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Loi noi diun

Bo sach Chuyén dé luyén thi vao Pai hoc dugc bién soan nham muc
dich gitip cac em hoc sinh 1op 12 ¢d thém tai liéu tham khio, ndm ving
phuong phép giai cadc dang bai todn co ban, thudng gap trong cac ki thi
tuyén sinh vao cac trudng Pai hoe va Cao dang hang nim.

Nt dung bd sich bam sat theo chuong trinh b mon Toan THPT
nang cao hién hanh va Hudng dan 6n tap thi tuyén sinh vao cac truomg Dai
hoc va Cao ding mon Toan cia B Gido duc va Pao tao. Bo sach gém 7
tap, trong (mg voi 7 chuyén dé :

. Pai sé
. Lugng giac
. Hinh hoc khong gian

1
2
3
4. Hinh hoc giai tich
5. Giai tich - Pai s6 14 hop
6. Khao st ham sb
7. Bét ding thirc - Gia trj 1ém nht va gia tri nhé nhat.

A Tap sach "Chuyén dé luyén thi vao Dai hec : Khio sit ham s" nay
gom 2 phan :

Phan I : Kién thirc co ban — Vi dy ap dung : c6 4 chuong thuéc phén
Khao sat ham sd. Mdi chuong gdm nhiéu don vi kién thire (§). Mdi (§) dugc
" bién soan thong nhit gbm cac muc :

A. Kién thirc co ban : Tém tit, hé théng kién thuc trong tam.

B. Phuong phap giai toan : Néu phuong phdp hoac goi y cach giai. -

C. Vi dy ap dyung : gom nhiéu vi dy. ¢6 hudng din giai. M&i vi du 1a
mot dang bai tdp co ban, thuong gap trong cac ki thi tuyén sinh vao cac
truomg Dai hoc va Cao ding,

D. Luyén tip : gom nhicu bai tap, giap hoc sinh tu rén luyén ki nang
i todn. '



Phin II : On tip — Hudng din gidi — ddp sb : Phdn nay gom on tap
t6ng hop (Bai tdp tu ludn va bai tap tric nghiém) va hudng din giai bai tip
hodc cho dap sb cua phin luyén tap o mdi (§), gitip hoc sinh tu kiém tra, danh
pia kéu qua giai bai tdp cua minh.

Cudi sich ¢6 phan phu luc : Trich giéi thiéu mdt sb dé thi tuyén sinh
Dai hoc (2005 — 2008) : Day 12 phan trich gidi thiéu mét s6 dé thi wyen
sinh Dai hoc dé ra tir 2005 dén 2008 — mdn Toan. cb lién quan dén ph;"m
Khao sat ham so. ¢é hudng dan giai : gidp hoc sinh lam quen véi cac dang
cau hoi ciia dé thi tuyén sinh.

Tap thé (¢ gia tran trong gidi thidu véi cac em hoc sinh 12, b sach
Chuyén d¢ luyén thi vao Dai hoe. Ching t6i tin twong bd sach nay, s& gop
phédn gitip cac em hoc sinh 12, ning cao chit lwong hoc tap va dat duogc két
qua mi man trong ki thi tuyén sinh vao Pai hoc, Cao dang.

Chii bién
PGS, TS. TRAN VAN HAO



CAU TRUC BE THI TUYEN SINH BAI HOC
CAO DANG 2009, MON TOAN

(L. PHAN CHUNG CHO TAT CA THi SINH {7 DIEM)
Ciu I 3 diém) :
- Khao sat, vé do thi cua ham $d.

— Cac bai todn licn quan dén {mg dung cua dgo ham va dd thi cla ham so
clmu bién thién cua ham sb. Cue tri. Gia trj !cm nhat va nhoé nhit clia ham sé. Tlep
tyén, tiém can (ding va ngang) cua do thi ham s6. Tim trén db thi nhiing diém co
tinh chat cho trude, tromg giao gitra hai d6 thi (mdt trong hai d6 thi la dwomg
thany) :.

Cau 11 (2 diém) :
— Phurong trinh, bat phuong trinh ; hé phuong trinh dai s6 ;

~ Cong thire luong gide, phuong trinh lugng giac.
Ciu 11 (1 diém) :

- Tim gio1 han

- Tim nguyén ham. tinh tich phin

— Ung dung cua tich phan: tinh dién tich hinh phang, thé tich khéi tron xoay.
Cau IV (1 diém) :

Hinh hoc khong gian (1dng hop) : Quan hé song song. quan hé vuéng goc cia
duong thing, mat phang Tinh dién tich xung quanh cua hinh nén tron xoay, hinh
try tron xoay ; tinh thé tich khon tang try, khoi chop. khdi non tron xoay, khoi try
tron xoay ; tinh dién tich mat cau va thé tich khoi clu.

Cau V (1 diém) :

Bai toan tdng hop.
It. PHAN RIENG (3 DIEM) ;

Thi sinh chi dugc lam mét trong 2 phfm (phan | hoic 2)
1. Theo chwong trinh chuin :

Ciu VLa (2 diém) :
N6i dung kién thirc : Phuong phap toa dé trong mit phing va trong khong gian :



— Xac dinh toa dd cva diém. vecto.

~ Duong tron, elip, mat cau.

— Viét phuomg trinh mat phing, duong thing.

— Tinh gdéc : tinh khoang cé‘ch tir diém dén mat phang. Vi tri tuong ddi coa
duomg thang. mat phang va mat cau.
Cau VIL. a (1 dicm) :

Noi dung kién thirc -

- $6 phirc

— T4 hop. xac suit, théng ké.

- Bét dimg thirc. Cuc trj clia biéu thirc dai sb.

2. Theo chuwong trinh ning chao :
Ciu VLb (2 diém) :

Noi dung kién thire

Phiong phap toa dé trong mat phing va trong khéng gian

- Xac dinh toa do cita diém. vecto.

— Puomg tron, ba dudmg conic, mat cau,

- Viét phuong trinh mat phiang. dirong thang.

- Tinh goc : tinh Khoang cach ur djém dén dut‘mg thang, mat phang; kho\ang
cach gira hai dudng thang. Vi tri wrong do6i cua duonmg thang, mat phang va mat cau.
Ciu VILb (1 diém) :

Noi dung kién thrc :

-S4 phirc
ar? +ba 4 ¢

va mdt sb yéu 16
pr 4 4

- D6 thi ham pban thic hiru 1 dang ¢y =

lien gquan.
~ Sur tiép xbc cua hai dudmg cong.
~ 11¢ phuong trinh mi va logarit.
- 16 hop, xéc sudt, théng ké.

~ Bat dang thirc. Cire tri cha biéu thic dai sd.



Phén L.
KIEN THUG CO BAN — Vi DU AP DUNG

1.

2.

L.

2.

Chuwong 1.
HAM SO

§ 1. MIEN XAC D|NH
VA MIEN GIA TRl CUA HAM SO

A. KIEN THUC CO BAN

Dinh nghia ham s6: Cho Xc R.Motanh xa f: X > R duge goi la ham sb
f tir X t6i R. X goi la mién xdc dinh cta ham f. Ki higu :

f:X->R

hay y =f
x> f(x) 'y (x)
Mién gia trj : Tap hop T cic gia trj f(x) khi xe X goi la mién gia trj cua
hamsd £:T={r(x)/xe X!

B. PHUONG PHAP GIAI TOAN

Tim mién xidc dinh caa ham 6 : Mudn tim mién xac dinh D cia ham sd
y = f(x) ta co thé thyc hién theo cic phuong phap sau :
— Tim tdp D cua x dé f(x) c6 nghia. tirc 14 tim :

D={xeR/f(x)eR}

- Tim tip K cita x dé T(x) khéng cé nghia, khi dé mién xac diﬁh 1a
D=R\K,

Tim mién gis tri cia ham s6 : D& tim mién gia trj T cta ham sé y =f(x)
c6 mién xac dinh D ta ¢6 thé sir dyng mét trong cac phuong phap sau :

— yeT khi va chi khi phuong trinh y =f{x) (4n x) ¢6 nghiém x e D.



— Mién gia tri 1 12 hinh chiéu vudng goc cua db thi ham sé lén truc tung.

— Sur dung bang bién thién dé tim T, -
C. Vi DU AP DUNG
Vidu I : Tim mién xac dinh va mién gia tri cua cac ham s

Iy _
a) ,\':~-r-x ] : b))z\/ﬁx-h/g—x.

X FN+4

Huong din gidi
Goi D, T theo thir tyr la mien xac dinh, mién gia tri cia ham s6
a)Vi v +x+4>0 voirmoi xR nén D=R.
Iv —

. ; \ 2x ; ”
yo € T > Phuong trinh y, = —; co nghiém xeR
T x4

&> yx~ +{y, —2)x +4y, +1=0 (1) co nghiém

D Vai y, =01 (1) & —2x+1=0e>x=—. Viy y, =0ec T

[N

i) Vai y, #0: (1) conghicmes A2 0 < (y, —2) -4y, (4y,+1) 20

—4—2\/5 —4+2Jl“3
= < ———

g

s YosTe T

Vay mién gia tri ctia ham so la .

T:[J.-z\/ﬁ _ -4+2\/|‘9}

s 15

34 x>0
6—x>0

b) v xac dinh <:>( o —3<x<6. Viv mién xic dinh

b1 Jeex-f3ex
273 +x 2\/6—x_2\/(3+x)(6—x)

y;:0<:>\/3“~_)(‘-\/3+xc>x:%:)‘L%)zkﬁ



Bang bién thién :

,‘

X [=7 -3 6

%/&/\///

Vay mién gia trj cia ham sé 1a '1‘=[3 . 3\/5]

< |19}

<

\/mx3+(m+3)x+3 X
— tuy theo

Vi dy 2 : Tim mién xac dinh cla ham so y =
. x+1
tham so m.

(Trich dé thi Pai hoc, nim 1986)

Huong din giai

¢ s dinh {mx‘ +(m+3)x+32 OQ{(mx' +mx)+(3x+3)20

x+1=0 Xx+1#0
- (mx+3)(x+1)20 (1)
x# -l (2)

3(x+l)20

i) Néu m =0 thi
X # -}

o x>-1. = D=(-1; +»)

i) Néu m = 0 thi (mx+3)(x+1) c6 hai nghiém 1a —1 va 3

m
Xét hiéu : -1—(_i]=i_;=3"”
m, m m
Bang xét dau hiéu :
m /-x 0 3 + 20
31-m _ . 0 B
m

_ Néu m<0 thi ~1<—>. Khi d6 (1) o -l<x<— két hop vai (2) ta
m m

cH: D:[—l 5 ——3}
m

3 Irxs——w
~Néu 0<m<3 thi —=<-1:Khidé(l) & m
m x 21



Két hgp vai (2) ta ¢é Dz[—oc : —}—Ju(l :+°0)
m

~ Néu m >3 thi —1<~l D:(—OO: --l)ul:—i . +°0]
m m

—~Néum=3: (1) thoa v&i moi x, khido D= R\{--l}

(m+1)x-m

Vidu3:Chohimsé y= (a>0;a=1)

log, (mx -m +2)

1) Tim mién xac dinh cia ham s khi m = -%.

=

2) Tim 1at ca cdc gia tri cua m dé ham s6 xac dinh véi moi x 2 1.
Huong dan gidi
1) Mién xac dinh cia ham so la tap nghtém cua hé bat phuong trinh

(m+1)x-m=>0 (m+1)x2m
mx-m+2 >0 mx>m-2

mx-m+2 | mx=m-]

Véi m= -% (hi hé (1) tro thanh :

1 1

2 9

< “ x>-1

1 5 —1<x<5
——X>-— & X<§ o

2 2 X3

) 3 X#3
ﬁ_...‘_f:__—_

Vay mién xac dinh cua ham sé 1a D=[-1:3)u(3:5)

2) = Trueong hop 1 - V&i m <0 thitir bat phuong trinh thir hai cioa hé (1)

- L

tacd x<
m

— Truomg hop 2 : Voi moi m =0. Khi dé (1) tr¢ thanh
[x =0
250 x>0 thoa vai moi x =1
12 # |

(h

. Ro rang bat phuong trinh nay khong thoa véi moi x 2 1.



1.1

1.2

1.3

1.4

1.5

1.6

1.7

1.8

— Truomg hop 3 : Vé6i m>0

X2 m

m + |
0N < x>m~2 o xz 2
[ m + |

m-1

m

<[ két

-

RO rang moi x =1 déu thoa man bat phuong trinh nay vi

m -+ 1|
lwan m=0.

D. LUYEN TAP

m(x—l)"
Xomx+1

(Trich dé thi Pgi hoc, nim 1985)

Tuy theo m tim mién xac dinh coa ham sé y =

ax +b

2

Xac dinh a. b dé ham sé y =
X +1

comién giatrila T ={-1 4).

Cho O0<a<m, tim mién xac dinh va mién gia iri cua ham so

,
X coso— 2X +¢cosa
y=—— :
X~ —2xcosa +]
Tim mién xac dinh va mién gia trj cia ham so :

y=\[x_—_l+2\/3—x.

Tim mién xac dinh cna cac ham so sau :
/2 (x* "
a) V=VYX+VYNT —x 4] b) y = /log, \x +1log,, x-2

Xac dinh a dé ham s6 y = \/(a +Dx>=2(a-1)x+3a—3 c6 mién xac dinh
la R.

Tim mieén gia tej cua ham s6 y =cos? x —sin 2x +cosX.

X +1
= .
VX©#2

(Trich dé thi Pai hoe Québc gia Tp. Ho Chi Minh, nim 1999)

Lap bang bién thién va tim mién gia tr cia ham sb y =

11



§ 2. AP DUNG MIEN GIA TR| CUA HAM SO
PE TiM GIA TRI NHO NHAT, LON NHAT CUA HAM sO

A. KIEN THUC CO BAN

Cho ham s6 y = £{x) xac dinh trén D.

' M [fx)<M.  xeD
a =maxy <
u-_ny IEXUEDZ f(x“)zM

b) m=miny <

el

f{x)>m. xeD
I, eD: f(x)=m

B. PHUONG PHAP GIAI TOAN
— Khi tim mién gia tri cia ham sd. chu v dén diéu kién co nghi¢m cua
phuong trinh y = f(x) (an x).

— Phuong trinh  asinx+bcosx=c ¢6 nghi¢m khi va chi khi

3 b bl
a-+b —-¢c”20.

C. Vi DY AP DUNG

,
, . R . £ . Z . . z XT+x+1
Vidu I: Tim gia trj nho nhat, 16n nhat ciia ham s6 @ y = —

X" —x+1

Hurong din gidi

Mién xac dinh cua ham s6 D=R

y, thudc mién gia tri T cia ham sb khi va chi khi phuong trinh

x* +x+1
Yo=— - (H
X~ -Xx+1
co nghiém. Taco:
(1) & (1-y,) +(1+y,)x+1-y, =0 (2)



D Vai y, =1 thi (2) ¢d nghiém x=0

2)Véi y, =1 :

(2) c6 nghi¢gm < A-—-(l + Yo )1 —4(1~ )’u)2 20

, 1
< 3y, — 10y, +350<:>§£y0$3

[

-
| .

i : ] . 1
Vay mién gia trj cua ham sé T :[g . SJ = Maxy=3:Miny= 3

Ciich khdc : (Bang bién thién)

, “2x"+2 , = .
lacd yv' = 5> y=0c D limy =1
(x*+x+1) X==1 =

Bang bién thién ;

X - -1 ] +

¥ - 0 + 0 -

| 3
y /’
. : 1 3 I
Vay : miny = 3 . maxy =3
k)

N T 12x(x—a)

Vidu 2 : Tim gia trj ién nhat coa ham s0 y = [,—
X~ +36
Hwing din gii
12x{x-a) .
Dat z= ——‘—)—-——-— thi y = :/z_1
X +36
y dat gia tri 16n nhat < 7 dat gia trj [on nhat.
. Y .y . 2 12X(X‘-a) o

Ta tim micn gia trj clia ham s6 z=————— vadi z20.

X~ +36
Mién xac dinh cta ham so z1a D=R
£ thude mién gia trj cua ham 6 khi va chi khi phuong wrinh z =
(1) céd nghiém. Tacd :

(1) & U2-2)x* ~12ax -362=0 (2)

Voi z=12 2 (2)cdnghiém vi a=0

T vai (a=0)

X% +36

12x(x —a)



Vi z=12 1 (2) ¢ nghiém khi
A20e36a° +362(12-2)20

o7 -122-3° <0 6-V36+a’ <z<6+V36+a
Viz20 nén 0<z<6+ 36+a° = ma.\')'z'\'}(6+\/36+az)

2kcosx +k +1

Vidyu 3 :Chohamsd y, = -
CosSX +Sinx +2

a) Tim gia trj aho nhat, [6n nhit cua ham sd y ang véi k=1,
b) Xac dinh tham sé k sao cho gia tri Iom nhat cua ham sb y, lanho nhét

(Trich dé thi Pai hoc Dai cuwong, niam 1996)
Hiwéng din gidi
2cosx +2
A)V6i k=1 taco y=——S08*2
cosX +Ssinx +2

Vai sinx va cosx khéng dong thai bang —t nén cosx +sinx +2#0 vai

moi X.

Mién xac dinh ham sé D =R,

y thudc mién gia tri cita ham sb khi va chi khi phuong trinh sau cé nghiém :
2cosx+2

y=— " > (y-2)cosx +ysinx=2(I-y) (1)
COSX +SinX +2 ’

(1) co nghiém <:>(y-—2)2+y224(]~y)1c>y2—2yso o0<y<?
Viay véimoi y=0. maxy=2
b) Xac dinh k dé max y, lanho nhat

y, thudc micn gia tri cha ham s6 khi va chi khi phuong trinh sau ¢é
nghiém :
2kcosx +k +1

L . 1 ) 4
L= - ,,C"(M 2k)cosx +y, sinx =k +1-2y, (2)
COSX +sinX +2

(2) ¢6 nghi¢m <> (y, —2]\')‘! ryp2(k+1- 2).L)3

< 2y7 — 4y, -3kT +2k+1<0 3)
(3) ©s~%\/6k3-4k+2sh sl+—;-\/6k3—4k+2



Tir d6 suy ra maxy, =1 +%\./6k2 —4k +2

i:l, Maxy, , =I+£
12 3 (1) 3

Max y, nhonhat < 6k’ -4k + 2 nhonhat < k =
- 7 l N g "y A o . . X
Vay véi k = 3 thi gia tri 1on nhat cha y, 12 nho nhat.

D. LUYEN TAP

2.1 Tim gia tri nho nhit, 16n nhiat cia cac ham so ¢

CosX + 2sinx+3 ,

a) y= ——~—"— """ trong khoang (-« ; n)
3
2cosx -sinx +4

sinx
b) y=-—r- — trong [0; 7]
2 +cosx

(Trich dé thi Dai hoc Quy Nhon, ndm 1999)
ksinx +1

2.2  Xiacdinh k dé —=
cosx +2

> —1, v&i moi x.

N ., B N A , £ . N A . 2 l
2.3 Tim gia tri nho nhat, 1dn nhat clla ham s6 y =sinx —cos” x + 5

re

(Trich dé thi Pai hoc Giao théng Vin tii, nim 1997)

§ 3. HAM SO LIEN TUC VA (I’'NG DUNG HAM SO LIEN TUC
DE CHUNG MINH PHUONG TRINH CO NGHIEM

A. KIEN THUC CO BAN

1. Chohamsdt: (a:b)>R:x, e(a. b)

flién tue tai x, <> limt{x) =1 (x,)

AN A WY

Jlién we tgi x, < limf(x) =limf(x) = f(x;)

X, N,



Néu f lién tyc trén [a, b] va f(a).f(b)<0 thi phuong trinh F(x)=0 c6 it

nhat mot nghiém x, € (a. b)

B. Vi DU AP DUNG

l
, ) . xcos—.nfux+0
Vidu 1 : Cho ham so f xéac dinh boi f(x) = e

.0, nfux =0
Chimg minh rang { lién tuc trén tap s thue R
(Trich dé thi Pai hoc Hué, nim 1999)

Huwong din gidi

. \ £ |
Véi x# 0 ham s f(x) = xcos— lién tuc
i
Véi x=0 tacéd:

Xc¢os

Y

X

1
<Ixl e —Ixl < xcos = <|x|
N

Ma lim(~ix) = lim|x|=0 nén limxcos— =0 suy ra limf(x)=f(0).

N0 \ -0 = X -0
Vay flién tuc tai x =0, do dé flién tuc trén R,
B i . x+! néux<l
Vi du 2 : Cho ham so f xac dinh bai = f(x)= .
3~ax” néux>1

Dinh a dé flién tuc tai x = 1.

Huiong dan gidi
Tacd: f(D=1+1=2

Iimf(x)=lim&x+D=2: himf(x)=lim(3-ax)=3-a

vl Nl X317 x>l

fién tue tai x=1¢> lim f(x) = lim £(x)=f(1)

\ ol vl
o>2=3-a=a=I

’ ~ . 2 Y. . > X
Vi dy 3 : Cho phurong trinh ax” + bx+4 ¢ =0 {a#0). Chimg minh ring néu
2a+3b+c =0 thi phuong trinh ¢é it nhat mot nghiégm nam trong Ahoang

(0:1).



Hudng din gidi
Cdach 1 : Dat f(x)=ax? +bx +c, ham sé f(x) lién tuc trén R

~
Tacod f(0)=c, f[:j=i‘-a—+£k3+c=3(2a+3b)+c=—-S
3 9 3 9 3

nén f(O).f[%j =-<
3 3
- Néu c#0 thi f(O).f[%]< 0 suy ra phirong trinh da cho ¢é nghiém nam

trong khoang [0 : -i—]

~ Néu ¢=0 thi phuong trinh tra thanh : ax” +bx =0 c6 hai nghiém x =0,
X = -Ez—z—e(O: 1). (Vi 2a+3b:0.—_>*2=2)
a 3 a 3

Cach 2 Taco £(0)=c, f[%j-i—f(]): 2a+3b+6¢c=0

|

-

“

Trong 3 s6 f(0). t"{ ],‘ F(1) khong thé co 2 sé bang 0 vi khi dé

f(0)=f[%J=f(l):0: Phuong trinh bdc hai ¢é hon hai nghiém phan
bidt (v i),

Viy trong 3 s6 £(0), f(%] F(1) phai c6 it nhat hai sé khac 0.

Do f(0)+4f[%J+f(l)=0 nén trong 3 s6 phai cé hai sb trai dau, tir d6
suy ra diéu phai chirng minh.
Cdch 3 - (Ap dung Pinh Ii Lugrange)
Xét ham sd
3 2
F(x):ﬁ_—+bi+c.x
3

lién tuc trén [0 : 1] va c6 dao ham trén (0: 1).
s . a b ]
Taco: F(0)=0. F(I):§+—2-+c=g(2a+3b+6c)=0

KHAQ SAT HAM 84 - 2 17



3.1

3.2

3.3

Theo Dinh li Lagrange ton tai X, €(0; 1) sao cho:
0
F(x,)= FO=EO F(l) F( ) 0o £(x) =0
Vay phuong trinh f(x)=0 c6 it nhat | nghiém thuge (0 ; ).
Vi du 4 : Chirng minh rang véi moi m phuong trinh sau ludn ¢é nghiém :
1 1

———=m ' (1)
cosx sinx

Huéng din gidi
Diéu kién x = k%(k eZ), tacd
(1) &sinx—cosx —msinxcosx =0

. N 2 . . n n
Xét ham so6 f(x) =sinXx —cosx —msinxcosx trén doan [0 : —J

f tién e trén doan {0 : g} va HO“{%]\:*] <0

Suy ra phuong trinh f(x)=0 co it nhat mot nghiém thudc khoang

[0 : g] Vay (1) luén c6 nghi¢m thudc khoang (0 : gj voi moi m,

C.LUYEN TAP

Cho ham sb
l‘ néux<3
f(x)=<ax+b néul<x<$
3 ndux>35
Dinh a. b dé { lién tuc trén R
Xét tinh lién tuc cua ham s
flx) = xsin% néux =0
a néux=0
Cho m >0 vaa, b, ¢ |4 ba s6 thoa diéu kién :
a b c

+ +—=0.
m+2 m+l m




3.4

3.6

3.7

Chang minh rfmg phuong trinh ax’ +bx +c=0 cb it nhit mot nghi¢m

thudc khoang (03 1)

Chirng minh ring phuong trinh

- +
SMX COSX

=m ludn cé nghié¢m.

