+b+c

:2(ab+bc+ca)+2abc( )+a2+b2+02

)+ﬁ+ﬁ+8

= 2(ab + be + ca) + +a® + b + .

Mat khac, theo bat dang thiic Schur bac 3 ta c6

9abe

———— +a® + b+ > 2(ab + be + ca).
a+b+c
Tu do

(a+ b+ c)(Vab + Vbc + ea) + a* + b + & > 2(ab + be + ca) + 2(ab + be + ca)
= 4(ab + bc + ca).

Bai toan duge chiing minh xong.
Ding thic xay ra khi va chi khi @ = b = ¢ hoic @ = b, ¢ = 0 hoiic cac hoan vi ctia n6. B

Cach 4: Bat dang thiic can chiing minh tuong duong
(a+b+c)(Vab+ Vbe + vea) + a® + b2 + & > 4(ab + be + ca).

Ta c0,
. 2ab Vab(y/a — Vb)

a+b a-+b

2
> 0.



2ab 2% 9
Tir do suy ra vab > a;:tb' Tuong ti ta ciing c6 vbe > ; +CC7 Jea > Ciaa.

St dung cac bat ding thiic nay ta duge
(a+ b+ c)(Vab + Vb + vea) + a® + b +

b b
>2(a+b+c) <aib+bfc+cfa>+a2+b2+c2
1

a+b+b+c+c+a

:2(ab+bc+ca)+2abc( >+a2+b2+c2.

Chiing minh hoan tat néu ta chi ra duge

1
a+b+b+c+c+a

2(ab—|—bc—i—ca)+2abc( >+a2+62+0224(ab+bc+ca),

tuong duong

1 1 1
2abc + + +2(a®+0*+%) > (at+b+e)
a+b b+c c+a

Dé ¥ ring
2abc
b+ c

Do d6 ta can phai chiing minh

2
+2a2:2a( be +a): a(ab—l—bc—l—ca).

b+c b+c

a b c
+ +
b+c c+a a-+bd

2(ab+bc+ca)( >Z(a—|—b+c)2,
hay la ching minh
2
a+b+cz(a—|—b+c).
b+c c+a a+b T 2ab+ 2bc+ 2ca
Bat déng thiic nay hién nhién ding theo Cauchy — Schwarz

a N b N c a N b? N c?
b+c c¢+a a+b ab+ac be+ba  ca+ch
(a+b+c)

~ 2ab + 2bc + 2ca’
Bai toan duge chiing minh xong.

Ding thic xay ra khi va chi khi @ = b = ¢ hoiic @ = b, ¢ = 0 hoiic cac hoan vi ctia né. B

Cach 5:

D& théy riang khi abc = 0 thi bat dang thitc hién nhién dung.

Xét abe > 0.

Vi bat ding thic hoan toan thuan nhét, nén ta cé thé chuan hoa abe = 1.
Bét dang thtc can ching minh tuong duong

(a+b+c)(Vab+ Vbe + ea) + a® + b + 2 > 4(ab + be + ca).
St dung bat dang thitc AM — GM, ta c6
(a+ b+ c)(Vab+ Vbc + /ca)
:\/%(a+b)+\/b_c(b+c)+\/a(c+a)+\/abc<\/6+\/E+\/E>
22&b+2bc+2ca+\/abc-33 v abce

=2 (ab+ bc+ ca) + 3
= 2(ab + bc + ca) + 2abc + 1.



Do d6, ta can chitng minh
a? + b+ + 2abc + 1> 2(ab + bc + ca).

Theo nguyén 1i Dirichlet thi trong 3 s6 duong a, b, ¢ luon ton tai hai s6 nam ciing phia so véi 1.
Gia st hai s6 d6 1a @ va b. Khi d6 ta ¢6 2¢(a — 1)(b— 1) > 0 hay tuong duong

2abc + 2¢ > 2(be + ca).
Tu do6, chitng minh s& hoan tat néu ta chi ra dugc
a’> + b+ %+ 2abc+ 1 > 2ab + 2abc + 2c¢,

hay
(a—b)2+(c—1)*>0.
Bét dang thic cudi luon ding nén bai toan duge chiing minh xong.
Dang thitc xdy rakhia=b=c=1. 1
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