Chimg minh ring phuong trinh x* -x—-2=0 ¢6 nghiém duy nhat x,
teén [1;2] thoa x, > Y8

Cho x, #0 la nghiém cua phuong trinh g—xz +bx+c=0 va x,#0 la

" \ ..o 3a s
nghi¢m coa phuong trinh X bx +¢ =0.

—

Véi a=0 chimg minh ring ax” +bx +¢=0 ¢6 it nhat mot nghi¢m trong
khoang (X, : x,).

Cho ham s6 f:[a;b]>[a:b] Ja ham s lién tuc, chimg minh ring
phuong trinh f{x) = x cd nghi¢m trong doan [a ; b].

§ 4. PHUONG TRINH HAM

A. KIEN THUC CO BAN

Ham sé hop : Cho ham sé f:X 5> R va ham s6 g:R—> R. Ta dinh
nghia ham sé hop gof : X - R vai (gof )(x) =g[f(x)] véi mei xe X.

B. PHUONG PHAP GIAI TOAN

Dé tim ham s thoa diéu kién trudc ta sir dyng mdt trong cac phuong
phép sau :

|. Ding phuong phap déi bién va ap dung dinh nghia ham sé hop.
2. Thay tri dic biét dé dira vé hé phuong trinh.

C. Vi DU AP DUNG

Vidu 1: Timham s £(x) biét rang :

2x -1 x+1 . .
f{— j: voi x#1va x=-2
X+2 X ~1



Huéng din giai
2X_l:>u(x+2)=2x—l<:>x
Xx+2 2-u

S 2u+]

+ 1 \
Taco f(u)=-2—U _h+3 uil]zf(x)= X+3 (x;tlJ
2u+l_l 3u-1 3 3x -1 3

2—u

Vi du 2: Tim ham s £(x) biét rang : f{x)+xf(-x)=x+2 (1) véi moi x.

_2u+l

Dit u= (u=z2)

Hudng din gidi
Thay x boi —x vao (1) thi dwoc :
‘ f-x)-xf(x)=—x+2= -xf(x)+xf(-x) = -x" +2x (2)
Liy (1) trir (2) theo tirng vé 1a dugc -

2 -
( +x2)t'(x):x2—x+2:>f(x)=x77x+“

X+

Vi dg 3 : Tim cac ham so f va g xac dinh trén R thoa cac dicu kién sau
voimol xeR

)
fix+6)+2(2x+15)=2"= (1)
f{x:2]+g(x+5) =x+4 (2)
Huwing din giai
L -
Détx+6=u:":>x=2¥, khi d6 (1) 1o thanh
u+2 u-6
f +2g(u+5)= —— (3)
' ( 2 j & 1
Thay x bdi u trong (2) ta duge :
-
f‘Lur2)+g(ll+5)=u+4 )
2
Tir (3) va (4) suy ra
- :
f(ﬂ_“]=7i+_8 f(x)o Ix+12
2 2
-3u-22 -3x -7
y 5)=—-+-— (A ):
g(u+5) " X 7



4.1

4.2

43

4.4

4.6

D. LUYEN TAP

T hea o o . 4 16 .
ﬁmlwmsofﬂmaf[x~—);x2+—;vdlx$0
X x°

Tim ham sé fbiét : f(x)+ 2f[l] =x+2 véi x=0.
X

Cho hai ham sé f va g xdc dinh v&i mei x va thoa
f{x+2)+3g2x - =x
fx+1D+gl6x-3)=4

Xac dinh f(x) va g(x).

Cho f(x)=acosx+bcos2x+ccos3x thoa f(x)=0 vai moi xeR.
Chimg minh ring a=b=c=0.

a) Tim ham sb bac ba f(x)=ax>+bx>+cx+d (a=0) v6i £(0)=0 va
f(x)—f{x—1)=x" véi moi x
b) Suy ra cach tinh cac téng sau :
S, =12+2°+3 +..+n’
va S, =17 +32+..+(2n-1)
Cho ham sb f‘xéc dinh v&i moi x va thoa cac diéu kién :
i) fF{x)21+x vdimoix;
i) f(x+y)=2f(x).f(y) voimeix,y.

a) Ching minh rang véi moi x vamoi neN tacd:

2l'l
f(x)z[f[i]]
2“
b) Tur i) hdy chi ra mét khoang chira 0 dé f(x)>0 & trén do. Suy ra r%mg
f(x)>0 vdi moi x '

¢) Chirng minh rfmg vai moi x va moi h (vai |hl <1) thi:

hf (x)

hf(x)<f(x+h)-f(x)<

d) Chimg to £'(x) t6n tai. Suy ra f(x)
(Trich &é thi Pai hpc, niim 1981)
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Chuong 2.
PAO HAM VA UNG DUNG

§ 5. DUNG DINH NGHIA DE TiNH PAO HAM
CUA HAM SO TAI MOT BIEM

A. KIEN THUC CO BAN

Pinh nghia : Cho f:(a;b) > R va x,e(a;b).
- Pao ham clia ham s6 ftai x, la:
f(x)-f(x,) ’ f(xo +h)-f(xy)

f'(xy)= lim ————==lim
XX X —Xq h—0

- Dao ham bén phai cua ftai x, la:

f(x)-f(
f! (xo) = lim MQ
xX—Xg X =X,
— Dao ham bén trai cua ftai x, la:
f(x)-f
(%)= lim ———= - f(x 0)

v X=X

Dinh & : Néu fi(x,)=f"(x,) thi f c6 dao ham tai x, va
£ (x0) =1 (x0)=£'(xo).

Quan hé giira dao ham va lién tuc :

~- Néu f c6 dao ham tai x,, thi flién tyc tai x,.

~ Diéu ngugc lai khéng dang, chang han f{(x) =|x| lién tuc tai x =0, nhung

khong ¢6 dao ham tai x =0,

B. PHUONG PHAP GIAI TOAN

Tinh dao ham cia ham sb tai mét diém :

Cachl: f'(x,)= lim f-f{x)

OGNy X=X,



f(x)-f(s ) f(;
Cach2:  £(x,)= lim — (xo) _ o FEO-(x,)
Xy X ~-Xp Ny X — X,

Tim didu ki¢n dé ham s6 c6 dao ham tai x, :

- Néu f c6 dao ham tai X, thi f lién tuc tai x,

Taco: lim f(x) = lim f{x)="F(x,) (Il) ’
— {¢d dao ham tai x, thi f'(x,)="1.(x,) (2)

— Tur (1) va (2) suy ra diéu kién can tim.

C. Vi DU AP DUNG

Vi du I : Ding dinh nghia, tinh dao ham cac him s sau tai x,

ﬁl—cosx néu x =0
a) f(x)= X ‘ tai x,=0
0 néux=0
x25in—l- néux=0
b) f(x)= X tai x, =0
0 nfux =0
Hudng dan giai
.2 X
- 2sin”
a)Tacé: £(0) = tim LX) fm):liml'“js" —lim——2 -1
>0 x—0 =0 X x>0 4)_(' 2
4
Viy f'(0)=l
2
"b)Tacé: f'(0)=|imM=limxsinl:0

10 x -0 x—0 X

.o Lo )
Vi —ix| < xsin—<Ix| va lim{=|x])=1lim{x|=0
X x—0 x—0

1
Vi du 2 : Cho ham s f xac dinh bai @ f(x) = Xeosy néu x 0

0 néunx =0



Ham s6 f ¢é dao ham tai nhirng diém nao ? Tinh dao ham cua f tai cic
diém do.

(Trich dé thi Pai hoc Hué, nam 1999)

Huwong din giii

» . o 1 1 oY 1 2 .1
~Vé&i x20,taco f (x)-—-l.cos—,—x.sm—,.(x 2) =cos— + —Sin—
X" X~ X X X"
cos !
, L )=o) Y% l , :
— Tai x=0, xét ti so ( = X =cos—-, ta ching minh
x-0 X X*

khong ton tai llm <:osL That viy, ta chon hai day

/ va x,
2nn

cé lim x, = limx,, =0 nhung lim cos——] con lim cos-~=0.
n-»x n—-= n— " n—ox xn-

+2mt

Vé'y ham sé khéng c6 dao ham tai x=0.

x2 khi x <1

Vi du 3 : Cho ham s f xac dinh boi : f(x)=
. ab+b khix>1

Xac djnh a, b dé ham s ¢6 dao ham tai x=1.

Huéng din giii

Pé fcd dao ham tai x =1, trudc hét f phai lién tuc tai x =1 khi dé6 ta co

lim £(x) = fim f(x) = F(1) & lim (ax +b) = fim x> =

-l x—+]" " x-t
a+b=1 (1)

Mat khac vi f c6 dao ham tai x=1 nén f/(1)=£" (1)

Ma (1) = lim 7“(“()_”') = lim ax+b-1 —im X2,
=l X —1 x-]' x -1 Wl x -1
(1) =1lim FeO-f) = lim = - =2
\ 3l x-1 !l x—1



Vay a=2 vatr(l)suyra b=—} dodéa.bcintimlaa=2 b=-I.

, . ; : (pcosx +qsinx khi x <0
Vidyu 4 : Cho hiam s6 f(x) :i | s
px +q + hi X >

Chtng minh rang véi moi p, g ham f khéng cé dao ham tai x = 0.

Huéng din gidai
Gia str £ ¢ dao ham tai x =0, khi d6 f lién tuc tai x =0. Tire la ta cd

lim £(x) = lim {(x)=f(0) < lim /(pcosx+qsin.\‘)=

N -l - AN

=lim(px+q+41)y=p<>q+l=p

\—()
Khiddtacod:

fx)-f(0) _ i PX*A+1-p

f2(0) = lim =p, (Viq+1-p=0)

LN x-0 x -0’
f'(0) = lim t_w = [y PeOSX +gsinx -p
\—0 x—0 x—0 X .
.1 X
i 2sin”
. pleosx - 1) . sinx .
= lim =——+q lim —— =—-p lim 2 1q=q
o’ X X0 X ol X

Néu f 6 dao hamtai x=0 thi f'(0)=f (0)=>p=gq
Tu (1) va (2) ta gip méau thuan.
Viy v&i moi p. g ham sb £ khong cé dao ham tai x =0.

Chii y : Dé tinh £’ (0) ta c6 thé sir dung quy tic L Hospital

D. LUYEN TAP
5.1 Tinh dao ham cua ham s
f(x)= X tai x=0.
x| +1

o, . N N X
5.2 Xét dao ham ciia ham so -

f(x):{x__ ne,ux<0taix=0.
sinx néux=>0

(H

(2)
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Chimg minh ham so

\sinl néux=0
f(x)=4" X ‘

0 nénx=0

lién tuc tai x =0 nhung Khong ¢6 dao ham tai x =0.

Tim dao ham cua ham o

3-x? .

———— néu x <1
f(x)= | 2

— néux=>0

X

Cho ham so

m):{\/’ﬁ khi—\/-Z_stl
X“+ax+b khi x >1
Dinh a, b dé ham s f ¢6 dao ham tai. x =1. |
Xéc.dinh a, b dé ham sbé
f(x):{axz Tbx khix21

2x -1 khi x <1
c6 dao ham tai x =1.
Cho ham sb

Ji-2-1

f(X)= X
a néux=0

né’ux%O

Xac dinh a dé ham sb ¢6 dao ham tai x =0. Tinh 1'(0).
Cho ham sé f(x) xac dinh bai ;

-bx
f(x)={(x+a)e néu x <0

ax> +bx+1 néux=0

Tim a, b dé ham s6 cé dao ham tai x =0.



§ 6. DAO HAM CAP CAO

A. KIEN THUC CO BAN
Pao ham caa dao ham cdp (n-1) cua ham sé v =f(x) dugc goi la dao
ham cap n cua f )

fO(x) =[f‘"'”(x)] (neN, n>2)

B. PHUONG PHAP GIAI TOAN

~ Tinh f'(x), f"(x)
— Dy doan cong thirc tdng quat f"(x) sau dé chimg minh bang phwong
phap quy nap.
C. Vi DU AP DUNG
Vidul :
a) Tinh dao ham cép n cua ham s6 y =;1(—

b) Suy ra dao ham cép n clia f(x) = ’Sx =
X" =3x+2
Hudng din gidi
a)Taco y=x"'=y' =(-Dx?;y"=(-I(2)x7";
1
x3+|

y" = (DD (=3)x* = (1) 3!

Tachimgminh  y" =(-1)" .t ; (1)
X

Véi n=1: (1) ding .
Gia str (1) dang véi n, ta ching minh (1) ding v&i n+1.

Tacod y™" = (y(“))' = [(—l)“ n !.x'“"} =(-D)"n¥=n-1)x""?
(D)™ (D
. b S
Vay (1) dang v&i n+1;

27



b) Trudc hét ta tim A, B sao cho :

X-3 B )
35\ 3. A, Q) véi x=1, x=2
X" =3x+2 x-1 x-=2

Tacéd(2) @35x-3=Alx-2)+DB{x-1)
3 S5x ~3=(A+B)x-2A-B

Dong nhat hai vé ta duoce :

A+B=35 A=-2
{ " cv{ ; = F()=—2s

2A+B=3 = x-1 x-=2
Ap dung cdu a)tacd:

(-1)" ! e (-1)" !
’(x.—])lhl ‘(x_z)uvl

Vidu 2 : Cho y=cosax. Chirng minh ring

" (x)=-2

y =a" cos[ax + P_’ﬁj (1)

N ’ \ A o .2 . 3
ter d6 suy ra dao ham cap n cia sin” X va cos” x.

(Trich dé thi Pai hoc Y khoua Ha Nji, niam 1999)

Hudng din gidi

Véin=1:
Taco: y'=—asinax=acos[ax+g] : (1) ddng véi n=1.

Gia st (1) dang véi n, khi 86 :

y ) =y )‘ = l:a“ cos(ax + EZEH

n+t _: ( ‘ nnJ n+l [ (“+”T[\
=-—a Sihjax+— | =2 COS| ax + bl
2 2 )

Vay (1) dong vai n+1 nén (1) dung véi moi ne N.
Ap dung :

! Y —cos2x ) 1+¢os2x
$in" X = ———= va €05’ X = ————

“ -




5 ) 3
Tacd : (sin® x) Y —1.2" cos[ 2x + AL - cos[2x + ﬂj
_ 2 ) 2

N Y
(COS‘ X) =%_2" COS(2X+ nﬂjzzn—lcos[zx_l_gzlj

)
re

D. LUYEN TAP

Tinh dao ham cap n cac ham s6 sau :

a) y=sinx ; b) y =cosx ; ¢) y=Inlx| :

d) y=e" ; e) y=xe' ; f)y=——.
. . x™ -1

§ 7. CONG THU'C LAGRANGE
A. KIEN THUC CO BAN

Néu f lién tuc trén {a ; b] va ¢ dao ham

trén (a :b) thi tén tai s6 ce(a:b) sao Py
cho: i
[}
f(b)—i(a)‘:f,(c) !
b-a :

Y nghia hinh hoc : Trén cung AB cua dd

~< v

Ly Z a % . N L4 0 a [ b
thi ham so f trén [a X b] ton tat mot diém

C c6 hoanh dd ce(a;b) ma tai dé tiép

tuyén song song vdi dudng thing AB.

B. PHUONG PHAP GIAI TOAN

Ap dung cong thirc Lagrange dé chirmg minh bt ding thiec :
Chon ham 56_ y=f(x) lién tuc trén [a ;b], c6 dao ham trén (a ;b) va

[f'(x)] <M, Vx e(a;b) theo cong thirc Lagrange

29



|f(b)-‘ f(a)
—a

f'(c)|5M,

suy ra ~-M{b-a) < f(b)-fla)<M(b-a)
Chirng minh phwong trinh f(x) = 0 ¢é nghi¢m trong khoing (a ; b) :
Chon ham s6 y =F(x) lién tyc trén [a : b], c6 dao ham trén (a ;b) sao

cho IF(x)=f{x), Vxe(a:b) sao cho
F'(a)=f(x). Yxe(a:b) va IF(a) = F(b)
Theo ¢ong thirc Lagrange t6n tai ce(a : b) sao cho

[(b_g Fla) | (¢}  hay {c)=0
- i '

C. ViDU AP DUNG
Vi du 1 : Chimg minh riang néu 0<b<a thi

, -
LR P g ]
<h-< " N

Huong dan giai

. , 1 Ina-Ilab 1 1 f(a)-f(b) 1
Taco(l) ©—«< —
a a-b b a a-b b

e D = K e &

Voi f(x)=lnx. ham s £(x) lién e trén [b;a]. c6 dao ham wrén (b :a)
nén Jdee(b :a) sao cho f_(q}:_ffl_bz;f,(c):_!
a-b c
Vi 0<b<c<a nén l>i>]—. = l<I—n-a—:£]—b<l-
a ¢ b a a-b b

Vidu2?:Cho x>1 va a>l, chimg minh ring : x* =1>a(x—1).

Huong dan gidi
Xét ham s6 (1) =" vail <t<x. Taco f'(1)=at* '. Theo cong thire
L.agrange thi'tén tai ce(1:x) thoa man diéu kién

x* -1

=ac' hay x* ~l=alx-Dc"'
x -1




Vie>l vaa-1>0 nén ¢ >1. dodéb:
alx —Nec* ' >alx-1) (vi alx-1)>0) = x* —1>alx-~1).
Vidu3:Cho f(x)=ax"+a, x""+..+ax+a, thoa:

4 By, _,_ja_|+a)._.0
b (
n+l n 2 |

Chimg minh rang phuong trinh f(x)=0 cé nghiém x(0: 1)

Hueong din giii

Xét ham sd

a a. _ a ]
F(x)=-— x4 2y 2 X pagx
n+1 n 2

vdi xe(a:b).
Taco F(0)=0 va F(D=-20 42ty 22i, 20
n+l n 2
Ap dung cdng thic Lagrange cho ham sb F trén [0:1] thi ton tai
xe(0:1) saocho:
FD-£(0)=(1-0).F(x,)=F(x,)=0.
Mat khac, ta céo ;

F(x)=a,x"+a, x"" +..+ax+a,=f(x} = f(x,)=0.

Vay phuong trinh f{x) =0 cd nghiém x, (0 :1).

D. LUYEN TAP
7.1 Cho O<a<b, n>1. _Cht’rng minh rang :
na""(b-a)<b"—a" <nb" ' (b-a).
7.2 Cho 0<a<bc g Chimg minh ring :

b-a b-a
———<lanb-tana < ——.
cos” 4 cos b

7.3 Ching minh rang néu x >0 thi:

x+l X
[l+ l ] >(]+lj
X +1 X
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7.4

7.6

32

Cho m>0.n>0 va f(x)=2+x"(x-1)". Chimg minh rang phuong trinh
f'(x)=0 cé nghiém xe(0:1).

Chirmg minh rang phuong trinh x* —3x+m=0 khong thé cé hai nghi¢m
phin biét trong (0 : 1) v&i moi gia tri ciia m.

Cho m>1 viaa. b, ¢ thoa

a b .C
_— +—=0
m+2 m+l m

Lo - - s 2 4 s
Chi{mg minh rang phuong trinh ax® +bx+¢=0 ¢é nghiém xe(0;1).

§ 8. HAM SO bON DPIEU

A. KIEN THUC CO BAN

Pinh nghia : Cho ham s6 f:(a;b)> R
+ f ta ham s6 tang (dong bién) trén (a ; b) néu
X, <X, 21(x )< f{x,) voi x;. x,e(a:b)
1 13 ham sb giam (nghich bién) trén (a : b) néu
X, <X (%) > (x5) v6i x,, x5 €(a:b)
+ Ham s tang hoac giam diroc goi chung 1 ham sé don diéu.
Dinh li 1 :
- Néu "(x)=0. vx efa: b) thi fla hang sb trén (a : b).
- Néu f'(x) >0, Vxe(a:b) thi ftang trén (a; b).
- Néu f'(x) <0, vxe(a:b) thi f giam trén (a . b).
Dinh 1i 2 : Gia su {"(x) =0 chi xay ra tai mot sd hL‘l'Ll han diém thude (a : b)
+ fting trén (a : b) khi va chi khi f'{x)20. ¥xe(a :b). '

+ f giam trén (a : b) khi va chi khi f'(x)<0,vx e (a : b).



B. PHUONG PHAP GIAI TOAN

1. Xét tinh don di¢u ciia ham sé :
— Tim mién xac djnh D cla ham s6 :
— Tinh dao ham y' ;
— Xét ddu y' va lap bang bién thién.
2. Didu kién dé ham sé don diéu trén khodng cho trirde :

Bai todn : Xic dinh m dé ham sb »y = ftx, m) ting (hofic giam) frén .
khodng I

— Tim mién xac dinh D ciia ham s (ta phai c6 1c D) ;
— Pinhm dé y' > 0(<0) véi moi xel.
Liruy ;

~ Can nam virng cac dinh li vé dau tam thitc bac hai va vi¢c so sanh cac so
a, B vai cac nghiém cua tam thire bac hai.

- Diy 1a bai toan ap dung tam thic khong déi ddu trén mét khoanp.
Che"mg han : '

f(x)=ax" +bx+c (a=0)

a>0
A<0’

[(a>0
A<0
a>0

f(x)20.Vx>a | A0

af (a)>0

a<(

f(x)>0, YxeR &
A<0

f(x)sO,VxeRQ{

Voi a<0 :
f(a)>0
F(B)20

Lurn y : Néu mién xac dinh caa ham sb y=f(x) 1a D= R!{x(,} thi :

f(X)ZO,VXE(Cl;B)C?{
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T I V20, x>a
~ Ham s6 dong bién trén (o ; + ) &
Xp S

. ) A y<0, x>a
- Ham so nghich bién trén (o0 ; +®) <
X, <O

C. Vi DY AP DUNG

Vi du 1 : Tim cac khoang don diéu cta cac ham so :
CxP+3x+3 X x+1

; b) y=—"—; Q) y=———r.
X +1 ‘ yy Inx )Y IxP o x +1

Huéng dén gidi

a) y

a) Mién xac dinh D=R\{-1}
x=-2

x=0

. X7 +2x

Y C(x+1)

Bang bién thién :

;y'=0<:>x1+2x=0cr[

X |- -2 -] 0 + o0

y‘+0-.H-0+

-1 + ¢ + oD
’ _,-./' \-‘oc- \3/

Viy : ‘

Ham s6 tang trén cac khoang (- ; -2),(0; +oo) ;
Ham sb giam trén cac khoang (-2; —1). (=1 0).
by Micn xdc dinh D=(0; 1)U (1 ; +e0)

m sy =0hhx=lox=e

Tacd y'=

Bang bién thién :

X - 0 s
7/ - 0+
7

2 DN

—
o
+
5’




Vay : Ham sé ting trén khoang (e;+®) va giam trén cac khoang
(0:1), (1:e).

¢) Mién xdc dinh D=R (i x? = x+1>0 v3i moi x)

I mx a2 222 (1)
Wl —x+1

2
X —x+1

Taco y' =

=2(x2-—x+l)—(2x—l)(x+l) _ “3x+3
2Hx? = x+DVx2 = x +1 2x? ~x+1)VxI - x+1

y=0-3x+3=0x=1

Bang bién thién :

\f,
/

+ -
. X+] l
lim - = lim =1
X-b+0 - X=ter 1 |
X —-x+1 -4
X X
|
. x+1 . T X
lim = lim =-1
X~ \/;2 -x +l X—-00 J‘ 1 . {
X x°

Vidu 2 : Tuy theo m, hdy khao sat sy bién thién cua ham sd :
y=4x" +(m+3)x* +mx -
Huéng din giai
Mién xéac dinh D=R
Tacod y =12x* +2(m +3)x +m= A'=(m-3)

i) Néu m =3thi A'=0= y' 20.¥x € R = ham sb dong bién trén R.
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i) Néu m=3 thi A'>0=y" =0 cé hai nghiém phan biét

. I m m-3
laco: X, - xs=——+-—=

2 6 6

- V& m<3taco x, <x,

Bang bién thién :

m

[V
+
-
=
1
o
=
+

—Véi m>31aco x; >x,
Bang bi¢n thién :

m
N - -
6

< hol—

+

TN, T

-~ Véi m=3 : ham s6 tang trén R

Két ludn :

o . ;. R -1 m L . .
- Vdi m<3 : ham so giam trén khoang [~5 : vy va tang trén hai

. 1) m
khoang (—oe‘; -, L——-; +c/>j,
£ 2) U6
.. N I e N N m 1 o « .
-~ V&i m>3 : ham sé giam trén khoang [—Z : _E] va tang trén hai

khoang [—ooz ——rz-j (—% . +a>].

. 1, . 2 , s e
Vidy 3 : Cho ham s6 y= %xl —-2—(sma +cosa)x” +%xsm 2a. Xac dinh a

dé ham sé dong bién trén R.



Huwong dan giai
. . 3.
I'acod y'=x" ~(sina +cosa)x + Zsm,?u.

Ham sé dong bién trén R khi va chi khi

y'20,¥x € R < A =(sina+cosa)’ -3sin2a<0

c>l—25in2a£0<:>sinza2%

<:>—15+k2n52a55—n+k2n<:>—n—+kn5ass—ﬂ+kn. (k e 7).
6 6 12 12

-

Vi du 4 : Xac dinh m dé ham sé sau Iuon nghich bién trén R
y={m-3)x-(2m+cosx. '
Huromg din giii
Tacéd: y'=m-3+(2m+Dsinx,
Ham sé nghich bién trén R lghli va chi khi
y' <0, Yxe R m=-3+(2m +1sinx <0. v4i moi x.
Dat: t=sinx (-1<t<1). Ta phai tim m d¢ ham sé bac nhiét
F()=m-3+C2m+Dt<0, Vte[-1;1].
Diéu nay tuong duong voi

{f(—l)so

-4<0 2
o oS —4<ms—
f{1)<0 3m-2<0 3

Vay ham so nghich bién trén R khi -4 <m<

K] .
Vidg 5 : Xac dinh m dé ham sé y :~~x3—+(m ~1)x” +{m+3)x tang trén

khoang {0 ; 3).

Hueng din gidi
Taco: vV=f(x)=-x*+2(m-Dx+m+3.
Ham sé tang trén (0 ; 3) khi va chi khi

V20 Vxe(0:3) o fx)=-x> +2lm=-Dx+m+3>0, vxe(0;3)
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Vi a=-1<0 nén dé f(x)>0, vxe(0;3) thi (0;3) phai nam trong

khoang hai nghiém s6 clia f{x), tic Ia

(-Df(0) <0 -m-3<0 12

X, 20<3<x, < . & om2—

T [-DfBGY<0 (12-7m<0 7
, - . £ mx+4
Vidy 6 : Cho hamso: y =——
X+m

a) Tim m dé ham sé tang trén tirg khoang xac dinh ;
b) Tim m dé ham s6 (ang trén (2 : +o) ;

¢) Tim m dé ham s6 giam trén (- ; 1).

Huwéng din gidi
Mién xac dinh : D=R\{-m}
.~ ., m’-4
Tacd: y'= - =
(x+m)

a) 11am s tang trén khoang xac dinh khi va chi khi
m<—2

y' >0, Vxz-mesm’ -4>0<:>[
m>2

b) Ham sé tang trén (2 : +o0) khi va chi khi

. m< -2
m- -4>0
S m>2 om>2

y'>0.\/xe(2:+w)¢->{
~mg(2:+ o) <
Vay khi m>2 thiy tang trén (2 : + ).
¢) Ham sé giam trén (o0 1 1) v/ <0.Vxe(-o; 1)

fm® -4<0 (-3<m<2

<> o < -2<ms<-|
-meg(-xl)  |-m2]
Vay hhi -2 <m <1 thiy giam trén (- : [).

Vi dy 7 : Cho ham sb y:2x‘ U-mix+1+m

-X+m
Xae dinly m dé ham sd nghich bién trong khoang (2 : +e),

(Trich dé thi Dai hoc Quéc gia Tp. HCM, nim 1996)
g Ip



8.1

Huéng din gidi
Mién xac dinh : D=R\{m}

“2x° +4dmx-m? +2m+1

Taco y' =
(m-x)

Ham sé nghich bién trong khoang (2 : +e) khi va chi khi

(2:42)cD . m<?2

o
y' <0,v6i moi x >2 “2x? +4mx—m?+2m+1<0, véimoi x >2
A'=2(m+1)
- Véi m=-1 thi y:M:_zx (x=-1)
—(x+1)

Ham s6 nghich bién trong khoang (2 ; +o)

—Voi m#z-] thi A’>0:T(x)=-2x" +4mx-m’ +2m+1 cb hai nghiém
X; < X,. kKhi dé

f(x)<0, ¥Yx>2 x, <x, <2 '

A>0 m#z -1
o |af(2)20 © < m =10m+7>0

§_2<0 m<?2
2

& m<5-342 (thoa didu kién m <2)

Viy : m<5-3J2

D. LUYEN TAP
Tim cac khoang don digu cua cac ham sd
' 2
a) y=x7+x3—‘7—3x; b) yzi/xhz(x-s):

o) y=vx'-3x-2; d) y=xe";
e) y = In(x+\/x3 +4).
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8.2

8.3

8.4

8.6

8.7

8.8

40

Tuy theo m khao sit sir bién thién ciia ham so :
_mx+m-7
5x-m+3
I ) .
a)yzzx'—2r+mx—2 : b) y=x +msinx.

Cho ham sé y=x> —32m +1)x? +(12m +5)x + 2. Dinh m d¢ ham s6 :
a) Luon tang trén R b) Tang trén khoang (2 : +oz) :
¢) Tang trén cac khoang (-2 =1}, (2 : +x).
Xdc dinh m dé ham sé
y=x'—ax’ —(2a° —-7a+7)x +2(a-1(2a-3)
ting trén {2 ; +o0).
(Trich dé thi Dui hoc Kinh 1é Qm‘fc din, nim 1997)

A k] 7
, . IR £ X~ - 2ax +3a°
Xac dinh 4 d¢ ham s6 y ==

220 nghich bién trén Khodng
Ja-x
(1. +m).
. . P xS +mx-5 . iy :
Choham sd y = S Dinh m dé ham s6-
-X
a) Giam trén khoang xac dinh ;
b) Giam trén (—1,0) ; c) Tang rén (=2 :2).

Cho ham s6 y =asinx+bcosx +x. Tim diéu ki¢n cuia a, b d¢ ham so dong
bién trén R.

§ 9. AP DUNG TiNH BON BIEU CUA HAM SO
PE CHU’NG MINH DANG THUC, BAT DANG THUC

A. PHUONG PHAP GIAl TOAN

Chirng minh diing thirc :
/\p dung dinh i :
Néu f'(x) =0, Vxe(a:b) thi f(x)=C (hingsb), Vxe(a:b).

Pé tim C ta chon x, e(a ;b) thi C=f(x,).



Chirng minh bat diing thic:

Gia sir can ching minh bat dang thie F{x)>g(x). xe(a 1 b).
Xétham 6 : o(x) =f(x)-p(x), véi xe[a;b].

~ Néu ¢ tang trén (a1 b) thi o(x)>¢(a). véi vxe(a:b)

~ Néu ¢ giam trén (a : b) thi ¢(x)>o(b), voi Vxe(a;b)
B.ViDU AP DUNG

, . R : . L. n
Vidu I :Ching minh rang cosa+asina>1, vai O<a< 5

(Trich dé thi Dai hoc Hang hii, nidm 1999)
Hudong dan giii

r N 4 . V. bid - ,
Xét ham s f(x)=cosx +xsinx —1, vdi xeLO : ;}. Tacod:

“

—

f'(x)= =sinx +sinx + XcosX = Xxcosx >0, Vxe[o; g]
. n . . T .,
Suy ra f ting trén {0; 5] Do dé, voi 0<a<5 thi :

f(a)>F(0)=0=cosa +asina >1 véi 0<a<§.

“

Y
» , . : 2 : ¢l ) n
Vi dyu 2 : Chimg minh rdng 275" +2'** 22 _ v6i xe|0; 5

Hirong din gidi
Ap dung bit ding thirc Cosi cho hai s6 duong 27" va 2™ tacé :

Jsmxtany

235111\ I LA %}2:5")\-*11[11\ o 23\|n\ +2laln >2 2 B

X 5. , . . ), n
Ta can phai ching minh 2sinx +tanx >3x véi 0<x < >

p=4

Xét ham s6 f(x) =2sinx +tanx - 3x
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1 4
2cos" x—3cos x +1

Tacéd f'{x)=2cosx + l\ —3=

Icos"x cos® x
D . _ 2
:(_cosx+l)€l cosX) >0 Vxe[o; E]_
cos™ X 2
. x L2 o [- n N N L - T ,
Vay f(x) doéng bién trén 10 : = | ma f(0)=0 nén véi 0<x<5 ta ¢
l' A

f(x)=2sinx+tanx -3x >0 (dpcm).

Vi du 3 : Chirng minh réng :
a) 2<,/log,3 + /log,2 <—— b) btana <atanbvoi 0<a< b<§.

Huwiong din gidi

a) Dit a = logﬁ. Vil<flog,3<2 nén l<a<2
- . :
Mit khac. ./]0g13+\/_0g3 —ar— v3i l<a <2
a

: 1 .
Xétham so f(x)=x+— véi xefl:2). Taco:
X

f'(x

= lj-:-L:—IZO,Vxe[];\/E]mf ting trén [I\/EJ
O

X"

Do d6, vai 1<a <2 thi (D <f(a)<f(v2) hay

2<\/log33+,llqg32<£

tana tan b
b) aco btana<atanb<e> -—=

a

(a. b>0)

Fa chirng minh ham s6 '(x) =

tan x . T
1&ng trén (0; —]
X 2

1- 5 SinX ] -
Taco: f{x)=p=—ov Dt g{x)=x ——sm"x trén {0 : E]

\COS\ 2

T . Li§
Faco: g'(x)=1-¢os2x >0 > g 1dng trén {0: ;J

-



Do dé : g(x)>g(0)=0,vx E[O ; g)

Tir do suy ra f'(x)>O.Vxe[0; §]3f tang trén [0; 212—]

tana tanb . )
< voi O<a<—
a 2

Vay
Vidu 4 : Cho hai ham sb :

2
f(x)zx—z;——ln(Hx) ig(x)=x-m(l+x)

bl
, : 3 e N X~
a) Chirng minh rang véi x>0 thi x —7< nQ+x)<x.:

b) Vai n 1a s6 nguvén duong, hay tim limu, véi

"
u, = ln[[l + —]f;][l +—}W [l +I—1j:|
oo n° n-
(Trich d¢ thi Bai hoc, nim 1984)
Hudng din gidi

a)Taco<'(x)=1- x——-l-SO. Vx>0 f giam trén [0 : oo.)

1+ X
Do d6 véi x>0 thi [(x)<f(0)=0=>x - <In(14 x) (1
Mait khac. g'(x)=1- L. 20, Vx20=g tang trén [0 : ).
l+x 1+x

Do dé vai x>0 thi g(x)>g(0)=x>lnll+x) (2)

b}

Tir (L) va (2) suy ra : )\——)\;-<]n(|+x)<x voi x>0

-

Y 20 n o
byTacou, =In| |+ — I.+In(l +—7J+...+ In ]+—,—J
. n/ n- n-
Ap dung két qua ciu a), ta cé

L,—i.%<ln[]+ I:] L)

n~ 2n n n
R ( 2y 2

-——<ln| 14+ —j<—
2 4 2 2
n 2o n“; n
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= ——.=<n <—

2 I'I-

3 13 (l+~3—-] 3
n 2n n-

n 21

n {
1 --—<In 1+_] n
a2

Cong ve vdi ve cde bat dang thire wén ta duge :

) bty s : !
--‘T(H 24+ n)—-;‘-—4-(i‘ +27 440t )<u, < —(+2+.4n),

n’ 2 n n-
. nn+1 ) ,o n(n+D@2n+1)
Ma 14243+ +n=—"r" Vi V4213 440" = <
, 2
. n(n+) 1 nn+DC2n+1) n(n+1)
nén — — -3 . <u, < 8
2n° I- not 2n°
- A S ] . ]
Cho n - o thi —<limu, <— = limu, =—.
2 n-»2 2 n s 2

C. LUYEN TAP

9.1 Chimg minh cic bt ding thire sau :
1
N . .
a) x ——6--<sm NN ANGTmel x>0

b) asina - BsinP > 2(cosP -cosa) voi 0<a<[}<-§.

9.2 Ching minh rang 2V + 2" 523 v 0<x < 3

9.3 Cho a<6.b<-8 c¢<3. Chirng minh rang Vi moi x21 ta déu o
P 2axt b v

9.4  Chung minh ring néu tam gide ABC ¢o ba goc nhon thi :
a) sSinA +sinB+sinC+tan A+ tanB+tanC > 2x

b) 2(sinA+sinB+sinC)+ tan A + tan B +tan C > 3.
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§ 10. AP DUNG TiNH DON BIEU CUA HAM SO
PE GIAI PHWONG TRINH, HE PHUONG TRINH
VA BAT PHUONG TRINH

A. PHUONG PHAP GIAI TOAN

Gia sir ham sd y = f(x) tang (hodc giam) trén (a 1 b), taco:
£(x,)=1(x,) < x, =%, (V3 x;,X, €(a : b))

Gia st y =1{(x) tang trén (a:b):f(x,)<f(x;) <> x, €%,

Gia su y =f(x) giam teén (a;b):f(x,)SF(x,) %, 2%,

Néu y=f(x) ting trén(a ;b) va y=g(x) la ham hang hodc la mdt ham
s& giam wén (a:b) thi phuong trinh f(x)=g(x) cé nhiéu nhit mot
nghiém thude (a : b).

Do dé néu c¢d x,e(a:b) sao cho f(x,)=g(x,) thi phuong trinh

f(x)=g(x) ¢6 nghiém duy nhét,

B. Vi DU AP DUNG

Vidu 1: Tim cic s6 \ y thude khoang (0 ; nt) thoa man hé :
fcotx - coty =x—vy 1))
13x -8y =2n (2)
Hudng din gii
Taco (1) =>cotx —x =coty -y 3)

Xétham sé: () =cott—t. véi O<t<m.

Taco: f'(t)z"—.l,——l <0. Vte(0:n) suy ra f giam trén (0;m) nén tor
sin” t : |
(3)suyra ((xX)=f(y)>x=y ()
2n

T (2) va (4) taduoe x=y = 5

X

Vi du 2 : Giai bt phurong trinh 2% <37 +1.

(Trich dé thi Dyi hoe Ngoai thirong, niim 1995)
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Hudng din giai

Taco: 2% <32 +I<:>l<[~\§] +[%j

“

Ham sd f(x)z[—\g} r(%] nghich bién trén R va f(2)=1 nén

f()<fx) e x<2.
Vay tap nghié¢m cia bat phuong trinh : S = (- ; 2).

Vi du 3 : Giai cic phuong trinh sau :
a)2'=6-x; b) Iog,z(\/;+i/;):—l-loggx.
Hudng din gidi

a) Ham sO y=2° tang trén R va ham sé y=6-x giam trén R, RS rang

x=2 li nghiém cia phuong trinh 2* =6-x. do do phuong trinh cé
nghiém duy nhat x =2,

b) Diéu kién x > 0.

1 C A . N
Dat: t= —2~log9 X = x =9™ = ¥x =3'. Phuong trinh da cho tr& thanh :

t i
log,, (9" +3') =t 9" +3' =12' Q(%J +(-11j =1

t (
Ham sb f(()z(%j +(%j giam trén R va £(1) =1 nén phuong trinh co

nghi¢m duy nhit t=1, suyra x=9""=81. = S=181}.

2x7 = y+ r
Vi du 4 : Giai hé phuong trinh 5;
2y7 =X+

y

Huiéng din gidi
Diéu kién x#0;y 0.

I'r h¢ phuong trinh suy ra x >0 va y > 0. Ap dung dang thirc Cési. ta cé :



10.1

10.2

hi ) l
2x‘:y+l22:>x21,2y'=x+—22:y2]
y X

2 | R .
Xét ham so. f(t)=t+— vai t21, taco:
t

2—.
t"(t)=1—ij=t l
i

>0, Vt21=>f tang trén [1 5 +o)

2

i) Néu x <y thi f(x)<f(y):x+l<y+l
x Ty

=2y” <2x’ > y<x (vd i)

i) Néu y < x thi'f(y)<f’(x):>y+l<x+l
y X

=>2x3<2y2:>x<y (vo 1i)
Vay x =Y.

Thay x =y vao mot trong hai phuong trinh cua hé ta dugc

2x2=x+l<:>2x3—x2—1=0<:>(x—l)(2x2+x+l)=0<:>x=l.
X

Vay hé ¢6 nghiém duy nhat x=y =1.
C.LUYEN TAP

Tim x. ye[O ; g] thoa man hé phuong trinh :

{lanx%any:x—y
tanx +tany =2

Giai cac phuong trinh sau :

a) 3252 (3x~10)5*2 +3-x =0 ;

b) 2log, cot, x = log, cosx ;

¢) (x+2log; (x +1) +4(x + Dlog;(x + 1) ~16 =0.

) (2-3) +(2+3) =2

(Trich dé thi truomg Buwu chinh Vién thong, nim 1998)
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10.3

10.4

10.5

10.6

10.7
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Giai cac phuong trinh sau :
a) logj(] +Jx) = log, X b) log:(x2 —x—6)+log3(x+2)+4.

Giai bat phuong trinh :

Iog3(\/x_2 —5.\'+S+l)+log_3(A\'2 +7-5x)<2

logs §

log s 3

Fim nghiém duong cua hé phuong trinh @ X+ x =X
(Trich dé thi Dai hoc Ngoui thueong, nadm 1996)
Giai cac bat phuong trinh :

a) 2> +5 =27

2o ax 4
) =31 co.
RANES|

- . S X . . L
Cho ham so f(x)=——==. Chang minh rang :
. NEG

J

T ..
x—-—;-<t(x)<x vai x> 0.

-

Tinh limS, vai S, :f[Lj]H‘(i\)hﬁ.f(_“T]
10m » r“' l‘_ n-

§ 11. PIEM CUC TR] CUA HAM SO
A. KIEN THUC CO BAN

Pinh nghia : Cho ham sé y=f(x) xac dinh trong khoang (a:;b) va
x, €(a:b).

— f dat cure dai tai x, néu véi moi X thude lan cén nao do cia x, ta o -
F(x) <T(xq) (v&i x#x,)

— f dat cye ticu tai x, néu vai moi X thudc 1an can nao db cia x, ta o :

F(x)>1(x,) (v&i x#x,)



— f dat cyue dai hodc cure tiéu tai X, ta noi f dat cue tri tai x,,
~ f(x,) goi 1a cuc trj cia ham s6 f(x) ;x, ladiém cuc trj cua ham s6 .
Piém M(x(). f(xo)) poi la diém cyc tri ctia dd thi ham sé.

2, Diéu kién cin dé ham sbé cé cuec tri :
Néu ham so y=f(x)céd dao ham 1ai x, vé'dat cwc tri tai x, thi tiép
tuylén vai do thi cua hinﬂ s6 tai diém M(xU s F(xg )) phai cung phuong
véi truc hoanh.

3.  Dicu kién du dé c6 cuc trj:
Didu kién di thiv nhit : Cho ham sé y =f(x) ¢6 dao ham trén (a ; b) va
X, € (a ; b). Néu khi x di qua x, ma f'(x) ddi dau thi ham sd dat cyc tri
tai x,.
Chit § : C6 thé thay gia thiét = f(x) c6 dao ham tai x, ™ bang * f{x) lién
tuc tai x,”

X -® X b +m

P77 ¢+ 0 - 7

X -0 g X b +e

Y7/ I/
<1

I~

Piéu kién dit thir hai : Cho ham s6 y=f(x) c6 dao ham cap 2 lién we
trén (a :b), x,e(a.b) va f'(x,)=0

f(x)

f(x)

(i) Néu £"(x,) <0 thi f dat cyre dai tai x,, :
(i) Néu £"(x,)>0 thi f dat cyc tidu tai x,.

Chit § : Ham sé chi co thé dat cyc tri tai nhirng diém c6 dao ham bang 0
hodc tai nhitng diém khong cd dao ham.
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T

B. PHUONG PHAP GIAl TOAN

Tim diém cuce trj cua ham sOy = f(x):

a) Ddu higu dit thie nhdt :

— Tim mién xic dinh va tinh y' =f'(x)

— Xét diu f'(x) va lap bang bién thién

Néu f'(x) doi dau tir duong (+) sang am (=) tai x, thiy dat cuc dai tai
X,. Néu f'(x) dbi dau tir sm (=) sang dwong (+) tai x, thi y dat cuc
tiéu tai x,,.

b) Diu hi¢u dii thir hai :

— Tim mién xac dinh va tinh £'(x), £*(x).

- Tim nghiém x, cua y' (giai phuong trinh f'(x)=0)

Néu £*(x,) <0 thi f dat cye dai tai x, '

Néu f*(x,)>0 thi fdat cyc tiéu tai x,.

Tim diéu kién dé ham sé ¢é cye trj :

- Tim mién xac dinh va tinh y'=f"(x)

~ Ham sé c6 cuec trj khi f'(x) =0 cé nghiém va f’ déi dau khi x qua cac
nghiém do.

Chii y : Néu bai toan noi rd cue trj la cyc dai hay cyc tidu thi ta phai thi
lai v6i gia trj cua tham s0 tipl du’qclhém sb dat cue dai hay cue tidu bz"mg
mot trong hai dau hﬁéu di @€ ham so ¢o circ try.

Tim tham s6 dé ham sb c6 cye tri thoa min didu kién cho truéc :

- Trude hét, ta tim didu kién dé ham s6 c6 cyc tri

~ Sau d6 tiép tuc tim tham sé dé cac cyc tri thoa man diéu kién cho trudc
bang cach ap dung dinh Ii Viét hodc so sanh cac sd a. B vai cac nghiém

cua phuong trinh bac hai.



C. Vi DU AP DUNG

Vidu I:Tim cac diém cuc tri cia cac ham so sau :

a) y=x'e" b) y x+3
VX +1
2x —4x +2 X ,
c ':———; d = By .
)y 2x +3 ; )y In- x

Huong din giii
a) Mién xac dinh: D=R

2

bl , s X =2
Ta cod y'=e‘(x‘+2x) 1y :Oc>x‘+2x_-0<:{ . 0
X =

Bang bién thién :

X| =00 -2 0 +a0

}" + 4] - 0 +
. / D \ o /"

Ham so dat cue dai tai x = -2 va dat cue tidu tai x = 0.

Cich khdc : (Didn hiéu du thir hai)
Taco y"=c' (x? +4x+2)
Vi x =0, taco yv'(0) =2¢’ >0= ham sé dat cyc tiéu tai x =0.

Véi x=-2, tacd v (-2)=-2¢ " <0= ham s6 dat cuc dai tai x =-2.

b) Mién xac dinh D =R

, <3 .o Lx=~2
y o= ==y =0=
(x‘+])\/x'+l x=0
Bang bién thién ;
N 1
! -ao 3 + oo
\ + 0 -
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19

Ham sé dat cuc dai tai x :%

¢) Mién xac dinh : D =R\ {- %}

-

. a(x? 3x-4) r:_“
Yy = A — R - 0 <>
(2x +3)° x=1
Bang bién thién :
_3
X |- -4 2 +00
_\" + 0 - - 0 +
_ q)) \ /
N
/ \ or

Ham s6 dat cye dai tai x = —4 va dat cuc tidu tai x =1,

d) Mién xac dinh : D=(0: +oc )\ {1
yz—t— 1y =0nx=2¢c x=e
Bang bic¢n thién :

0 7 o

."f}}// + l - i) +
! B

Ham so dat cuc ticu tai x =¢”

Vidu 2 : Tim cac diém cuce trj cua cdc ham so ¢
|
;1)_\r| 2x7 =38+ Sl b)):\/gsinx+cosx+x; C) y =\ .

Hudng din giai

a) Mién xdc dinh: D= R

2" -3x-Snéun<-lvx>

19| wn

Tacod y =

S2XC 34 A ncu -l ex < 5

-



, 5
4x—3néux<—lv'x>5

y= 5
—4x -3 né’u—l<x<E

ham so khong ¢é dao ham nhung dat cue dai

1|

Tai cac diém x=-1, x =
tai do.

Bang bién thién :

3

|J|’J\ :

X -0 -\ + 00O

4x -3 ’//////////W
-4x+3W + ////////

NN

. 2 2. 5 L 3
Ham s6 dat cye ti€u tai x=-1 vatai x =-2-, dat cuc dai tai x :Z

b) Mién xé4c dinh: D=R, y'=\/§cosx—sinx+l :

y'——-0<:>sin:<-\,/§<:()sx=l~'::>lsi117~(~——3'<:osx=l
2 2 2
x-Z=-T i kan x=2+k2n
osin[x—ﬁ]:siﬁio 36 2= 2 (keZ)
3 6 n_Sn n

x-—=—+k2r x=—+Kk2n
3 6 6
Tacd y"=-/3sinx—cosx
. 7 .
Vai x=g+k2n ta ¢6 y':[~£+k2n]=\/§>0 suy ra ham so dat cuc
<X .. . 2 n
tiéu tai cac diem x =?+ k2n (keZ).

¢) Mién xac dinh D =(0 ; +x)

1
) o
Tacé: Iny=Inx* =m—‘:>y—:—,(l—lnx)
X y x°

)
L

suyra y'=x'—(I-Inx) ;y'=0hx=lox=¢
NE
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Bang bién thién :

X 0 e + 00

y///// .+ 0 -

y//// RN

Flam so dat cuc dai tai x =e.

]

Vi du 3 : Xac dinh m dé cac ham so6 sau dat cure dai va cyre tiéu

a) y=lx3+mx2+(m+6)x—l i b) )-:M
3 mx —1

Hudng dén gidi
a) Mién xac dinh : D=R. Taco: y'=x" +2mx+m+6

y €6 cyuc dai va cuce tidu khi va chi khi ham s6 f(x)=x>+2mx+m+6
triét tiéu va dbi dau trén R. Piév nay xay ra khi peromg trinh
x> +2mx+m+6=0 cb hai nghiém phan biét, tirc la A'=m’ —m-6>0
< (m<-2)vim>3).

b)— Vdi m=0 tacé y=—-x"+2 dat cuc dai tai x=0

mx’ - 2x+m

— Véi m #0: Mién xac dinh D=R\[i}.Tac6:y'= >
m (mx -1)

Pat f(x)=mx’ -2x+m

y ¢6 cue dai va cyc tiéu khi va chi khi f(x)=0 c¢6 hai nghiém phén biét

khac l Diéu nay xay ra khi

m
A'=1-m?>0
. —l<m«l
=
f[l]:L_iﬂn;to {m;eo
m m m

Viy: -l<m<]1 va m=#0.
Vi du 4 : Xac dinh m dé ham sé :

a) y=mx3+3x2+5x+2 dat cuc dai tai x=2 :

b) y=%sm3x+msmx dat cyc daitai x =

wI:a

c) y=alnx+bx> +x dat cyc dai tai x=2 va dat cuc tiéutai x=1.



Hiréng din gidi

a) Taco: Yy =3mxT +6x+5 1y =6mx+6

om
12m+6<0 12

y'(2)=0  [12Zm+17=0 17
o =——
y'(2}<0

Ham s6 dat cue dai tai x=2 c:{

b) Tacd v =cos3Ix + meosx; v =-3sin3x —msinx

’

yt—1]=0

, L m=2
Ham so dat cye dai tai x = <:>{ &Sm=2

m>0

w3

y <0

)
(5)

¢) Mién xdc dinh D =(0 ; +o)

K]

-+ 2b

~ ’ ’ a L4
Tacd y' =—+2bx+l:y" =-
X X"

Néu ham s6 dat cyre dai tai x =2 va dat cuc tiéu tai x =1 thi

2

3 - -_c

J},(”:O a+~b+! 0 a 3
(v (2)=0 3 i 4b+1=0 1
) 3 b:-z

Thur lai :
.. 2 | B ] ” |
Véia=-=, b=—— thi y"(1)==>0, y"(2)=—=<0
3 6 3 6
2 1 .. 2 .
Vay voi a = —5. bz—g thi y dat cuc dai tai x =2 va dat cuc tiéu tai
x=1.
Vidu 5 : Xac dinh a dé ham sé y=x" +8ax® +3(1+2a)x? —4 chi cé cue
tiéu ma khong ¢o6 cuc dai.
Hudng diin gidi
Mién xdc dinh : D=R. Taco: y =2x[2x* +12ax +3(1 + 2a)).
Dat f(x)= 2x7 +12ax + 3(1 + 2a)

Ham s& chi ¢o cuc tidu ma khélag ¢ cyc dai ndu xay ra mot trong cac
truomg hop sau ;
1-V7 1+7

(i) F(x)20.¥xeR <o A =6(6a2-22-1)<0 o sas—
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Khi do ham sd dat cuc tiéu tai x =0.

Bang bién thién :

X | —o0 0 +00
yi - 0 +
’ \ CT /

(i) f(x) co hai nghiém phin biét trong d6 c¢6 mt nghiém bang 0. Diéu
ndy xay ra khi va chi khi

{A'=6(6a3—2a—1)>0 ' ]
' Sa=——

[F(0)=0 2
Khido y' =4x7(x-3)
Bang bién thién :

x |~o° 0 3 + 00

y’ - 0 - 0 +

\
CT

Ham s6 dat cuc tiéu tai x = 3. Viy 1‘6\/_ <a< L+ f hodc a=~~

Vi du 6 : V6i gid tri nao ciia m thi ham sd y = —2x + myx” +1 ¢é ey tiéu ?
Huong din gidi

N N

Ham s6 co cuc tieu khi hé sau cé nghiém x

{)"(Xu)zo Q{L’Jxﬁﬂzmxo )

Mién xic dinh : D=R.Tacé: Y =2

y'(x())>0 m>0
. C [ xg >0 Xy, >0
V&i m>0 thi(]) < . , Lo s R (2)
4(x(,+l):m‘x0 (m'—4)x(,=4



(2) c6 nghigm x, >0 m’ -4>0m>2 (vi m>0)

2

3

Viy vat m > 2 thi ham sb dat curc tiéu tai Xy =
' m- -4

3 ~ \ £ ] ]
Vidu7:Chohamso: y :gmx3 —(m-Dx*+3(m -2)x +g
Vi gid tri nao cia m thi ham sé ¢6 cuc dai va cuc tiéu déng thoi hoanh
do cdc diém cye dqi va cuc tiéu x,, X, thoda man dicu kién x, +2x, =1.

(Trich @é thi Pai hoc Y Hi Ni, ndm 1997)
Huwdong din giii

Mién xdc dinh: D=R.Tacé: y'=mx" -2(m-Dx +3(m-2)
Ham s6 ¢6 cure dai va cye ticu khi va chi khi v'=0 ¢o hai nghi¢m phan
biét. Dieu nay xay ra khi :

m = 0 {m %0

A <3 2
A=(m-1) -3m(m-2)>0 -2m” +4m+1>0

m# 0
@12-J6 © 2+6 th

<m<--——-
. 2 2

“

Vai diéu kién (1) hoanh do cac diém cuc dai, cuc tidu X,. X, la nghi¢m
cuia phuong trinh mx? -=2(m-1)x+3(m-2)=0.

Tir gia thiér va djnh 1i Viét 1a c6

R -
Xy + X, = 2(m —-]—) (2)
m
-~
¥, _3m ) 3)
. m
Xy +2x, =1 (4)
- 9
Tir (2) va (4) suy ra: x, _3m-4 DXy == m
m m
m=2
Thay vao (3) ta dugce : 2-m .gm ~4 o 2 (thoa 71))
m m m =§

Viy m=2, m =

[FSRN N

n
~J



Vidu 8: Tim m>0 dé ham so

J bl 2

X emx+2m- -5m+3

Vo= +—
X

¢é cuc tiéu trong khoang 0 <x <m,

(Trich dé thi Dai hoc, nim 1980)
Huwéng din giii

v 2m7 - 53m+3
y=X+m +

A\

9 _ AR O Y .
Midn xac dinh D=R. Tacod v —I—--'-'-]-— —?I—"—j—g i—(-“-m—- sm+3)
X~ X

3

3 3 ~
V0N =2m -Sm+3

O<m<l
Ham sd cocuc tri <> 2m? —5m+3>0 | 3 (vi m>0)
m>—
2
Khidd y' =0<> x =2y2m® - 5m+3
e va .
Bang bién thién :
X | -0 X X4 + 00
y‘ + 0 - 0 +

TN

14am s6 dat cyc tiéu tai X =V2m® -5m+3 (0 : 2m) khi va chi khi
D<vV2m’ —5m+3<2me0<2m’ -5m+3<4m’

O<m«<lt
m>— .

L 2 (l 3
= ome;—:l|ju|l = tx
m<-3 k?. J 2

]
m> -
5

L 2



Vidu9:Chohamsd: y =2—‘;_—+(<:os:;1—3sina)x2 —~8(cos2a+1)x+1.

Chirng minh rang ham s6 ludn ¢ cue dai va cyc tiéuw dong thoi hoanh d¢
, ‘2 . .. .Y “n 1 2
cac diém cuc tri X, x, thoa man dicu kién xj +x5 <18.

Hudényg din giii
Mién xac djnh : D=R
Tacod: y'=2x" +2(cosa-3sina)x -8(cos2a+1)
A'=(cosa—3sina)’ +16{cos’a +1)

=(cosa —3sina)’ +32cos’a >0 voi moi a,
(Vi cosa—-3sina va cosa khong dong thoi bang 0).
Viy ham sb fudn ¢6 cuc dai va cuc tiéu véi moi a.
Khi d6 hoanh d6 cac diém cuc tri X\» X, 12 nghiém phuong trinh

2x? + 2{cosa - 3sina)x —8(cos2a +1) =0.

, e, X, +X, =3sina -cosa
Theo dinh li Viét: B
XX, = —4(cos2a +1)

, 5 2 . 2
Taco: X +x3 =(X, +X5)” =2x%,X, =(3sina -cosa)” +8(cos2a +1)
=9sin"a+cos a~3sin’a+8cos’a+ 8
9 | ) .
=;(l--cos2a)+ ;(I-rcos2a)—3sm2a+8cos2a+8

< =4

=13+4cos2a-3sin2a<18

Vi |dcos2a - 3sin2al < V42 + 3% Jeos®a +sina = 5. (Bat  dang thire
Bunhiacopxki).

Vi du 10 : Cho ham s6 v=(x-a){x-b)(x—¢) véi a<b<ec. Chimg
minh réng ham s6 tudn co cue dai va cue ticu. Khi dé hay xac dinh vi tri
hoanh do cua diém cue dai va cuc tieu doi vébi a. b, c.
Huwong din giai

Mién nae dinh - D - R
Tacod: vViehv=a)(a-b) e (x - B (x - e)x ~a)=f(x),
Do dé : fla)-(a-b)a-¢)>0. 1{b)=(b-c)b-a)<0

fcr=(c—a)lc-b)>0"



11.3

11.4

11.5

60

f lien tuc teén R ¢ f(a)f(b) <0 va.f(b)f(c)<0 nén y =0 cé hai

.nghiém phan biét x,. X, va a<x, <b<x,<c

Vay ham so ludn ¢é cuc dai va cuce tiéu.

Bang bién thién :

X | —o0 X X, + 00

y‘ + 0 - §) +

1IN

Hoanh dd -diém cyc dai x;e(a;b) con hoanh dé diém cuc tiéu

x> e(b:c).

D. LUYEN TAP
Tim cure tri cac ham & sau

a)_\z"%_xﬁ--—l : b)yz)(\H—x2 :

X" +x+!
. 2 ,e .4 A
¢y y=e'sinx ; d) y=x"(x-2)", v&inlasdnguyén duong.
o s : asinx—cosx -1 o ¥ .
Xac dinh a dé¢ ham s y =———————— dat cyc tri tai ba diém phan

acosx

9
biét thude khodng (0 : —4’5]

(Trich dé thi Pai hoc Ngogi thuong, nim 1996)

. .
. e PR . X +2x+m .
Xdc dinh m dé ham s6 y = ———— dat cyc dai tai x=y2

X7 —2x+2
(Trich dé thi Pai hoc Tong hop, nim 1976)

3
ax” + bx +ab

Cho ham sé v = —— (a 20). Xac dinh a, b dé ham s dat cuc

tidu tai x =0 va dat cure dai tai x =4,

5 . X . A e ; .
Xac dinh a d¢ ham s6 y=-2x +2+aVvx” —4x+35 cb cyc dai.



11.6

11.8

11.9

a) Dinh m d& ham sé6 y=x*+4mx’ +3(m +Dx> +1 chi ¢6 cyc tiéu ma
khong cé cuc dat.
b) Dinh m dé ham sé y =mx* “2(m? =) x> +3m+2 ¢ hai cuc tiéu va
mot cuc dal.
Pinh m dé ham sé y= -x’+3(m=+ l)x?-—(3m2 +7m ~ l)x +m’ -1 dat
cure tiéu tai mot diém c6 hoanh dé nhé hon 1.

(Trich dé thi Pai hoc, ndim 1987)

3
« X X' l . hd 3 .
Choham s v = e ;(sma +c0sa)X” +[—sm 2ajx.

Xace diph a dé ham so co cuc trj.
Goi x|, Xx," la hoanh d§ cdc diem cyc tri, xdc dinh a dé cho

2 2
X, + X5 = X] +X5.

S .
amx? +(4m” + 1)x +32m’ + 2m

Cho ham sé y = . Xac dinh m dé ham sb

X+2m
c6 mot diém cuc tri thude goc phan wr thar hai va diém cuc trj kia thude
goc phan wr thir tr cua mit phang toa dg.

§ 12. CU'C TRI CUA HAM SO
VA BUONG THANG Bl QUA CAC DIEM CUC TR

A. KIEN THUC CO BAN

Gid tri cwe tri cia ham sb : Néu x, 12 diém cuc tri ciia ham sé y = f(x)
thi f{x,) 1a gia tri twong img. Mot cach tong quat. mudn tinh f(x,) ta
chi can thay x =x, vao f(x). Nhung theo dicu ki¢n cin dé c6 cuc tri la
'(x,) =0 nén ta cé cach tinh £(x,) gon hon v&i mot sé6 ham : ddng thoi
cé thé viét duge phuong trinh dudng thing di qua cic diém cyc i cia do
thi ham s6.

a) Ham hitu ti y = f(x) = '—lg vii u(x), vlx) la cice da thice khong
vix

cé nghié¢m chung : Néu x, 1a diém cwuc tri cia £{x) va v'(x,)#0 thi

. :u(xo)=u'(x(,)
Flx) vixy) V{(xy)
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Tacéd f'(x) =

That vay,
u(x)v'{x) —ulx)v'(x)

vi(x)

f’(xu)= 0= u'(xﬂ)v(x())”U(XO)V'(XQ):O — U(Xo) _ U,(xu)_

V(xo)—vl(xo)
XT+2x+3 , , x?=2x-5
700}/:4’
x—1 (x-1)
y':0<:>x:li\/g.

Chang han, ham sb y =

Xét diu y’ ta dugc x, =1-v6 1a diém cyc dai va x, =1+6 1a diém
cuc tiéu cua ham s6. Khi d6 cac cue tri twong (g 1a

)'U):y(l—\/g):w:“_z\/g

Y Zy(l+\/-6_):w:4+2\/E

b) Ham sé da thire y = f(x) : Thuc hién phép chia da thirc f{x) cho da
thire £'(x) dugc throng la g(x) va dur 13 da thirc bac nhat ax+b. Tacé :

F(x)=1"(x)g(x)+ax +b

Néu x, la diém cyc trj cua f thi £'(x,)=0 va gia trj cyc trj tuong ang 14

r(‘\“) = f'(x(,)g(x“)+axu +b=ax, +b.

~. = - < 3 R} v 2
Chang han. ham s6 y=x" +3x" ~4xn +1 ¢6 v =3x" +6x -4

, -3+ 21

y'=0e> X = ————

3
~3-J21
3

X¢ét dau v’ ta duge x, = @ die¢m cye dai va x, =

-3+J21 .
— la
. 3

diem cuc tiéu.

Thuce hign phép chia da thirc y cho y'ta dugce

1 47
r==(x+ Dy -—x+—
Y73 o3ty

Do dé

3

|4[~3—\/ﬁ] 7 14421
+-3-:7+

3 9

Yep =~



| __E[M\|
Yel 3 )

14J21
3 9

+ z = 7 -
3
Phuong trinh dudng thing di qua cic diém cwe tri caa do thi ham SO :
ax® + by +¢

a) Him so hiiu ti y=————— (a#0. a=0) :
ax+ f

— Tim dicu kién dé ham s6 ¢o cyre dai va cuc tiéu.
— Gidi su x,. x, 1a hoanh d$ cac diém cye tri coa d6 thy ham s6. Cac cuc

2ax,+b

: . \ 2ax, +b
tri trong ing la y, = 3 Y, = .
o

a

R5 rang hai diém cue tri ca do thi la M, (x, 5y,) vd M,(x, ;y,) thude
dudng thing ¢é6 phuong trinh

2a b
y=—X+—.
i o o
Viy phuong trinh duong théng di qua hai diém cyec trj cua dd thj ham sé
. 2a
la: y=—x+—.
o a

b) Ham sé biic ba y=ax' +bx” +ox+d(a+0):
. — Tim diéu kién dé ham sb co cyc dai va cye tiéu
- Gid sur X,. X, la cac diém cuc tri cua ham sb. chung 1a cac nghi¢m cua
y' =3ax’ + 2bx +c.
Lay da thirc y chia cho v’ 1a duge :

y{x) -':_(lx+£Jy'(x)+g[c—«£]x+(d—-k)
3 3

a a Qa

Vay y'(x,)=v'(x2)=0 nén:
2 be
= = - —_—— +d___
yi=y(x) 3[C J\' %a
2( b be
y=V(X )= le-— xa+d-—
Y2 = v(x.) 3[ 33]‘(‘ 9a

R& rang hai diém cuc tri cia d6 thi 12 M, (x, ;y,) va M,(x, 1y,) thudc
duong thing cia phuong trinh

5
y::!(C—‘E‘jX‘Vd'—P-C-
30 3a

9a
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Vay phuong trinh duong thang di qua cac diém cé cuce trj cla dd thi ham

bac ba la :
2 b bc
=—lc—— |x+d——
Y 3[ 3aj 9a

B. Vi DU AP DUNG

+(2m+3)x+m’ + 4m

Vidul: Cho hamso y= . Tim at ca cdc gid tej

X+m
cua tham s6 m dé ham so6 ¢ hai cuc tri va hai gia trj nay trai dau nhau.

(Trich dé thi Pai hoc Cin Tho, nim 1999) -
Huéng din gidi
Mién xac dinh D=R}-m}

D J
- m . m X" +2mx+m —m
[aco y=x+m+43+-——= y =] = —

) - N T 2
X+ m (x +m) (x +m)

_— b4 N . . . N B " | i )
Flam so ¢6 hai cire try khi va chi khi phueong trinh x~ +2mx+m -m=0
¢ hai nghiém phan biét khac -m. Dicu nay xay ra khi va chi khi

{A'=m>0

-m=0

< m>0

Khi dé hoanh d6 cac diém cure trj 1a
X »=-mz Jm

va gia tri wong une cua ham so la
£

I 4
2, +2m+3
y, = ——T——T= Hem-dm)+2m+3=-2dm +3
[
T _
2X,+2m 3
Vo= o T 2-m+Vm)+2m+3=420m +3

: TR 9
Hat cure tri trai dan & y,.3, <02 9-dm< (e m >;.

Y —(m+Dx-m>+4m -2

Vi du 2 : Cho ham sd y = . Xac dinh tit ca

x-1
cac gia tri ctia tham so m dé ham so ¢6 cye tri. Tim m dé tich cac gid tri
cue dai va cuc tiéu dat gia tri nho nhat.

(Trich dé thi Dai hoc Quéc gia i Nji, nim 1999)



Huong din gidi

Mién xac djnh D=R\{1}. Tacé y:x—mﬂln:”
x_
m)—3m+2_x2—2x+m3“3m+3

(x-1) - (x -1

y' =1+

Ham sb co cuc tri khi va chi khi phuong trinh x?=2x+m’-3m+3=0
c6 hai nghiém phan biét khac 1. Biéu nay xay ra khi va chi khi
A=—m’ +Im-2>0

N , o l<m<?2
[l‘-2.l+m'—31n+3=t0

Ham sb dat cue tri tai

X, =1-V-m’+3m-2 va x, =1 +J-m’ +3m -2

va cac cyc tri turong Gng la

:ﬁ_(m”)
|

=l-m-2vy-m?+3m-2

Y,

2%, =-(m+D)
1

Y- =1-m+2y-m’ +3m-2

Taco y,.y, =(1- m) - 4(~m?®+3m-2)

2
=5m“—l4m+9=5[m— ] —iz_—4
5 5

w3

: 7
Viy y,.y, nhonhat &> m= 5

2 2

Vidu 3 : Cho ho duong cong (Cm): y= X rmxom
- X—-m

a) Tim m dé dudong cong (Cm) ¢o diém cuc dai va diém cyc tiéu

b) VGi m vira tim duoc & phan a), hay viét phuong trinh dudng thing néi

diém cuc dai va diém cyc tieu cua duong cong (Cm).

(Trich dé thi Pai hoc Tai chinh Ké todn Ha Npi, ndm 1999)
Huréng diin gidi

2
a) Mién xéc dinh D=R\{m}, y'= X *2mX

(x-m)’
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Ham s6 ¢o cure dai va cuc tiéu khi va chi khi phuong trinh -x? +2mx =0
¢6 hai nghiém phan bi¢t khic -m <> m #0.

Vé&i m =0, gia sir hoanh d§ cac diém cyc trj 13 x,, x, thé thi cc cuc tri
tuong ng clia ham s 1a

y ==2X, +m;y, =-2X,+m
Viy duong thiang néi hai diém cuc tri coa (Cm) cé phuong trinh la
y=-2X+m.
Vi du 4 : Cho ham sb y=x3 +mx’ +7x+3. Tim m dé ham sb co cuc

dai. cuc tiéu. Lap phuong trinh dudng thing di qua cac diém cuc dai,
cyre ticu do.

(Trich d2 thi Pai hoc Tai chinh, nim 1997)

Huéng din gidi
Mién xac dinh D=R

y' =3x2+2mx+7
Ham sd ¢6 cuc dai va cyrc tidu khi va chi khi phuong trinh y' =0 ¢6 hai
nghiém phan biét. Didu nay xay ra khi va chi khi

A'=m’-21>0& Im|> /21

Khi- 46 hoanh d6 x,, x, cia cic diém cuc trj cua dd thj la nghiém cua
phuong trinh y’ = 0. Thyc hign phép chia y cho y' ta dugc :

;2 5 7m
+2(21-m)x+3-—"
3 y 9 9

Gia try cure tri twong ung la :

2 ) 7m 2 . Tm
) y,=6(2]—m )x,+3—~6—;y2=6(21—m )X2+3—T

1 1
=|=X+-m
=l

Vay phuong trinh dudng thing di qua hai diém cuc trj la :
2 \
y=:(2]—m3)x+3—m.
9 ‘ 9
Vidu5:Chohamsbd y=x"~6x>+3(m+2)x—m—6. Djnh m dé :
a) Ham s6 c6 cuc dai va cyg tiéu.

b) Ham s6 ¢6 hai cuc trj cing dau.

¢) D6 thi ham s cét tryc hoanh tai ba diém phan biét.



Huwéng din giii
a) Tacod y' =3x>~12x+3m+6
y ¢o cyrc dai va cyc tiéu khi va chi khi phusong trinh y' =0 c6 hai nghiém
phan bi¢t. Diéu ndy xay ra khi va chi khi
AN=36-Im-18>0=>m<2.
b) Véi m<2, goi x,, x, lacac diém cyre tri cia ham sd. Chia ycho y' ta

dugc y=%y'(x—2)+(m—2)(2x+l)
Gia trj cuec trj tuong ing la

y; =(m-2}(2x, +1) ; y, =(m=2)(2x, +1)
Suy ra y,.y, =(m-2)*(2x, +1)(2x, +1)

~(m-2) [4x,x2+2(x2+x2)+1]
Theo Dinh li Viéttacé x; +x, =4 vd x,x, =m+2 nén:

y,ys ={m-2)*(4m+17)
17

m>-—

Viay y,.y, cung diu < Yy, >0 4
m#2

Két hgp vdi dicu kién m<2 tacé: j¥< m<2.

c) Gia sir X, < X,. ta cé bang bién thién :

X | ~oo X, X, +00

k]

y L 0 -0 +
y. © +oo
(@)
-00 Yer
Dyra vao bang bién thién va do ham sé lién tyc trén R nén db thi ham sé

céit tryc hoanh tai ba diém phan biét khi hai diém cyc tri ndm hai phia 46i
voi Ox tirc la y, va y, trai dau.

Taco: y,.yz =(m—2)2(4m+17)<0<:>m<—|~4z
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Vidu6:Chohamsd y=f(x)=(x+2) +(x+b)’ - x’.

a) Cac sbé a, b phai thoa man didu kién gi dé ham sb co cyc dai va cuyc
tiéu. Khi d6 viét phuong trinh duong thang di qua cac diém cyc dai va
cye tiéu do.

b) Ching minh rang voi moi a,'b phuong trinh

(x+a) +(x+b)’ —x* =0

_khong cé ba nghiém phan biét.

(Trich dé thi Pai hoc Swpham Tp. HCM, nim 1994)

‘ Huong dan gidi
a) Mién xac dinh : D = R.
Taco: y'=3[(x +a) +(x+b) —xz]=3[x2 +2(a+b)x+a>+b’]
Ham s6 cé cire dai, cyc tiéu khi va chi khi y' ¢6 hai nghiém phan biét.
Diéu nay xay ra khi va chi khi
A'=(a+b) —(a® +b’)> 0= ab>0
Chiay cho y’ taduoc y= —]3—y'(x +a+b)-ab(4x +a+b)
Giai sir x;, x, 1a hai diém cyc tri cia ham sd, i(hi dé cac cyc trj tuong
irng la :
y, =f(x,)=-ab(4x, +a+b)
y, =f{x,)=-ab(4x, + a+b)
Vay phuong trinh dudng thing di qua hai diém cuc tri ctia dd thi la :
y=-ab{dx+a+b).
b)- Néu ab<0 thi y'>0,vxeR= y tang trén R=> p huong trinh
f{x)=0 cé nghi¢gm duy nhit.
~ Néu ab>0 thi y,.y, =a’b*{9a® +9b” — 14ab)
=a’b’ [7(a —b) +2(a% +b? )] >0

Hai cuc tri cung dau, tire 1a hai diém cyre tri cua do thi nam cung phia dbi
vé&i truc hoanh. Do dé do th§ khong thé cat truc hoanh tai 3 diém phén
biét, vy phuong trinh f(x)=0 khdng thé cé ba nghiém phan biét.
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12.1

12.2

12.3

12.4

12.6

12.7

12.8

Cho ham s6 y =

C.LUYEN TAP

2
+(m-Dx-m+4 -, . . , Y
A+ (m-1x-m . Véi gia tri ndo cua m thi do thi

Cho ham sé y=
x—1

ham s6 c6 cuc dai va cyc tiéu. Chimg minh'rigmg khi 46 khoang céch giira
hai diém ciyrc dai va diém cyce tiéu khéng pha thude vao m.

(Trich dé thi Pai hoc, nim 1997)

Y
X" +mx—-—m+8§

Cho ham sé y= . Xac dinh m dé cyc dai va cyc tiéu cia

x -1
dd thi ham sé & vé hai phia cia dudng thing 9x -7y —1=0

(Trich dé thi Pai hoc An ninh, nim 1999)

Cho him sé y=x"-3(m+Dx’+2(m +7m+2)x-2m(m+2). Xac
dinh m dé ham sb c6 cye dai, cyre tidu va viét phuong trinh dudng thing
di qua cac diém cyc dai, cyc tiéu do.

(Trich dé thi Hpc vign KI thugit mit ma, nim 1999)

bl
X" +mx-6

Cho ham sé y = . Xac dinh m dé ham s6 c6 hai cyc tri. Chimg

X—-m ,
minh rang khi do gia tri hai cuc trj cing diu.
2x2—3x+m . Ay £ . L4
. Binh m dé ham sd ¢6 cyce dai va cure tiéu
x —

thoa man diéu kién |y ~yer|> 8.

Cho ham s6 yzix2 -2x’ +%(m+2)x2 -(m+6)x+1

a) Pinh m dé ham s6 ¢6 ba cye trj.
b) Viét phuong trinh Parabol di qua ba diém cyc trj ciia do thi ham sb.
Cho ham sé y =x' —3mx’ +9x +3m —5. Djnh m dé ham s6 ¢6 cuc tri va
viét phuong trinh dudmg thing qua hai diém cuc trj cua db thi.
Vi gia tri ndo cia m thi ham sé

y=2x+3(m-Dx* +6(m-2)x -1

¢o cyuc dai va cuc tiéu va dudmg thing di qua cac diém cyc trj cia dd thi
song song vai duomg thiang y=kx (k cho trudce) ? Bién luin theo k s6 gia
tri cua m. ‘
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§ 13. GIA TR| LON NHAT
GIA TRI NHO NHAT CUA HAM SO

A. KIEN THUC CO BAN

Pinh nghia : Cho ham sé6 f:D > R.
- Ham s6 f dat gid wri 1on nhét tai x, € D néu f(x)<f(x,). VxeD

Ki hiéu : maxf{x)="f(x,)

xel)

— Ham sb f dat gia trj nho nhat tai x, € D néu f(x)>f(x,), VxeD

Ki hiéu : minf(x)=f(x,)

xel)

B. PHUONG PHAP GIAI TOAN

Cho ham s6 f:D— R va X D. Dé tim gia trj I6n nhat, nho nhit cia f
trén tap X ta {am nhur sau :

Phuwrong phdap chung :
- Lap bang bién thién cua frén X.

- Dyra vao bang bién thién trong do hru v dén sy thay déi gia trj cua f trén
X (gia trj ham sb tai cae diém mit, gioi han ham sb. ...). Phan nay chinh
14 tim mién gia tri cua ham sé f trén tap X.

Truong hop X =[a ; bf :

— Giai phuomg trinh f'(x)=0 dé tim cic nghiém x,, X,. ... X, trong
[a : b] (nghi¢m o ngoai [a : b] thi khdng ké). -

~ Tinh f(x;). T(x.) . ... f(x,) va f(a) f(b).

— $6 1dn nhit trong cac sd vira tinh 14 maxf.

- S& nho nhat wrong cac sd vira tinh 1a min f.

- Néu bai toan khong néi dén tap X thita xem X =D.



C. Vi DU AP DUNG

Vi du 1 : Tim gja tri nho nhét, 1on nhit caa ham sé :

2 .

: +1

a)yzw vol x>0 ; b)y: Sinx
X

¢) y=2x+v5-x*.

- .. -
sin“ x+sinx+1

Hudng din gidi
a) X=(0; +)

Cach 1 : (Dya vao bang bién thién)
2

Tacé: y'=}f iy =0 x=1 (Vi x>0)
N
Bang bién thién :

X 0 | +60

y/////// -0 ¢

y////‘”\;/“

Vay min y =3 khi x =1, khong ton tai max y

-

Cdch 2 : (Bdt dang thiic)
Ap dung bt dang thirc Cositacéd :

y:[x+lj+12,1ﬂx.l+lc>y23
X X

Déu bang xay ra khi x =% hay x=1 (vi x>0).Vdy miny=3 khi x=1.
Cdch 3 - (Mién gid trj)

y thudc mién gia trj cia ham sd véi x > 0 khi phuong trinh y =M
c6 nghiém x>0 hay phuong trinh x’ +(1-y)x +1=0 c6 nghiém x> 0.
Diéu nay xay ra khi va chi khi

{A:(l—y)iuo

oSy=23
S=y-1>0(vi P=1>0)

Déau béngxay ra khi X~-y—§—l=l Vay miny =3 khix = 1.
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b) Mién xac dinh D=R

Pat c=sinx(-1<t<l) tacéd y=—

voi te[-1:1]

i tU+t+1 .
“q4’-2 , t=0e|-1:1
y':—l———-—t—z;y’=0c:>t‘+2t=0c> <l ]
(£ +e+1) t=-2¢[-1;1]
Tacé y(0) =1 y(-1)=0; y(l)-%. éy miny =0, maxy=1.

c) Mién xac dinh D=l:—\/§ : Jg]

X =2\/5—x3—-x
Js—x2 Js-x°

y' =0 2V5-x7 =x<:>{ (5-x!) =
Ta c6 y(2)=s L y(—/5) =25 ; y(ﬁ)=zﬁ.

Viy min y=—2\/§ , maxy=35,

Taco: y'=2-

c>x=2.e|:—x/§:\/§]

Vi duy 2 : Tim gia tri Ién nhat va gia tri nhé nhat cia ham sb :
y = X +cos’ x trén doan Ostg
(Trich dé thi Pyi hoc Ngogi ngiv, nim 1999)

Huéng din gidi

oo

Tacd: y' =1-2sinxcosx =1-sin2x >0, Vxe[O: -}]

Do d6 ham s6 dong bién trén ,_[0 : %}
Bang bién thién ;

00 () , %+oo

yf//// . Wi

-

&

1
2

N

Vay miny =1 Khi x=0; maxy:%-r% khix=§



Vi du 3 : Tim gia trf I6n nhét, nho nhat cda ham sé

: 2
y =sin® x + cos™ x

(Trich dé thi Pai hoc Lugt, nin 1999)
Hiréng din gidi
Ta c6 sin[x + -;Ej =cosx va cos[x + g] =—sinx nén ham s
y=sin?" x + cos® x 1a ham tuan hoan c6 chu ki g do dé ta chi can tim
gia tri 16n nhat, nho nhét cia ham sé trén doan [0 ; g]

Tacé: y' =20sin" xcos x - 20cos' x sin x = 20sin x cos x (sin'® x —cos'* x)

) x=0
sinx=0
, n
y=0c|cosx=0 « x=5
sin X =cosXx
n
X=—
4

F(0)=1; f[f]:l ; f(£]=_l-9-
2 4/) 2

Viy minyzgl— khi x=£+k§ va maxy =1 khi x=k§.

Vi du 4 : Cho ham s y =x* -6mx? +m?. Tuy theo m, tim gia trj lon
nhét ctia ham sé trén [-2: 1],

Hirdng din gidi
Pat t=x" thi y=f(t)=t" —6mt + m*

Véi 0<t<4, yta ham sé chin nén

maxy = maxy = max f(t)
e[-2 ) wef-2.2] telv.d

Tacod F(D=2t26m;: f'(t)=0¢>1=3m
i) Néu 3m <0 hay m <0. Ta c6 bang bién thién :
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t -oc 3 0

4 +00

fu)/// //aV/

mAy—f(4)—m -24m+16
i) Néu 3m24haym2§
t -0 0 3m +oc
WY 77 - ////é///ﬂ/

fm/// \//////

maxy = f(0) =’

iii) Néu 0<3m<4hay O<m< :_:—

1 3m

f(t) 0o +

4  +o0
7.7/

. m/\

maxy =max{f(0), f(4)}=m

Xét hicu : m> —(m® - 24m +16) = 24m -

x 2 « -
Neu m >§ thi maxy=m"

/ 7

ax{m?, m? - 24m + 16}

3

16

s
Ncu O<m$§ thi maxy =m” =24m+16

Tu (1) (2). (3) va (4). Ta duoe ;

m> -24m
maxy =
\e[-201) m)
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Vi du 5 : Nguoi ta ding tim kim loai dé gd mét thiing hinh try tron xoay
¢6 hai day vai thé tich cho truée. Hay xac dinh kich thudce cia hinh try dé

vat liéu ton it nhat.

Huéng dén gidi

Goi x 1 ban kinh day. h la chiéu cao caa hinh try (x, h >0) S la dién tich

toan phfin va V la thé tich cuia hinh try.
Tacd: V = nx’h
S =2xnx> +27xh

Ta (1) suy ra: h:-—ﬁ.'
X~

Thay vao (2) ta duge : S= 2nX° + a (x>0)
X

- 2V 4nx -2V
Tacd: S =4nx - = lﬁ....ﬁ i
X~ X

S'=0<:>4m¢-‘=2v@x=3/l

2n
3\'1

x | ~o0 0 2 +00

S - o -
U

/%\CT/

‘ . /V .
Vay S nhd nhat khi x =3 5o khi @6
: 2n

h = V) :23_.\,__ = 2X.
X" V2n
5 .. . - ’ Vo o f \4
Vaéy phai chon ban kinh day 1a x = 3{~— va chieu cao h =23 Pyt
Py 4 L

Bang bién thién :

-

X

(N
(2)

Vi du 6 : Tic mot tAm 16n hinh chir nhat ¢é kich thudc 1a a, b. Ngudi ta
cat bo 4 hinh vudng bang nhau 6 4 goc roi go thanh mot hinh hép chir
nhat khong ¢6 ndp. Canh cua hinh vudng cat & phai bang bao nhicu dé

hinh hop ¢6 thé tich ton nhét 2
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Huwong din giai

i) Giai sir a<b, goi x la canh cua hinh ) b

v % 4
vuong cit di, ta phai co 0<x <%. / X %

Thé tich hinh hop 1a a

V=x(a-2x)b-2x)

% %

=4x° - 2(a+b)x> +abx

V'=12x" -4(a+b)x+ab
=%(a+‘b—\/a2 —ab+ bli)
X =é(a+b+\/a2 —ab+b3)

Theo Dinh i Viét x,>0,x,>0 va vi V'(%]=a2—ab<0 nén

a - - % ‘-
0<x, < 5 <Xy I'a ¢ bang bién thién :

(S

X [-o0 0 X| Xn +00

W/////A*O'—///

o~

Viy V dat pia tri 16n nhat khi

CX =X, = ‘g(a+b—\]a2—ab+b3)

<

ii) Néu a = b thi phrong trinh V' =0 ¢6 hai nghiém x, =—, x, =—. Khi

rdln.

a

6
; : A . a

d6 V Ién nhat : khi x =x, = .

Viy trong moi trudng hop. V Ién nhat khi

= %(a+ b—a® —ab+ b’ )



13.1

13.2

13.3

13.4

13.5

13.6

13.7

13.8

13.9

D. LUYEN TAP
Tim gia tri nho nhét, 16n nhéat cha cac ham sé :
a) y=x+1-x; b)y:cosx+—;—cos2x;

1 : 1
y=lg’x+——; d) y=sinx+cos’ X +— ;
lg”"x+2 2
Gia sir x,, x, la cAc nghiém cua phwong trinh :

12

-

i2x? —6mx+m’ -4 +—=0.
0
Véi gia trj ndo cita m thi x| +x3 :
a) Dat gi4 trj 1on nhat. b) Pat gia trj nho nht.

, o . 2 1 y
X,, X, la chc nghiém cia phuong trinh x* + px+— =0 (p=0). Xacdinh p
D

dé x;' +x3 dat gia tri nho nhit.
Cho ham s y=|3x2 ~6x+2a—1| voi —2<x<3.
a) Xac dinh a dé gia trj 16n nhat cba ham sb dat gia tri nho nhat.
b) Tim a dé gia tri nho nhat cha y bang 29.
Cho ham sé y=4x’ ~4ax+a’ -2a véi xe[~2;0]. Tim a dé miny=2.
Cho ham s6 y =sin'x +cos® x + msinxcosx. Tuy theo m tim gia tri nho
nhdt va 1dn nhat cua ham sé.
Cho a=0, b=0. Tim gia trj nho nhat coa :

A + >

M :d—4+b7+.9_+_b._[a_+.b_]

b* a° b a
MOt tam giac vudng ¢ canh huyén bang a khéong doi. Cho tam gidc quay
xung quanh canh huyén. Héi chiéu cao tuong tmg véi canh huyén bang

bao nhiéu dé hi¢u cua thé tich hai hinh noén sinh ra khi quay dat gia tri
Ién nhat.

Cho hinh cail ban kinh R. Tim hinh nén ngoai tiép hinh cau sao cho dién
tich xung quanh la nhé nhat.
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§ 14. AP DUNG GIA TRl NHO NHAT, LON NHAT

CUA HAM SO BE CHUYNG MINH BAT BDANG THUC

A. PHUONG PHAP GIAI TOAN

Gia sir ham s6 y =f{(x) c6 gia trj nhd nhit va c¢6 gia tri Ién nhét trén D.

Taco: f(x)2a, VxeD<:>miLl)1f(x)Za

f(x)<a, VxeD o maxf(x)<a

xeD

Dé chirng minh f(x) <g(x), Vx e D ta chiang minh :

ma{;&[f(x) ~g(x)] <0 hoac max f(x)< mirt; g(x)

B. Vi DU AP DUNG

.Vidu1:Choa,b, c la ba sb duong thoa man diéu kién :

al+br+cl=1.

Chirng minh ring : ’a + b +

C >3\/§
b>+c® cl+a’ al+bt 2
Huong din gidi
Tir gia thiéttaco: O<a, b, c<1.
Bit dang thirc cAn ching minh tuong duong véi @
2 2 2
a s b 4 c : 23\/.‘:
a(t-2?) b(-v") cl1-¢?) 2

Xétham sé: f(D)=t(1-t*) =+t véi te(0; 1)

Tacé £'(t) = -3 +1 f’(t)zOc&tz\-% (vi t>0)
- Bang bién thién :
t |-o0 O Tl-—,; 1 +oc
(1) %//% + g - %;//////
N



Taco (1)< 2

3 véimoi te(0;1). Trdosuyra:

S

2 2 2

_— 0<b(1-b?)s == : 0<c(l,—c2)s—.

33 33 33

= ~t b —~+ < 3 23\/§(32+b2+c2)=£
ali-a?) b(-b?) cli-¢?) 2 2

0<a(l—a2)

IA

Dang thirc xay ra khi va chikhi a=b=c= 1

V3
Vay : 1a ,+,b,+’c ,23\/§(dpcm).
b>+c¢® ¢ +a” a“+b’ 2

Vi dy 2 : Cho ham sé6 y=m’x’ —2x* +m (m=0). Khao sat sy bién
thién cia him sé khi m=0. Tir d6 xdc dinh m d&é m’x*-2x*+m =20
v3i moi X.
' (Trich @é thi Pai hoc Qudc gia Tp. HCM, ndim 1998)
Huéng din gidi
Mién xdc dinh : D=R

Taco: y'=4m’x’ —4x = 4x{m?x* -1) »
x=0
y'=0c>4x(m2x2—1)=0<:> 1
"l
o . ‘. 1 m® -1
Véi x=0thi y=m ;vdi x=— thi y=———
m| m’
Bang bién thién :
Imi I mi
y' - 0 + 0 - 0 +
+ 00 m +0OC
y
\.m“-l/' \m3-1/
m> m?
N m’ -1
"Taco: m*°x" +m20,VYxeR &S miny 20 20 m2l

mZ
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Vi du 3 : Cho ham sb @ f(x)=x*-2x" =(m—-1)x+m. Xac dinh m dé

| .
f(x)>— voimoi x 2.
X

(Trich dé thi Pai hoc Tong hop Tp. HCM, nam 1995)
Hudng diin gidi

o | > 1
Taco: MxX)2—, Vx22ox' -2 —(Mm-Dx+m>—
X X

o -2x - (m-Dx? +mx-120, vx >2
C)(xz_x)(xz --x—m)—lZO, vx =2

@MEZm (vi x> —x2>2)
X" —x
pit t=x"—x, tacot’'=2x-1>0, Vx>2 néntdéng bién trén [2;+oo)
dodd x22t22.
t* -1

Tatim m dé g(t) = >m, Vt>2

g'(t)= v :Ll >0 g dong bién [2 ; +o0)
2

= ming(t) =g(2) =%

Vay: g(t)>m, Vt22<:>ming(t)2m<:>m§%
(>2

Vi du 4 : Cho ham sé f(x)=

X .. n
va g(x)=3x-x' vdi 0<x <=
sin 2x 2

a) Chirng minh 0<g(x) <2 véi moi xe(O ; %]

b) Chirng minh ring sin2x <

2 vai moi xe[O' l]
3x - x* "2

(Trich dé thi Pgi hpc, nim 1979)

Huwdng dén gidi

" a)Tacéh: g'(x)=3-3x%;

gx)=0x’ =T x=1(vi x>0)



Bang bién thién :
3
X |- O ]

2 +eo
S0 + 0 - //////////
V ’/

0<g(x)<2, Vxe[O; g]

b) Theo cdu a)tacé 0<3x-x><2,Vxe [0 . -725] Do d6

2

3
3x—x

Mat khac, sin2x <1, ¥x 6[0; -125] Suyra; sin2x <1<

Ngoaira: sin2x=l<:x=§

Ix-x*=2ox=1 (vi xe[O; g))

2 n
Vay : sin2x < vai xe(O;v).
& Ix—x* 2
Vidu 5 : Xac djnh m dé 1+cosx+%cos2x+%c053x2 m, vdi moi x.
Huéng din gidi |
Tacé: y=1+cosx+ %cos2x + %cosBx
] 3 1
=1+ cosx+ 5(2c05“ X — l)+§(4cos3 X ~3cosx)
4 2]
=—CO0S X +COS”™ X + —
3 2

KHAQ SAT HAM §@ - 6



Pat t=cosx, -1<t<], ta dugc: y:it3+t2+%

> / t
=Sy =4t +2t,y =0 2

Bang bién thién :

t|~o0 - —% 0 ] +oo

\f///// . 0 - 0 +

/7
\. 1 u
-%%/12\%/6%

Taco miny:é. Viy: y2m, VxeR@minyZm@ms%

Vi du 6 ; Chimg minh ring dé x* +px’ +q 20 vai moi xe R diéu kién
can va du la 256q > 27p’. |
Huéng din gidi
pat: f(x)=x'+px’ +q. Tatim minf(x)
Tacéd: f'(x)=4x> +3px* =x*(4x 4 3p)

x=0

f’(x)=0<:> 3p
X=—-=—
4
f[__3_p]_-256q—l7p4
4 256
Bang bién thién :
~00 - ﬂl + oo
L 4
1 (x) - 0 +

FOal N 256a-210 7 -
256



256q - 27p*
256

Tirdd: f(x)=0,Vx e R < minf(x) >0 < 2569 > 27p*

Dua vao bang bién thién ta co minf(x) =

Vi du 7 : Chimg minh ring thé tich V va dién tich xung quanh S ciia mét
hinh nén tron xoay ludn thoa min bat dang thirc :

(6V j’ [ 25 T
gl ==
m 3
Déu ding thirc xay ra khi nao ?

Hieong din gidi

GoiR la/ lan luot 1A ban kinh day va duong sinh ctia hinh nén. Ta co
v :%mf\//f “R® (0<R<D); S=1RI

Bét dang thirc can chirg minh tuong duong véi

i
R -RY)<BRE
C 33
3
Chia hai vé cho 4R tacéd : R —B;-s 2
I P38

R . ;
Dat x=— (0<x<1) ta can ching minh x—xKSi véi xe(0;1)
] 33

(xem Viduy 1),

C. LUYEN TAP

14.1 Cho ¢>0. n la sb nguyén thoa n>1. Tim,_gi4 tri nhé nhét coa ham sb
a+ b)" a" +b"
< .
2 2

-

y=x"+(c~x)" suyraringnén a+b>0, n>1 thi [

14.2 Xac dinh m dé x + VI -x* <m, véi moi xe[-1;1].
14.3 Xac dinh m dé cac bit déng thirc sau thoa voi moi x :
a) sin x+cos’x>m ; b) mx' —4x+m=20 .

¢) x' +4mx+m>0.
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Chirng minh ring x* + px +q >0 vai moi x khi va chi khi 256q* = 27p*.

14.5 Xac dinh m dé cac bat phuong trinh sau thoa méan véi moi x.

14

14.

14.

84

8x> 6mx

(1+x3) +(l+x2)+l

a) (x+D(x+3)(x> +4x+6)2m ; b) >0

¢) x2 —2mx+2[x-m[+2>0.

.6 Xac dinh a nho nhat dé a(x® +x-1)<(x* + x+1) thoa véi moi x €[0: 1]

(Trich dé thi Pai hoc Bich khoa, nim 1994)
7 Xac dinh a dé

3cos” X - 5c0os3x —36sin’ x —15cosx +36 + 24a —12a° >0, v&i moi x

8 Xac dinhm dé minx —m-2x<0, vdi moi x> 0.

§ 15. AP DUNG GIA TR} NHO NHAT,
LON NHAT CUA HAM SO BE GIAI PHUPONG TRINH,
BAT PHU'ONG TRINH

A. PHUONG PHAP GIAI TOAN

Giai str ham s& y = f(x) c6 gia tri nhd nhédt va gia tri 16n nhat trén D, f

lién tuc trén D. _
— Phuong trinh f(x)=m c6 nghiém khi va chi khi

min f{x) <m < max f(x)

xeD xeD
- Bét phuong trinh f(x)>m ¢o6 nghiém x e D khi va chi khi

maxf{x)2>m
ael)

~ Bét phuong trinh f(x)<m ¢6 nghiém 'x €D khi v chi khi

minf{x)<m
xe)

Tong quat ta lap bang bién thién cia ham s6 y = f(x) trén D rdi két luan.



B. Vi DU AP DUNG

Vidul : L
a) Xac dinh m dé phuong trinh x + m =m c6 nghi¢m.
— b) Xac dinh m dé bét phuong trinh x + \[2—)(2—-0-1 <m c¢6 nghiém.
(Trich dé thi Pai ilpc, ndm 1984)
Huéng din gii
Xét ham sb y=x+ J2x% +1 c6 midn xéac dinh D = R

[ve2
Tacd: y=1+ 2)7( = 2x +1|+2x,y’=0<:> 2x2+1=-2x
Vax? 41 x./2x'+l
{x<0 J2
y':0<:> = ———

o X
2x% + 1= 4x? 2

PR

b x=—— thi y=+—
2 YT

Bang bién thién :

X —-00 ..fz_
2
0

+ o0 +00

5
b) x +V2x’ +1 <m ¢6 nghiém & miny<m e m >—\£—:.

Vidu 2 : Bign luan theo m s6 nghiém caa phuong trinh

X+3=mVx’+1 )]
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Huwong dan giai

Tacod (1) <

x+3 , « 4
- =m. Xét ham so y =

X+3
vx© +1 x? +1

(l+x‘
X +3 1+ 3 X ]+
lim = lim X_—1; lim = lim X -}
X b4 2 ——— - 2 <o -x
x~ +1 1+ I) x° +1 14 |1
X X°
Bang bién thién :
, 1
X ] -0 3 +00
t'(x) + 0 -

V10
t(x) /
l \ 1

Dua vao bang bién thién ta ¢6 :

*m<-1vm>10 phuong trinh vo nghi¢m.
* —1<m <1 phuong trinh ¢6 mgt nghiém.

*1<ms<V10 phuong trinh ¢ hai nghiém.
* m=410 phuong trinh ¢6 nghi¢m kép x = %

Vidu 3 : Xac diph m dé phuong trinh
K+ oox =V +oxem
c6 nghiém.
(Trich dé thi Pai hoc Y Khoa Tp. HCM, niim 1997)
Huéng din gigi
Picu kién 0< x <9. Phuong trinh di cho tvong dwong voi

9+2Jx(9—x) =x(9 -x)+m



.

Dit t=+/x(9-x) thi O<t< “z"‘ =% (Bat dang thuc Cési). Ta cé

phuong trinh —t> +2t+9=m véi te[O ; %]

Xét ham sd y= —t? +2t+9 vai te[O : —Z—il
y==2t+2;y=0t=1.
Bang bién thién :

vO00h + o - 2%

/////,9 'T%

Phuong trinh d3 cho ¢6 nghiém < —% <mx<l10
Vi'du 4 : Xac djnh m dé bat phuong trink sau ¢6 nghi¢gm

2 2 2
2sm \+3ws xzm'3sm X

(Trich dé thi Pai hoc Quéc gia Ha Nji, nam 1999)

Huéng din gidi

Dit t=sin’ x thi 0<t<! va bat phuong trinh tré thanh

t t
2'+3"'>m .3‘@[2] +3.[lj >m.
3 "\ 9

2

t t
Ham sé f(t)=[§] +3.[%] nghich bién trén doan [0;1] nén

max]f(t) =f(0)=4

le[l);l

Vay f{t)2m c6 nghiém tef0: 1] 11[10axl]f(t)2m
tel0 :

S m<d.
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Vidu§: Timnghiém xe [0 : —g) cua phuong trinh :

16 , e
X -—x" = -
3 6sin2x

Hudéng din gidi

3

n .. [ nj
- vii xe| 0 —
6sin2x 2

) 3 n 1[3
Tacéd f'(x)=n’-16x"; f'(x)=0<:>x=z f(-—jz

pat f(x)= Trzx-%x3 va g(x)=

Bang bién thién :

X 0 T T
4 2
f’(X)/// £ 0 - ///////
f(x)// ' %3 ’///
Ta ¢6 r(nax f(x)—?:>f(x)< ( —]. Diu bang xay ra khi
g O, <
2
T
X=—.
4
Mit khac, g(x)=6s;:2x2%, Vxe[O; g) Dau bing xdy ra khi
sin2x =1 hay x = ;

Vay f(x)S%Sg(x), Vxe(O; g] Dau bing xay ra déng thdi khi

x =—. Viy x =% la nghi¢ém cua phuong trinh.

r
4
‘C. LUYEN TAP

15.1 Xac dinh m dé phuong trinh sau c6 nghiém :
Bx +V6x =m + VG +x)(6 - x)

38



15.2
15.3

15.4

15.5

15.6

Xac dinh m dé bét phuong trinh mx — \/;(j <m+1 ¢é nghiém.
Xac dinh m dé bat phuong trinh
(x® +l)2 +m< xx/xj+x2 +4
thoa voi mgi xe[0; 1]
(Trich dé thi Pai hoc Quéc gia Tp. HCM, nim 1997)

3x? -

1 , L 2
5T =v2x —~1+ax ¢o6 nghiém duy nhat,
X —

(Trich dé thi Pai hpc Quic gia Tp. HCM, niim 1998)

Xac dinh a dé phuong trinh

Xac dinh m dé cac phuong trinh sau ¢6 nghi¢m
a) 4(sin® x +cos® x)~ 4(sin® x + cos® x) —sin 2 x = m

(Trich dé thi Dai hoc Quéc gia Tp. HCM, nim 1997)
b) cos4x +6sinxcosx = m.

(Trich dé thi Pai hoc Quéc gia Tp. HCM, nim 1998)

¢) 3cos® 2x +sin® x + cos® x —m = 2cos” xV3cos” 2x +1
(Trich dé thi Pai hoc Cin Tho, nim 1999)
n

d) mcos2x —4sinxcosx+m—-2=0, vdi xe{o; z)

(Trich dé thi Pai hoc Giao thong vin tii, nim 1'999)

Giai cac phuong trinh :

a) X5+(1—x)5=%; b) M-x+¥M+x ; .

2-n
, : 7t
¢) sinnx +cosnx =2 ? | xe(O; ——].

(Trich dé thi Pai hoc Bich khoa Ha Néi, nim 1999)
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§ 16. TINH LOI, LOM VA BIEM UON
CUA PO THI HAM s6

A. KIEN THUC CO BAN

Pinh nghia : Cho d thi (C) ciia ham s6 y =f(x) véi xe(a ; b)

* Po thi (C) duge goi la db thi 18i néu moi tiép tuyén cua (C) déu & phia
trén do thj (C).
* DS thi (C) duoc goi [ db thi [dm néu moi tiép tuyén cta (C) déu & phia
dudi do thi (C).

* Diém ngan cach giira phan 15i va phan 1dm cia (C) duge goi la didm
uén cia (C)

T y h y A y
O x O X O ;
(C)1o6i (C)16m [ : Diém udn

Dinh li : Cho ham s y=f(x) ¢6 db thj (C) véi f c6 dao ham cap hai
trén {(a ; b).

* Néu *(x) >0, Vxe(0;b) thi (C) 1a d6 thj 1m trén (a ; b) ;
* Néu £"(x)<0, Vx e(0;b) thi(C)la ddthjlditrén (a:b) ;

* Néu f*(x) doi dau khi x qua x, thi diém I{x, ; f(X,)) la diém uén
cua (C). '

B. PHUONG PHAP GIAI TOAN
Tim cic khodng 15i, 1dm va diém udn ciia dd thj :
— Tim mién xac dinh

~ Tinh dao ham cép hai y® va xét dau y” ;

: Y ;42 . . .. . a4 A 2
~ Dyra vao dinh 1i dé xac dinh khoang (04, 10m va diém uon.



Diéu kién dé dd thi ham s 6 diém uén :

- Xét cdc diém ma y" =0 hoac y" khéng ton tai ;
— y" d6i dAu hay khéng khi x qua cac diém dy.
Chii § : Ham sb bac ba luén cé mét diém udn.
Chirng minh ba diém uén thing hang :

~ Chirng minh (C) c6 ba diém udn ;

— Chirng minh ¢6 mdt dudomg thing A:y =ax + b cit (C) tai ba diém udn.

C. Vi DU AP DUNG

Vi dy 1 : Tim cic khoang 161 16m va diém udn cia dé thi ham sé
a) y=3x"—5x*+3x-2 : b) y=[xl(x~3) ;

3
c)y= ,x ~ (a>0).
X* +a

Huéng din giai
a) Mién zac dinh D=R
y' =15x - 20x" +3 5 y" = 60x" - 60x> =60x> (x —1)
x=0 (y(0)=-2
y'=0= (v ) :
x=1 (y(D=-1)

Xétdau y":
X ~20 0 1 +00
y" - 0 - 0 +
(C) - 16i ‘ ~ lom

Piém udn 1{1: —1).
B) Mién xdc dinh D =R

X"—-5x néux=0
Y= 5
-X"+5x néux<0
.- {2x—5 néfux>0 {2 néux >0
:}y: =

. =Yy
-2x+5 nfux<0 -2 nfux<0
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Ham sb khong cd dao ham cép 2tal x=0.
D6 thi 1om trén (0 ; +oo) va 16i trén (-0 ; 0). Diém udn 1(0 ; 0)
¢) Mién xac dinh D =R.

v ta ham s0 lé nén ta xét x 20 .

, x:(xz+3.’12)>0:>\/?:x\./x3+3a2

) (x2+az)2_- x* +a’
Liy dao ham hai vé
v _al (XZ _332)

y _
2\/7 (x? +a>)Vx* +3a?

Diu cua y” 1a dau cua 3a” — x’

X ‘ 0 3‘5 » + oo
Lo+ e -

y 1a ham sé le nén y(—x) = -y(x) > y'(x) = y'(~x)
= y"(x)=-y"(-x).

Dau ciia y” ddi xing qua O nén bang xét diu cua y” nhu sau :

X | -oc -ﬂﬁ 0 a\ﬁ; +00
y| + 0 - 0 + 0 -
©| om | i | m | @i

D6 thi cb ba diém udn

l,[—a\/i; - 33\5} 1,(0; 0), l;(as/i; 33\5]

4 4

Vidu 2 : Dinh a va b dé diém [(2;-6) 12 diém udn cia db thi ham sb
y=ax' +bx’ +x -4,
Hudong din giai
Tacéd y' =3ax’ +2bx ; y* = 6ax + 2b
Ham sb da cho 1a ham béc ba nén d6 thj luén c6 mot diém udn.

1(2; -6) ladiém udn cia db thi khi



[
{y'(2)=0 {12a+2b=0 =73

= =
y(2)=-6 l18a+4b-2=0 b=-3-
4

Chii y : Hoanh d6 diém udn cua ham sé bic ba 1a nghiém cua phuong
trinh y"=0 (Vi y” 12 mdt nhi thire bic nhat nén dbi dau khi x qua

nghiém cua nhj thic).

Vi dy 3 : Chimg minh ring d6 thj ham s6 vy :22>(7+1
' X" +x+]

thing hang. Viét phuong trinh dwong thing di qua ba diém uén.

Huong din gidi

Mién xéac dinh D =R

Cach 1.
L, axt x4, 20x+D(xTex=2)
1aco:y=ﬁ; = - 3
(x?+x+1) (x'+x+l)
1
X =——
2
y'=0c|x=1
X==-2
Xét ddu y
X |-o0 -2 g | +00
2
y”’ - 0 + 0 - +
©) 1 | 1om | 18 16m

Tacé AB=(3:2). BC:[% : 1)

RS rang AB = 2BC nén A, B, C thang hang.

¢d ba diém ubn

Phuong trinh duong thing di qua ba diém udn 14 phuong trinh dudng

thiang AB :
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y-1  x-1

2 1
= SYy=—X+—
-1-1 -2-1 3 3

Cach 2 :
Nhur cach 1, ta chimng minh duoc db thi ham sb c6 ba diém udn co hoanh
dd x,. x,. X4 la ba nghiém cua phuong trinh :

2x’ +3x* -3x-2=0 (3)
Ta tim dudng thiang (A):y =ax + b cit (C) tai ba diém uén. Phuong trinh
hoanh 4 giao diém caa (A) va (C).

’2x+l —ax+boax’+(a+b)x +(a+b-2)x+b-1=0 (4)
X +x+1

Pé (3) va (4) c6 3 nghiém triing nhau ta phai co :

3=a+b=a+b—2=b—| [zgzl) (ti 1€ thirc)
> 3 -3 =2 6 3

I
Jb-

Viy 3 diém udn thing hang vi cing nam trén duong thang

| — Wi

(A):y= %x+-1—.
3 3
Cdach 3 -

2(2x"‘ +3x2 —3x-2)

(x2 +x+|)'1

Tacod: y'=

Giasir (x ;y) latoa do mdt trong 3 diém udn cia dd thi. ta o :

2x7 +3x7 =3x=2=0 (M
o 2x+1
X* +x +1 (2)

Tuo (l)suyra x = %(2,&3 +3x° - 2), thay vao (2) ta duoc :

) i 2 _3¢_2
=~(2x +3x%° —3x h):z[sz_ 3(x +1)

1 ,—} {chia da thac).
(xF +x+1) 3 xj+x+l



Suy ra y:§(2x+1)—y hay y=§(2x+l)k

Viy 3 diém udn thang hang va ching thuge dudng thing co phuong trinh
2 ]

==X +-.
Y733
Nltfin xét : Cach giai 2 va 3t ra hiéu nghiém khi hoanh d¢ cac djém ',"6"
la nhirng s6 vo ti (c6 khi khong tim duoc. cy thé hoanh dd cac diém uon).
Khi d6 phai ching to y"=0 cé ba nghiém phan biét bing cach ching
minh ham bdc ba c6 hai gia tri cyc dai trai diu. Chfmg han, cac ban hay

. . Lo fs 2 X- . <X 4 M \ Y
chirmg minh do thj ham s6 y =— ] co6 ba diém udn thang hang va vieét
X°+

phuong trinh duong thing di qua ba diém udn.

Vi du 4 : Cho ham s6 y=x'+3x? -9x +5. Chimg minh riang trong tat
ca cAc tiép tuyén véi db thi ham sé, tiép tuyén tai diém udn co hé s6 goc
nho nhit.
' (Trich dé thi Pai hoc Ngoaqi thuong, nim 1998)
Hieong diin gidi
Mién xdc dinh : D=R.Tacé: y'=3x> +6x—9 :
Theo y nghia hinh hoc cia dao ham thi hé sb goc k(x) coa tiép tuyén tai
diém M(x, f(x)) la: .
k(x)=3x"+6x-9
Ta ¢o k'{(x)=6x+6 ;
kK'(x)=0 x=-1
Bang bién thién :

X | -0 -1 +00

Ik’(x) -0 +
k(x) \ or /'

Tai x=-1 h¢ s6 goc tiép tuyén vai do thi 1a nho nhat.

R3 rang 1(—1:16) 1a diém ubn cla do thi.
Vi du 5 : Chitmg minh rf‘mg cac diém udn cia dd thj (C) : y =Xsinx nim

trén duong cong (L) c6 phuong trinh 4x° =y’ (4+x%).
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Hudong din giai
Tacé: y =xcosx+sinx ; y"=2cosx — Xsinx.
Toa do diém udn thoa man hé phuong trinh :

{)’:0 {2cosx—xsinx=0 )]
=S

y=xsinx |y=Xxsinx (2)

Tur (1) va (2) suy ra cosx=%. r (2) suyra sinx =2 (x 20).
X

2 2
’ « 2 2
Taco: sm'x+cos'x=lcy_2+.y_
X

=1 4x° =y2(4+x2)

Viy diém uén cua (C) thuée duang cong (L).

Vi du 6 : Xac dinh m dé do thi (C)ciahamsb y=¢* + mx® ¢ diém uén.

Hudng dan giii
Taco: y =e* +3mx? : y"=¢" +6mx
* Néu m=0 thi y"=e* >0, Vxe R nén (C) khong cd diém uébn :

* Néu m>0 thi lim y" =+ (vi €' 5 +o va 6mx = +2)

X—r+xX

lim y"=—w (vi ¢ 50 va 6mx —» —»)

X—-»
Do d6 y* ddi diu nén (C) cé diém udn.
* NA PO ) RN
Néu m<O0 thi vy~ =e" +6m

Yy >0e' >-6m o x = In(-6m)

Bang bién thién : -
X =00 |n(- 6m) +00
_ 0 "

VIO L T

Suyra: yl, =y"(In(--6m)}=6m[In(-6m) -1]

Vi lim y”" =+ nén dé (C) cb diém udn thi

X-3-a



yer <0< 6m[In(-6m)-1]<0 &> In(—6m) > 1 (vi m<0)

€
S -bm>e «m»m<—g

Viy (C) ¢6 diém uén khi m < —% hodc m > 0.

D. LUYEN TAP

16.1 Tim cac khoang 15i 1dm va diém udn ciia dd thj ham sé

3
a) y=lx* -1l ; b)y=—(3x+—l);
X —x+1
) y=Uyx+2 ; dy y=e*"",

16.2 Xic dinh M dé diém M(-1;2) Ia diém u6n coa dd thi ham sb
y:n‘m3 +3mx’ + 4.
(Trich @é thi Hoc vign Chinh trj Qubc gia, nim 1999)
16.3 Xac dinh a, b dé 1(1; —2) la diém udn cioa db thi ham sé y =ax’ + bx’.

16.4 Chimg minh d thj cdc ham sé san c6 ba didém udn thing hang va viét
phuong trinh dudng thing qua cic diém uén.

X—2 X+m
a) y=—— b) y= ;
)Y x2 ~x+1 )Y x2 +1
3
X x+1
)y=—— (a>0); d) y= .
)y x? +3a* )y x? +1

(Trich dé thi Pai hoc Y khoa Ha Npi, niam 1999)
16.5 Cho ham sé y=x*-3{(m-1x’+3x-5 .
a) Pinh m d& @b thj 13i trén (-5:;2) ;
b) Dinh m dé 46 thj cé diém ubn véi hoanh 46 x, >m? -2m -3,
16.6 Dinh a dé db thj ham s6 y=x*+8ax’ +3(1+3a)x? -4 c6 hai diém uén

2 —
ma hoanh d$ cua chiing thoa man bit phuong trinh b’ S <0.

J5—ax—x2
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16.7

16.8

16.9

98

Cho ham sé y=ax'+bx> +cx+d (a#0). Chirng minh rang hé sb goe
cha tiép tuyén tai diém udn cua do thj c6 gia trj {om nhit néu a <0 va nho
nhat néu a >0 khi so vai hé s goc cac tiép tuyén tai cac diém khac trén
do thi.

a) Chimg minh ring néu dd thi ham sé

2 3
y=Xx +ax +bx+c

cat truc hoanh tai ba diém cach déu nhau thi diém uén nam trén tryc
hoanh.

b) Cho ham sé y=x* =3mx* —3mx* +2m(m-4)x +9m* - m. Tim m dé
dd thy ham s ¢it tryuc hoanh tai ba diém cach déu nhau.

, . 3 , .2 2 5 N v sinx . N .
Chung minh rang cac diém uon cua do thj (C) : y=—— nam trén dudng
: X

cong (L) c6 phuong trinh y? (4+x%)=4.

§ 17. DPUONG TIEM CAN CUA BO THI HAM 86

A. KIEN THUC CAN NHO

Djinh nghia : Cho do thi (C) ctia ham sé y = (x).

* Piém M(x ; f(x)) trén (C) duge goi la tién ra vé6 cung trén (C) khi
x —» oo hay f(x)— e,

* Puong thing (A) duoc goi 1a tiém can cha dd thi (C) néu
d(M, A)—> 0 (d(M. A) 1a khoang cich tr M dén A) khi M tién ra véd
cing trén (C).

+ Tiém can (A) goi la tiém can ngang khi (A) cing phuong véi tryc
hoanh.

+ Tigm cén (A) goi la ti¢m can dimg khi (A) ciing phuong vai tryc tung,

+ Tiém can (A) goi la tiém can xién khi (A) khong song song véi hai
truc toa do.



2.

ll

O ’ Y
(x)|--- f(x)[-{1M M
f(x) ™ (x) : () 4
! > ;( \ > >
o Jic) X o Iy o * O /) x
(A) : Tiém can ngang (A) : Tiém can ding (A) : Tiém can xién

Cach tim tiém cé@n : Cho dd thj (C) : y=f(x)
a) Tiém c@n dieng :

x =a la tiém can dimg cia (C) & limf(x) = tw
X—3

b) Tigm c@n ngang :
y=b la tiém cén ngang coa (C) <» lim f(x)=b

X =0
¢) Tigm c@in xién :

" Cong thirc 1 S Néu f(x)=ax+b+e(x) (voi lim e(x)=0) thi dudng

Xrtao

thing y =ax +b 12 tiém can xién cta (C).

Cong thic 2 : Néu a= lim fx) va b= lim[f(x)-ax] thi duong thing

x—®o X X

y=ax + b la tiém cin xién cua (C).

B. PHUONG PHAP GIAI TOAN

Tiém can ding cla y = P(x) véi P(x) va Q(x) 1A da thirc khong co

Q(x)

nghiém chung. Néu a la nghiém cia -Q(x) thi x =ala tiém cin dimg.

e . P(x)
Tiém cén ngang cua y =-

Q(x)
— Néu bac P{x) nho hon bac Q(x) thi y =0 [a tiém can ngang.

— Néu bac P(x) bing bac Q(x) thi y :'ZL 1 tiém cén ngang.

Trong d6 P(x)=a x" +a, x""' +..+a,x+a,

va Q(x)=b,x" +b, x""'+..+bx+b,
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3. Tiém cdn xién :

— Ham sb hiru ti y =—g%,' trong d6 bac P(x) bing bac Q(x) cong véi
X
\ " , . , R(x) .. ..
1 thi thyc hién phép chia da thirc ta dugc y=ax+b+Q( ) v6i bic
X

R{x) < bac Q(x). Khi dé y=ax+b litiém céan xién.

—Ham sé v ti y =+vax’ +bx+c (a>0)

Khi x = oo thi y=+a +&(x) voi lim e(x)=0

x>t
- 0]

* Khi x -+ ; (C) co ti¢m céan xién bén phai y = \/;[x+§b—}
a

b
a+—
2a

(s(x)=\/ax2 +bx+c-va

b
X+ —
2a

* Khi x = —o0 ; (C) ¢6 tiém cdn xién bén trai y:—\/;(x+2—].
a

C. Vi DU AP DUNG
-Vidu 1: Tim tiém cén cia db thj cac ham s6 san :

I} +4
a) y L o S b) y=3x*-x.

C(x-Dx-2
Huong din gidgi

a) Mién xdc dinh : D=R\{l, 2}. Tacé limf(x) =00 va limf(x)=co nén

x =1 . x=2

a6 thj c6 hai tiém can dimg 12 x =1 va x =2,

3
Ta co lim F(x)= lim —x *4
xoe 2 (x —1)(x-2)

y=3.

=3 nén dd thi c6 tiém cén ngang la

b) Mién xéc dinh D = R nén d5 thj khéng c6 tiém cin ding. Dé tim tiém
_can ngang hofc xién ta tinh :
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3/ .3
a=lim (")=1im X=X _yimaho b o

- Xxo® X XD X X% x2

b=lim[f(x)- x]—hm( x> —x - x)

X—o X~—»®

(x} -x)-x°
= lim = lim

Hm% x)’ xd—xexd 7 [’ +</;t+l}

Vay y =x lati¢ém can xién cia db thi.

Vi dy 2 : Cho ho dudng cong (C,,) :

2
-1
="—L“%— (m 14 tham sd).
x —

Tim m sao cho (Dm) tao vai hai tryc toa dé mdt tam giac cé dign tich
bing 8 (don vj dién tich). V&i (D, ) 1a tiém cén xién cba (C,,).
(Trich dé thi Pgi hoc Quéc gia Tp. HCM, nim 1997)
Huong din giai

. : m
Taco: y:x+m+l+—l,
x_

.m .
lim——=0nén y=x+m+l1

. -3 X — |
la tiém can xién cia {(C,,) (m=0). _ y
Goi A, B 1an lugt Iz‘l-giao diém cta (D,,) véi cic B
tryc Ox, Oy ta cé : ‘ A
A(-m=1;0) va B(0;m+1) D, O «x

Dién tich tam giac vuong AOB la:

Lounl
m+l=—4 m=-5

2 3 m+1=4 =3
S=%(m+1)'=8<:>(m+l)‘=l6<:{ {m
Viy m=3, m=-5 la gié trj cin tim.
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2 —
Vidu 3 : Xac dinh m dé db thi ham 6 y = 2 %" ™ héng cé tiém can.
X—m

Hirong dan gidai

, 2m’ - 2m
Taco y=2x+2m -3+ —
X-m

Po thi ham s khong co6 tiém can khi
m=0

2m2~2m=0©|:
m=]

Vi dy 4 : Bién ludin theo m céc tiém can cua do thy) cac ham so6 sau :

X+2 mx -1
a) y= _:(.A-.‘.__ : b) y=

p) - -
X -4X +m X" —-3x+2

Huwing diin gidi

< X+2 , - . . 3 . N ;A o
a) Vi lim — ——=0 v&i moi m nén do thj tudn ¢o tiém can ngang
vy X —4X +m

y =0, do d6 do thy khong co tiém cin xién.
Ta tim tiém can ding cua do thi.
= Forn , R . 3 ,
Mau s6 1a tam thire bac hai: x™ —4x+m ¢d A'=4 - m.

i) Néu m>4 thi A’<0 khi do x* -4x+m>0. VxeR. db thj khong co
tiém can dung.

X+2 c s . ,
—2 2 . 46 thi ¢6 tiém cin dirng x =2,
(x-2)

i) Néu m=4 thiy=
iii) Néu m<4 thi A’>0 khi d6 x> -4x+m=0 cé hai nghiém X,. x,.
Pé x,. x, khéng Ja nghiém coa tr x+2 thi x =-2 khdng 12 nghiém cua
miu, tire 13 (-2)° ~4(-2)+m 20> m=-12,

Trong truomg hgp niy (—12z2m<4) d6 thi ¢ hai tiém can dimg :

x=21\/4_—ﬁ

x+2 |
(x+2)(x-6) x-6

Néu m =-12 thi y= {(x =-2) dd thj cd ti¢m can

dimg x =6.



Bang bién ludn :

m Tiém can dirng Ti¢m cdn ngang

4 K x=2 y=0
X=2+ m y=0
X=2-v4-m

—z2< x=6 y=0
Xx=2+J4-m 0

y:
—0 X=2-v4-m
2

b) Mién xac dinh D=R\{l,
* Tim tiém cdn ngang va tiém can xién.
1

~Néu m=0 thi: y=————
X" —3Ix+2
¢ tiém cdn ngang y =0, khong cd tiém can xién.

- Néu m#0 thi: y=mx+3m+7'LX_-l:—6—-nl

b

X" -3x+2
(thuc hi¢n phép chia da thirc).

7mx-1-6m _

lim — 0

== xT —3x 42
nén db thi co tiém can xién y =mx +3m.
* Tim tiém cgn dimg.
Mau s6 c6 hai nghiém x =1, x = 2.
x =1 la nghiém cua tir mx' —1 khi m=1. Khi d6
' x* -1 x> +x+1
Tx-Dx-2) x-2

¢0 tiém cdn dung x =2.

y

x =2 la nghiém ca tr khi m.2’ ~1=0em =%. Khi @6

_(x-2)(x2+2x+4)_x2+2x+4
T B(x-1{x-2)  8(x-1

¢6 tiém can dung x=1.
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Véoi m=1 va mi% dd thj ¢6 hai tiém cin ding x =1, x =2,

Bang bién lugn .

m Tiém cén ding Tiém cdn ngang Tiém can xién
+m x =1 B +3
<=2 y =mx +3m
1 <x=2 y=x+3
x=1 =mx + 3m
x=2 y
i x=1 y=—X+-—
8 8 8
N =mx +3m
x=2 y
x=1
0 <x—2 y=90
X =

- x=2 y=mx + 3m

Vidy$: Xéc dinh him sé y = 232
cx+d

di qua diém A(-1;7) va giao diém cia hai dwong tiém can la 1(-2;3).

(v6i ¢ #0) biét rang d6 thj cia né

Hudng din gidi

Mién xé4c djnh D= R\i—g}. P4 thj c6 hai tiém cén 1a x ='—E va y =2
c c c
1(-2;3) 14 giao diém hai ti¢ém cén nén ta c6 :
d
==
d=2
c Q{ ¢
a=3c

2.3
C

D6 thj di qua A(-1:7) néntacé:

-a+b

7= =>-Tc+Td=—-a+b=>-Tc+14dc=-3c+b=>b=10c

—c+d



_3ex+10c _ 3x+10
cX + 2¢ . X+2

Viy y (vi c#0).

2 .
A +2 1
Vidy 6 : Cho ham so y:x cosa ;sma+
X —~

a) Tim tiém can xién cua dd thj ham sé.

b) Dinh o dé khoang cach tir géc toa 46 dén tiém can xién 16n nhit.
Huwong diin giii

a) Mién xac dinh D=R\{2}

14+ 4(sina + cosat)
X—-2

Tacéd: y=xcosa+2(sina+cosa)+

Al a- . L e i ok A AL s
Viy v&i cosa =0 va sina+cosa # 7 thi d6 thi ¢6 tiém cin xién :

y =xcosa +2(sino + cosa) hay xcosa—y+2(sina +cosa) =0
b) Khoang cach ttr 0 dén tiém can xién la

l2(cosa +sina)|  ,, 4(Gina+cosa)’  8(1+sin20)
d= =>d° = =

Jeos? o +1 1+|+0012_(1 " 3+cos2a

1+ si . ..
—L‘za xac dinh vai moi a

bit z= )
: 3+ cos2o ;

z, thudc mién gia tri cia ham sb khi phuong trinh sau ddi vé6i o ¢
nghiém ;

_ l+sin2a

= < z,(3+cos2a)=1+sin2a
® " 31 ¢cos2a 0

& sin 20— 2, cos 20t = 3z, — | *)

Phuong trinh (*) ¢6 nghiém o & 1+2z;5 > (32, —I)z

c>4z§—32050©OSzos%.
. 3 x et 1 I N 3
Do 46 maxz= T suy ra gia trj Idn nhat cua d la 8.2 =4/6.
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Thay z=% va (*), ta duogce :
. 3 5 .
sm2cx—Zcos2a:Z<:>4sm2a—3<:osza=5
4 . 3.
< sin 2a—50052a=1 o cos(2a+@)=-1

(v&i coso¢—3 sin —i)
st =y

<:>2a+q)=n+k2n<:>a=£—%+kn

re

Viy d lon nhit khi o =g—§+ kn [COS(p: % ke z]

D. LUYEN TAP

17.1 Tim tiém can cua do6 thj cac ham s :

X x? -2Ixl+2
a) = b) y=—
x> —1 Ix[ -1
) y=x+Inx : - d)y=x+1n—x;

X

17.2 Bién ludn theo m cdc tiém cén cta do thj ham so :

a) v__l_x}—mx—m _ by y = X~2m .

- X -m ) x+(m-Dx-3

) : 2
mx” +6x-2 mx°.—x
e)y=——— | d)y=—+7———.
)3 X+2 )Y (x -2)(x-m)
17.3 Cho ham sé y = 3% Xac dinh a, b. ¢ dé ham sé ¢6 cyc tri bang |
x-—

khi x =1 va ¢é tiém can xién vudng géc voi dudng thing x +2y +1=0.

2x% =3x+m

17.4 Xac dinh m dé do thi ham sé y= khong co tiém can. V& d6

\ X+m
thi ham sé trong truomg hgp do.
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17.5

17.6

17.7

17.8

17.9

,
. 243 L I X" +Xx+a A . ' . V2
Dinh a d¢ do thi ham s6 y=————— c¢6 tiém cén xién di qua diém
X+a

A(2:0).
(Trich @é thi Pai hoc Sw pham, nim 1995)
Tim cac tiém can cia dd thj ham sé y=x+x> +x +1
(Trich dé thi Hoc vién Ki thut Quan su, nim 1999)

Cho ham so

h) hl )
mx- +(m' +m-l)x+m‘ -m+2
y = (m=0)
X-m

a) Viét phuong trinh tiém cén xién.
b) Chang minh réng khoang cédch ti géc toa do dén tiém can xién khéng
VUQt qua \/5

2 .
x“cosa+2xsina + 1

Cho ham s6 y = . Xdc dinh o dé duong tron 6 tam

X+2
< - . A ’ v - . ~ S - 1 - ~ Vs v N ,
a gdc toa d6 va tiep e vai tiém cidn xién coa do thi ham so c¢o dién tich
[&n nhat. Tinh dicn tich 16n nhat dé.

o e a L ax 2x* +(a+1)x -3
Xac dinh a dé tiém cén xién cua do thy y =

tiep xuc voi
Xx+a

(P):y=x"+5.

(Trich dé thi Pai hoc Giao théng Vin tii, nim 1999)

§ 18. TAM BOI XIPNG, TRUC BOI XI'NG CUA B0 THI,

CONG THUC BOI TRUC
A. KIEN THUC CO BAN

Cho ham sé v =f(x) cé dd thj(C)

1. Néu f{x) 12 ham s chin thi (C) nhan truc tung lam truc déi xung.

[

- Néu f(x) 1a ham sd & thi (C) nhan gdc toa dd 1am tam ddi ximg.

3. Cong thirc doi truc.
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Gia st 1(x, 3 ¥,), cong thire doi true bang cach tinh tién theo vecto ol
{x =x,+ X
y=yp+Y
4. Ham sb bac ba nhan diém udn 1am tam doi ximg.
5. Ham s6 nhat bién va ham sd hiru ti bac hai trén bic mot nhin giao
diém hai tiém can lam tdm doi xirng.
. . b
6. Ham so6 bac hai y=ax2 +bx+c (a#0) nhan duong thing x =——2—
a
lam truc doi xirng.

7. Ham bac bon y =ax* + bx? +c (a #0) nhan tryc tung 1am tryc ddi ximg.

B. PHUONG PHAP GlAl TOAN
Chirng minh dd thj (C) : y = f(x) ¢6 tim ddi xirng
Cach 1 :
- Dy doén tam d6i ximg la 1{x, ;y,)
. } sl x=x,+X
— Dung cong thire doi truc
y=y,+Y
— Lap phuong trinh méi cuia (C):Y =g(X)
— Chimg minh Y =g(X) 12 ham s Ié d& két [uén 112 tim dbi xémg ctia (C).
Cach 2 : D6 thi (C) nhan (X 5Y,) lam tam dbi ximg khi va chi khi
f(x, +x)+f{x, —x)=2y, véi moi x.
Chirng minh dd thi (C) : y = {¢x) cb true 46i xirng
Cdch 1 : }
- Dy doan truc dbi xing 1a x =x,
— Diing céng thic ddi truc vé gde 1(x, ; 0)
- Lap phuong trinh méi cua (C):Y = g(X)
- Chimg minh Y =g(X) 1a ham s6 chin dé két luan x =x, 1a tryc ddi
xirng cua (C).
Cach 2 : Db thi (C) nhan x= X, lam tryc d6i xtirng khi va chi khi

f(x, +x)= f(x(, -x) vdi moi x.



C. Vi DU AP DUNG

.

Vi du 1 : Cho ham sé yz—x—l c6 db thi (C). Chirng minh ring (C) ¢6
x —

mét tam d6i xing.

(Trich dé thi Pai hoc Quic gia Tp. HCM, nim 1998)
Huong din gidi

Mién xéic dinh D=R\{1} ;taco y=x+l+%
x—
Giao diém cia hai tiém can ta 1(1; 2)

Doi hé tryc toa do vé gbe 1(1;2) theo cong thirc ddi truc :
x=1+X
y=2+Y

x’ (1+x)

Thay vao y = tacd 2+Y =

<:>Y=X+-1~
X

Hamsd Y =X +% 1a ham sd 1& nén (C) nhan 1{1; 2) 1am tam dbi xdng.

2 —_—
Vi du 2 : Chimg minh d& thi ham s§ (C):y =$x]2 khéng co tam
.OXT+ .

dbi ximg.
Huéng diin gidgi
Gia sir (C) c6 tam ddi xtmg 1(x, ;y,) taco:
f(x +x)+f(x,—x)=2y,, voi moix

(xo+x)° +4(xo +x)-2 +(x0—x)2 +4(>;0 -x)-2

(x0+x)2+1 (xo—x)2+1

Hay =2y,, VxeR

Chuyén qua gidi han khi x — o ta dugc 2y, =l+l=y, =1
Thay x =x, vao ding thirc trén ta duoc :

axl+ 8x, - 2= 4(4x§ + l) =12x} —8x, +6=0 (vd nghiém)
Vay (C) khéng c6 tam déi ximg.
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Vi dy 3 : Cho ham sb y=x*-4x" +7x’ —6x+4 ¢ db thj (C). Ching
minh ring duong thang x =1 14 truc déi ximg cua (C).

Huwong din gidi
Cach 1 : Goi 1(1;0) thudc dudng thang x =1,

Céng thite ddi hé truc toa d6 bﬁng phép tinh tién theo ol :

x=1+X
y=Y

Phuong trinh cia (C) trong hé truc IXY la:
Y =(X+D' 41+ 7(X+1) - 6(X +1) + 4
hay : Y=X'+X*+2
Pay ta ham sé chin. Vay (C) nhan x =1 lam tryc ddi ximg.
Cach 2 :Tacd:
Fl+x)=+x) —4(l+x) +7(1+x) —6U+x) +4
=x e w2
FO %) =(1-x)" =40 -x)" +70-x)" -6 -x)+ 4
=x*+x*+2
Suyra: f{l+x)=f(1-x), ¥x eR. Vay (C)nhan x =1 lam tryc dbi ximg.
Vi du 4 : Tim tit ca-cac gia tri m dé db thj ham sé -
y= x* +4xt + mx”
c6 truc dbi ximg song song vai truc tung.
Huing dan gidi
Cdach I : Goi I(x, 3 0). Cong thirc doi truc bing tinh tién theo OI :
{x =X+x, |
y=Y
Phuong trinh (C) trong h¢ true XI1Y fa:
Y =(X kx(,):[(x + x,,)z +4(X+x0)+m]

= X* +4{x, +1)XF +{6x2 +3x, +m)X? +

+(4x; +12x +2xom)X + x5 +4xg + mxg = g(X)



(C) nhan x=x, lam tryc dbi xing < Y=g(X) la ham sb chin

4(x, +1)=0 {xo =—1
ST , &
Axy +12x;5 +2mx, =0 m=4

Viy véi m =4 thi dd thi cé truc déi xung la x =-~1.
Cach 2 : X =x, latruc dbi xing cia (C)
o f(xy +x)=f(xy —x), VXeR
& (xg+x) +4(x,+x) +m(x, +x) =
= (x4 —x)4 + 4(x, —x)3 +m(x, —x)2
& 2(x, +1)x% +(2x3 + 6x2 + mx, )x =0, VxeR

Q{z(xo =0 . {xuz_,

3
2x, + 6x; +mx, =0 m=4

Vi du 5 : Chimg minh rang d6 thj (H) ham s y:i(-_—]l nhan duong
X+

thang (d):y=x+2 lam truc déi ximg.

Hwdng din giai
Goi (d):y=-x+b la dudng thing vudng goéc vdi (d), voi b 1a mét sd
thyc tuy y. Hoanh d¢ giao diém M,, M, cia (d’) va (H) la nghiém cda
phuong trinh :

3‘—_—:=-x+b®x2—(b—2)x—(b+l)=0 () (vi x=-1
X +

Tacé: A=b*+8>0 do d6 (1) ludn c6 2 nghiém x,, X,.

Trung diém | cia M;M, c6toa do :

X, +X, -2
xl': e
2 2
b+2
=—x,+b=
¥ ! 3

: -2
Diem 1[93—- ; %] thoa man phuong trinh (d):y =x+2 nén le(d).

Viay (d):y=x+2 latryc déi xitng cua (H).
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18.1

18.2

18.3

18.4

18.5

18.6

18.7

18.8

18.9

112

D. LUYEN TAP

Ching minh giao diém hai tiém cén cta d6 thi ham s yz% fa tdm
+x
débi xirng cta db thi.
(Trich dé thi Dai hoc Nong nghiép 1, nim 1999)
X2 +2x+2

Cho ham sb y:—l. Chimg minh giao diém 2 duong tiém cén
X +

cia dd thi 14 tam dbi xirng ctia db thi.
(Trich @@ thi Pai hpc Quy Nhon, nim 1999)
Chirmg minh ring db thi (C) ham sé
' y=x'-4x’-2x> +12x -1

cd truc ddi ximg song song voi truc tung. Tim giao diém caa (C) véi truc
hoanh.

Xéc dinh m dé dd thi cac ham sd sau c6 truc dbi xang song song vai tryc
tung :

a) y=x*+mx}+2(m-2)x" ; b) y =x* +4mx’ - 2mx” - 12mx.
Pinh m dé tim déi xirng cia db thi ham sé :

= (m+Dx* - 2mx - (m* = m? - 2) {m=-1)

X—m
ndm trén Parabol y=x7 +1.
Xac dinh m dé db thi ham s

3

y=—2+3mx2 -2 (m=0)
m

nhan {(}; 0) lam tim d6i xing.

2 _ ~ )
Chirng minh d6 thj y= 2)(4;—4);5 khong c6 truc d6i xirng.
x*+
Chirng minh dudng thing x=2 la tryc doi xing cuad 6 thi ham s
5
Y= X’ —4x+3

Chitng minh db thi ham s§ y=22+3
N x—

y =x+6 lam céc tryc ddi ximg.

nhan cac dudng thing y=x-2 va



Chtﬁong 3.

KHAO SAT HAM S6.
PHUONG PHAP TONG QUAT

Bai toan “Khao sat va v& db thj ham s6” gbm hai phin :

' » < £
Phén 1. Khio sit him s6
— Tim mién xac djnh ciia ham sb.

— Xét tinh chén 1é, tudn hoan cua ham sb dé thu hep pham vi khao sat (néu
) (Néu 1a ham sb chin hoic 1& chi khao sat trén nira mién xac dinh, néu ta
ham tudn hoan chi khao sét trén mét doan ba:mg chu ki).

— Tinh va xét ddu dao ham clp mdt dé tim cac khoang tang, giam va tim cuc
trj (néu ¢6) ciia ham sb.

— Tinh va xét dau dao ham c4p hai dé tim cac khoang 15i, 16m va tim diém
udn (néu cé) cta do thj (co thé bo qua phan ndy néu dao ham cap hai qua
phtrc tap). _

— Tim cac dudng ti¢m cén cia do thj (néu cb) va cac gioi han dic biét.

— Lap bang bién thién tdng két cac két qua trén.

Phén 2. V& 46 thj ham sb
- Xac dinh céac diém dac biét (diém cyc trj, diém uén) va vé& cac duong tiém
can cua db thi (néu cé).

- Tim mot s6 diém dac biét cha 85 thj (thuong 12 giao diém cua db thi vai
cac truc toa do). "

— Két hgp véi bang bién thién dé vé db thj.

— Luru y dén tinh ddi ximg ciia dd thi.
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§ 19. HAM sO BAC HAI

A. KIEN THUC CO BAN

Ham sb bac hai :
y=f(x)=ax’+bx+c (az0)
1. Mién xdc dinh D=R

2. Pao ham y'=2ax +b. y'=0<:3x-—-—2L ;

a
f[_i]:_bz —dac A
2a 4a 4a

3. Dao ham cap hai y" =2a
Néu a >0 thi do thi 13m trén R. Néu a <0 thi d3 thj 16i wén R

4. Gidi han limy =+o0 néu a >0, limy =-o néu a <0

5. Bang bién thién va dd thj :
Ha>0 '
P
_b
X -0 2a +o0
y’ - o+ _b
+00 + 00 2a s
y NG-L o\ x
4a AL N )
4a S
ii)a<0 .
ATy s
b |
X |-oo Ja +00 0 ll) x>
y' + 0 - - z




6. Do thi la mdt Parabol ¢é dinh S[—2L : —:IA_] va co tryc dbi ximg co
a a

phuong trinh x = _b
2a

B. Vi DU AP DUNG

Vidy:Chohaihamsé y=-x"+2x+3 (1) va y =%x2 -4x+3 (2)
1) V& cac do thi biéu dién cac ham sb (1) va (2) trén cing mot hé truc toa dd.
Tim.m sao cho dudng thing y = m cit ca hai dé thi vira vé.
2) Gia stir m thoa man diéu kién & céu 1, goi cac giao diém cia dudng thing
y=m voi d6 thi (1) 1a A va B, vi d6 thi (2) 1a C va D. Hay tim m sao cho
d5 dai doan AB bang d6 dai doan CD. Lac d6 hay tinh d6 dai cua ching.
(Trich dé thi Pai hoc Hang hdi, nim 1998)
Huong din gidi
Xéty=-x"+2x+3 tacd y =-2x+2
y=0=x=1(y(1)=4)

Bang bién thién

X |-o0 | +00
y’ * 0 -

4
y _oo/" \“w

l b N
Xét y:—_;x'—4x+3 taco y'=x-4

P4

y=0cx=4 (y(4)=—5)

Bang bién thién :

X |-o0o 4 +00
s - 0 +
+00 +00
y \ s /
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Phuong trinh hoanh d6 giao diém giira (1) va (2) 1a:

}

lzxz;4x+3=—x2+2x+3<:>3x2—I2x=0c>[
X

v

Cac giao diém 1a (0;3) va (4; -5)

Dya vao do thi. dudng thing y=m cét hai duong parabol (1) va (2) khi

-$<m<4.
2) Phuong trinh hoanh d6 giao diém gita y=m v&i dothj (1) la:
X +2x+3=meo x?-2x+m-3=0
Goi A(x, ;m), B(x, : m) Ja hai giao diém thi :
X +X; =2 vaxx,=m-3
Tacd AB’ =(x2.— x, ) =(x, +x,)" —4x,x,
=4-4(m-3)=16-4m
Phuong trinh hoanh d¢ giao diém giira y = m véi dd thi (2) 1a:

%x3-4x+3=m<:x2—8x+6*2m=0

Goi C(x; ;m), D(x,:m) la hai giao diém thi :
X;+%X, =8 v x;x, =6-2m
Taco CD? =(x, - x;) =(x; +x,)° —4x,x,
=64 -4(6-2m)=40+8m
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19.1

19.2

193

194

AB’=CD’ ©16-4m=40+8m < m=-2 (thoa man diéu kién
~-5<m<4)

V&i m=-2 thi AB=CD=116+8 =26
C. LUYEN TAP

Chohamsé y = %(x —1) +1

a) Khao sat ham so.

b) Tim tat ca cac diém trén truc hoanh ma tir d6 c6 thé ké dén dd thi hai tiép
tuyén vudng géc nhau.

Cho ham sé y =ax® + bx +¢ (a#0) co6 dd thj 1a (P)
a) Xéc dinh a, b, ¢ dé (P) c6 dinh S(=1; 5) va di qua diém A(1; 1).
b) Khao sat su bién thién va vé dé thj (P).

¢) Lap phuong trinh tiép tuyén véi (P) biét n6 song song véi duong thing
y =2x+3. :

Cho (P):y=x* va A(0;2). X4c dinh diém M trén (P) sao cho AM nhé
nhat. Chimg minh ring AM vudng géc vai tiép tuyén cia (P) tai M.

2
Cho (P):y=x~ va A(-I—S : 2}
2 8 8

a) Viét phuong trinh duong thing di qua M, (—l ; %J vi vudng goe véi tiép
tuyén cia (P) tai M,.

b) Tim tat ca cac diém M trén (P) sao cho AM vudng géc vdi tiép tuyén coa
(P) tai M.,

(Trich dé thi Khoi A, Pai hpc Quéc gia Tp. HCM, nam 1997)

H7



§ 20. HAM SO BAC BA

A. KIEN THUC CO BAN

. Hamsobdcba:y=ax’+bx! +cx+d (a2 0)

1. Mién xat djnh : D=R

2. Pao ham y' =3ax’ +2bx +c ; A’ = b’ —3ac

A’ >0 : Ham sb co hai cuc tr

A’ <0 : Ham sb ludn tang hodc luén giam trén R.

3. Pao ham cép hai : y':6ax+2b;y'=0<:>x:'—§b—

D6 thi luén c6 mot diém udn c6 hoanh d§ x = o

4. Gioi han :

Névw a>0 thi lim y=—0; |

)
x>~ —>+w

m y=-+o
o

Néu a<0 thi lim y=+0 ; lim y=-ow

5. Bang bién thién va do thj
a) Truong hop a> 0

i) A’=b? —3ac >0 : Ham sd ¢6 hai cyc trj

X | —oo xl X2 +00
y’ + 0 -~ 0 +

Y| RN - T

i A'<0:y' 20, vxeR

X |-co +00

+

+0o0

A I
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b) Truong hop a < 0

i) A'=b*—3ac >0 : ham s hai cuc trj

Ay
X |[~o0 X) Xy +00 \
y’ - 0 + 0 - 5 i /L\%
yoo 5 \i 172\
y N el .
CT —00

i) A'<0:y' <0, VxeR

6. D4 thj luon nhan diém uén | 1am tam d6i ximg.

Ay
X |-o0 +00
Y - I
y |7 T— :
-00 4 >
0] _b X
3a
I1. Mét s6 tinh chit ciia ham sé bic ba :
1. Ham sb c6 cue dai va cuc tiéu khi va chi khi
A'=b>-3ac>0
r 4 ~ X ¥ ~ a >0
2. Ham so ludn dong bién trén R & )
A'=b"-3ac<0
o L a<0
3. Ham 56 ludn nghich bién trén R < <. 5
A =b"-3ac<0

4. Pé tim cac cuc trj ta liy f(x) chia cho f'(x), gia st dugc
f(x)=F"(x).g(x)+mx+p.
Néu x,, x, langhiém ciia f'(x) thi

f(x,)=mx, +p va f(x,)=mx, +p
5. Khi d6 duong thang di qua cac diém cyec trj 1a

y=mx+p

6. Db thi 1udn co diém udn 1 va 1a tam dbi xing caa db thj.
7. Chi tai diém uén tiép tuyén xuyén qua @b thi. Tiép tuyén tai diém uén c6
hé s6 goc dat gia tri lom nhat néu a <0 va dat gia tri nho nhat néu a>0.
8. Néu dd thi cat truc hoanh tai ba diém 1p thanh cap sb cdng thi diém uén
nam trén truc hoanh.
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B. Vi DU AP DUNG

Vi du 1 : Cho ham sé
y =%(m+l)x3 ~(m -1)x* +mx —%

a) Khao sat su bién thién va v& dd thj ham sb véi m =0.
b) Vi gi4 tri nao cila m ham sb ludn dbng bién ?
(Trich dé thi Pai hpe Qubc gia Ha Nji, nim 1997)

Huéng din gidi
a) Véi m =0 ta cé y:lx3+x2_§

Mién x4c dinh: D =R, y'=x* +2x ;

2
= - —2 = _
X= Z[y( ) 3]

x=0 (y(0)=—§]

y ' =2x+2;

y=0&

y' =0 x=-1(y(-1=0)
Diém uén 1(~1;0)

Bang bién thién :

X |~ -2 -1 0 +00
y” - | - 0 + | +
y’ ¥ 0 - -0
2 +00
i 3 \
y / 0, /'
-00
Cb DUON (T

Do thj :




byTacd y'=(m+Dx*-2(m-Dx+m

Ham s& ludn dong bién <> y' >0, ¥Yxe R
Véi m=—1:y'=4x—120<:>x2?} (khéng thoa vai mei x)

m+1>0
Véim=-1:y'20, YxeR & ,
A=(m-1) -(m+Ym<0

1
Sm2—
3

N [ < 3k 2
Vay véi m > 3 thi ham sb ludn ddng bién.

Vidu 2 : Cho ham s6 y = x* -3ax’ +42°
a) Vi a >0 cho trudc, hdy khao st s bién thién va v& db thi cba ham sb.

b) X4c dinh a dé cic diém cyc dai va cuc tidu cha do thi doi ximg v&i nhau
qua dudng thing y = x.
¢) Xéc dinh a dé dudmg thing y=x cit d3 thi tai ba diém phan biét
A, B, C vdi AB=BC.
' (Trich dé thi Pai hoc ¥ Duge Tp. HCM, nim 1996)
Hiréng déin gidi
a) Mién xac dinh: D=R
- , x=0
y' =3x(x-2a); y'=0<:>[
X=2a

y'=6x-6a;y" =0 x=a
Piém ubn I(a ;2a3') :

Bang bién thién :

X |-oo 0 a 23 +oo
vyl - -0 + | +
y| + 0 - | -0
43 + 00
y / a\233 /
- -
Chb DPUON CT



D6 thi:

/

b) Diéu kién dé ham sé cé cyre dai va cyrc tiéu 1a a =0
Toa d6 hai diém cuc trila A(0: 4a’). B(2a:0)
Hai diém cuc tri ddi ximg nhau gua dudng thing y=x khi va chi khi
!
42’ =2ac>a=t—
J2
c) Phuong trinh hoanh d6 giao diém cua db thi va duong thing y=x la
x'—3ax’ —x+4a’ =0 (1)
Goi X,. X5. X; lahoanh do cia A, B.Ctaco:
X; +X; =2X,

va theo dinh li Viét ta ¢o;

X, + X, + Xy =32
Suyra: 3x,=3a<x,=a

Thay x, =a vao (1) ta duge :
azae> ]

Thar lai -

*Véia=0 thi(Dthanh x' -x=0cx=0; x=%I

5
*Voia= T“ (1) ¢6 nghtém

I""I



20.1

20.2

20.3

20.4

* Vaéi az—g (1) ¢6 nghiém
]+\/§

X, =— WXy S, Xy =
2 2 2

Viy dap sé la a=0, LI

(5

C.LUYEN TAP

a) Khao sat sy bién thién va vé dd thj (C) ham sb y = x* - 6x +9x.
b) Tim tit ca cac dwong thing di qua diém M (4 : 4) va cét (C) tai ba diém
phan biét. :

(Trich dé thi Pai hoc Pgi cwong Tp. HCM, nim 1996)
Cho ham s y=x",(m ~x)-m.
a) Khao sat syr bién thién va v& db thj ciia ham s6 tmg voi m =0,
b) Xac dinh m dé dd thij ham s cit db thi y= x tai ba diém phan biét.

(Trich dé thi Pai hoc, nint 1993)

Choham sé y = x* =3x" —9x+m
a) Khao sat su bién thién va v& db thj ham sé img véi m = 0.

b) Xac dinh m dé dé thj ham sd cit truc hoanh tai 3 diém phan biét vai cac
hoanh do 1ap thanh mét cap sé cong.

(Trich dé thi Pai hoc Ngogi thuong Tp. IICM, nim 1993)
Chohamsd y=x"-3x +1.
a) Khao sat sir bién thién va v& do thi cua ham sb.
b) Viét phurong trinh tiép tuyén vai do thi biét rang tiép tuvén nay vuong poce

e s . 1

vol duong thing y = —ax +1.
¢) Tim tat ca cac gia trj cia m dé duong thing v =m(x ~1) -1 tiép xic vé6i
dd thi hz‘lm sb.

(Trich dé thi Khéi D, Dai hoc Can The, nam 1997)
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§ 21. PHPONG TRINH BAC BA

A. KIEN THUC CO BAN

Cho phuong trinh ax® + bx” +cx+d =0, (a =0) (1)
Dy doian nghiém va sir dgng so do Horner :

Néu a+b+c+d=0 thi(1)coénghiém x=1.

Néu a—-b+c—d=0 thi(1)cénghiém x =—1.

Doan nghi¢m hiru ti P néuab,cd nguyén thi p la uéc cua d va q la ude
q

cua a.

Gia sir x =a la nghi¢m cua (1), béng cach chia da thirc hoac sit dung so db
Horer ta dugc

ax’ +bx* +cx +d=(x -a)(ax? +bx +¢,)=0

2. Dung dé thj ham béc ba dé xac dinh s nghiém :

Biing cich dat x = X ~ 2 thi (1) tr& thanh x* + px +q =0
X

Xéthamsé y=f(x)=x>+px+q ()
Tacé f(x)=3x*+p

*Néu p=>0 thi y'>0, Vx:y ting trén R & (2) ¢c6 mét nghi§¢m.
*Néu p<O thiy=0>x=12 —% (x; <x5)

Bang bién thién :

X | -o0o _\’...g. \’_% +0oo
+ 0 - 0 +

y, (&>} +o0
y / \ /
-00 CT .

Pé tinh cac cue tri ta lay f(x) chiacho f'(x) :




| 2
f(x)==x.f(x)+=px +
x)=2X X 3p q

‘ 2 2
Suyra: Yoo .yc-r=f(x])f(x3)=(§pxl+qJ(—3—px2+q]

_4p* +27q
27

Pat A =4p* +27q°
i) A=0S Yy -Yor =0 :(2) c6 1 nghi¢m don va 1 nghiém kép
i) A>0 yep - Yor >0 :(2)¢6 | nghiém don
i) A<0 & yep - Yer <0 1 (2) ¢6 3 nghi¢gm don.
Dinh m dé phuwong trinh béc ba

f(x)=ax® +bx* +ex+d=0 (1)
cé 3 nghiém phan biét (hay dd thj (C) : y = f(x) cdt truc hoanh tai ba
diém phan biét). .
Cdch 1 : Dinh m dé (C) c6 hai diém cye trj nam hai phia ddi véi truc hoanh
- f'(x) = 0 c6 hai nghiém phan biét x,, x,

f(x,) . f(x,)<0

Cach 2 :
- Bién dbi (1) vé dang g(x)=m
~ Lap bang bién thién ciia ham sé y = g(x)
— Xac dinh m dé dudng thang y = m cht dd thj ham s y =g(x) tai 3 diém
phéan biét.
Cich 3 : (Pai s6)
- Doan nghiém x =a cua(l)

— Phan tich (1) thanh (x —a).h{x)=0 vai h(x) 1a tam thic bac hai co biét
sé A.

. i A>0
(x ~a).h(x) =0 c6 ba nghi¢m phan biét <
h(a)=0
Pinh m d¢ phwong trinh bic ba
f(x)=ax’ +bx’ +ex+d =0 1)

6 ba nghiém duong phan biét (hay dd thj (C) : y = f(x) cit tryc hoanh
tai 3 diém phan bi¢t c6 hoanh dp dwong).
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Giasir a > 0.

Giai hé
'(x) = 0 ¢6 hai nghiém phan biét x, <x,
f(x,) . f(x;)<0
X, >0

f(0)<0

(Xem hinh vé bén)

)
Phicong phdp dai 6

(1) ¢6 3 nghiém duong phan biét < (x—a).h(x) =0 cé 3 nghiém dwong

phan bi¢t > h(x) =0 ¢6 2 nghiém duong phan biét khac a(a >0).

B. Vi DU AP DUNG

ViduI: Xac dinh m dé c6dd thi ham sb
y=x'=3m+Dx +2(m? +4m+ 1) x —4m(m +1)
cit truc hoanh tai ba diém phan biét ¢6 hoanh d6 16n hon 1.
(Trich dé thi Pai hpc Ngoai thirong, nim 1994)
Huomg dén giai
Phuong trinh hoanh d6 giao diém cua (C,,) va tryc hoanh.
X =3m+ D7 +2(m? +4m+Dx —4m(m + 1) =0 (N
() o (x-D[x* ~Gm+Dx+2mlm+1]=0
Pat g(x)=x —Gm+Dx+2m(m +1)

(1) ¢6 3 nghiém phan biét 16n hon | khi va chi khi phuong trinh g(x)=0 cé

hai nghiém phan bi¢t Iém hon | va khac 2. Diéu nay xay ra khi va chi khi



‘A=GBm+1)* -8m(m+1)>0
P
1.g(D=2m°-m>0 mst
s 3m+] | < 2
2 a > m=1
2(2)=2m’ -4m+2%0
Cach khdc :
X=2m
g(x):(x—2m)(x—m—l)=0<:>|:
X=m+]

g(i) =0 ¢6 hai nghiém phan biét tdn hon 1 va khac 2 khi va chi khi

[2m > 1
m+i>1

m>—
2mEm+1 o 2
2m =2 m# |
m+1=2

Vay m >% vam=l,
Vi dyu 2 : Véi gia tri nao cua m thi dé thi ham sé
y=x>+m(x*-1)
céit truc hoanh tai ba diém phan biét.
(Trich dé thi tricong Hiang khéng Vigt Nam, nim 1997)
Hudng din gidi
Cdch 1 - Db thj ham sb cit tryc hoanh tai ba diém phan biét khi ham sb
y=f(x)=x"+ m(x2 —1) ¢6 hai cure trj trai dau.

Taco: y' =3x” +2mx = x(3x + 2m)
x=0
y=0¢c 2m
X =——
3

Ham sb ¢6 hai cyc trj < y' =0 ¢6 hai nghiém phan biét & m =0,

2m

3 —
Khi d6 YepYer = f(o)_f[_T):(_m)4m 27m _

27

33

?::m3(4m:—27)>0<3||n|>7

0



Cdch 2 : Phuong trinh hoanh dé giao diém cua dd thj ham sb véi tryc hoanh Ia

x*+m(x*~1)=0 )
RS rang x =+1 khéng la nghiém phuong trinh nén :
3
() & ]j‘ S=m,
p x1 N ’
Xét him s6 g(x)= S Mién xac dinh D=R\{~1; 1}. Tacé:
- X
2 Nl X =
g'(x)zLx,) ;g(x)=0o
1-x2) x=+/3

Bang bién thién :
x [meo -3 - 1 V3
gfx)) - 0 + + o

+00 3\]'3‘

2

“IN\ /7N

+o0

-00 -0 - 00
me 33
(1) ¢6 3 nghiém phan biét < 2 o s 23
33 2
mrTy

Vidu 3 : Cho ham 86 y=x-mx’ +2m+1)x-m-2 cd db thi (C,,).

Tim cac gia tri cia m dé d6 thj (C,, ) cét truc hoanh tai ba diém phan biét c6
hoanh d¢ duong.

(Trich & thi Pai hoc Can Tho, nim 1999)
Huéng déin gidi
Phurong trinh hoanh do gia;) diém (C,,) véi truc hoanh la
X -mx* +Qm+Dx-m-2=0 ' (1)
() ox-D[x*+0-m)x+m+2]=0
(Cw) cét truc hoanh tai ba diém phan biét ¢4 hoanh d6 duong khi va chi khi
p(x)=x’+{(l-m)x+m+2=0 c6 hai nghiém durong phan biét khac 1.
Diéu nay xay ra khi va chi khi



A=(1-m) -4(m+2)>0 i —6m—7>0 ,
S=m-1>0
o _ o 1m>1
p=m+2>0 m>-2
g(=4+0

{(m+1)(m—7)'>0
o <om>7

m>1
Vi du 4 : Xac dinh m & phuong trinh
x> —x’+18mx-2m=0
¢6 3 nghiém dL;orng phan biét.
Huéng dén gidi
Cdch 1 :Xéthamsé y=f(x)=x" —x? +18mx - 2m

Phuong trinh ¢é 3 nghiém duong phan biét khi phuong trinh

y' =3x’ —2x +18m ¢6 hai nghiém phén biét x,, x, thoa

f(x,).f(x,)<0
x, >0 ‘
f(0)<0

bé tinh f(x,), f(x,) tachia da thire £(x) cho f'{x) :
A 1
f(x)=[~x—-—jf (x)+2(6m-—)x
3 9 9
T
Tir d6 suy ra : f(x*).f(x2)={2[6m _6]] XX, <0 & X,x, <0, méu thuin

véi dieu kign 0 < x; <x,.

Vay khéng c6 gia tri nao clia m dé phuong trinh da cho ¢6 3 nghiém duong

phin biét.
Cadch 2 :
x? —x*
Tacod: x—x*+2m(9x-1)=0 (**) & 2m = o]
x—-

(Vi x =% khong 13 nghiém cia (**))
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13 ‘
X" =X Min x4c djnh D=R\{é},

Xét ham s6 g(x) =

x—1

, —-ox(9x2-6x+1) -2x(3x 1)’ .
g'(x)= =

(9x~1)° (9x —1)*
x=0
gx)=0 i
X=—
3
Bang bién thién :
|
X -c0 9 3 +00
g2'(x) + 0 - - 0 -
0 + o0
g (x) / \ \
-0 —-Oo0 - 00

Dira vao bang bién thién ta thay phuong trinh khong thé c6 ba nghiém duong
phan biét.

Vidyu 5 : Cho ham s6 y =4x" + mx
a) Tuy theo cac gia trj ciia m, hay xét syr bién thién clia ham so.
b) Xac dinh m d& |y| <1 khi [x|<1.
(Trich dé thi Dai hoc Kién tric, nim 1994)

3

Huong dan gidi
a)Mién xacdinh: D=R, y' =12x" + m

) Néu m>0 thi y’'>0, VxeR :ham s6 luon dong bién.

fi)Néu m<0 thi y=0>x=¢+ _%
Bang bién thién :
m m
X = =\ Y +o0
y + 0 - 0 o+
i CD +00
e CT



m 2m m
Yoo TY| T[T 3

) [ _ﬂ]_im m
Ya =YW 2 ) 3N

b) Cach 1 : (Dwa vao bang bién thién)

Didu kign can : [y()|<1=>-1<4+m<I=>-5<m<-3
Y o N . . m

biéu kién &4 : V&i ~-5<m<-3 taco 0<—]—2—<l

Bang bién thién :

X -1 - —% 12 1
y’% + 0 - 0 : %
Cb +m
y
_Faawe
Tadico: |y(x)=f4+m|<I
Dé |y|< 1 v6imoi xe[-1; 1] thi |ym\51=>--23rf'- —%sl

Két hgp vé6i didu kign m < -3 tasuy ra m=-3.
Céch 2 : (Dimg tri dic biét)
Tacé y|<t=-1<y<]

*Véix=1tacé y()=4+m<l=>m=<-3
i o b 1Y
Véi x=5 taco y 3 =5+5m2—1:m2—3

T (1) va(2)suyra m=-3

Thir lai véi m=-3 tacéd y =4x’ -3x

(N

()

* Véi xe[-1; 1], dit x=cost khi d6 y=4cos’ t—3cost=cos3t suy ra

ly|<1. Vay m=-3
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21.1

21.2

213

214

132

Cach 3 : (Péi bién)
Vi xe[~1; 1] tadit x =cost khi dé
y =4cos’ t + mcost =4cos’ t —3cost +(m +3)cost
= cos3t +(m +3)cost
* Néu m = -3 thi y =cos3t tacé |y|<!

m+3<_]

*Néu m < -3 thi m+3<0, chon t=-§ thi y=1+

*Néum> -3 thi m+3>0, chon t=0 thi y=l+(m+3)>1.
Viy chi ¢d m = -3 la thich hop.

C.LUYEN TAP

Xac dinh m dé phuong trinh

mx’ —x’ —2x+8m=0
¢6 ba nghiém phan biét c6 hoanh d¢ nho hon —1.
Xac dinh m dé do thi ham sb

1 5 2 2
y=§x -mX°—X+m+—

cht tryc hoanh tai ba diém phan biét c6 hodnh d6 x, x,, x; thoa man diéu
kién x? +x3+x}>15
(Trich dé thi Hoc vign Chinh tri Qudc gia Tp. HCM, ném 1999)
Xac dinh m dé d6 thj ham so
y=x>+{I-m)’ —m?
cit truc hoanh tai ba diém phén biét c6 hoanh 46 duong.

" (Trich d2 thi Dai hpc Quéc gia Ha Ngi, niim 1997)
Cho h¢ phuong trinh :

X+y=m
{(x+l)y2 +xy=m(y+2)
Xac dinh m dé hé c6 nhiéu hon hai nghiém.
(Trich dé thi Pai hoc Quéc gia Tp. HCM, ndm 1997)
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21.6

21.7

21.8
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Xac dinh m dé db thj
y=x*-3mx? +3(m? -1)x - m’
cit truc hoanh tai ba diém phan biét, trong d6 cé ding hai diém c6 hoanh
do am.
(Trich dé thi Pai hoc Quic gia Tp. HCM, nim 1999)
Xac dijnh a, b, ¢ dé :
lax? + ax® +bx +cl <1, véi moi xel-1;1]
Cho ham sb y =4x* +{a+3)x? +ax
a) Tuy j:heo a, khao sat sy bién thién cia ham sb.
b) Xac dinh a dé |y| <1 vdimoi xe[~1;1]
a) Chimg minh ring v&i moi m phuong trinh x* + mx* —1=0 luén c6 mot
nghiém duong. )
b) Xdc dinh m dé phuong trinh x* + mx?> —1=0 c6 nghi¢m duy nhit.

Cho y =mx’ -3x. Xac dinh m dé |y|<1 vai Ix| <.

§ 22. HAM SO BAC BON

A. KIEN THUC CO BAN

Ham s trung phuong y =ax* +bx* +¢ (az0):
* Mién xac dinph D=R

x=0
"‘y'=4ax3+2bx:2x(2ax2+b),y'=0c> ) b

2a
i) Néu ab>0 thiy c6 mot cyc trj x, =0

ii) Néu ab <0 thiy cd ba cuc trj Xe=0;%x,,=% /—ZL
" a

* y”=|2ax2+2b;y‘=0c>x3=—_b-
- 6a

i) Néu ab> 0 thi dd thj khdng co diém uén.
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ii) Néu ab <0 thi dd thj c6 hai diém udn.
* Bang bién thién va do thi.

i)a>0,b<0 :ycd3cuyctri

X -0 Xl X3 0 X4 X2 +cp
ol + | + 0 - -0+ | o+
vy -0+« | + 0 - 0 +
+0o0 b +oc
y —7 ~
\W/DU DU S
Cl Cl
y

X |-o0 X X3 0 X4 X2 +oc
'l - | -0+« ] + 0 | -
y |l +0 - [ -0+ | 0 -
Cb b
Yy / \D-’U\ /,D’U \
—-oo CT -0




1) a>0,b20 :ycd 1 cuctri

X | -0 0 +00
y" + | +
. y‘ - 0 +
+ocC . +o0
CT
1y

x\v

oS

iv) a<0.b<0 :yco | cyctr

. X | ~o0 0 +o0
y,ﬁ - | -
y * 0 -
y o &) — +oo
-0 -0

\
1%

0]

-~

P4 thi nhén truc tung 13 truc ddi xung.
2. D6 thi ham s6 y=ax' +bx” +¢ (a=0) cit truc hoanh tai 4 diém phan

biét 1ap thanh cap sé cong khi phwong trinh aX? + bX +c =0 cé 2 nghiém
duong phén biét thoa X, =9X,.
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B. Vi DU AP DUNG

Vi du 1 : Cho ham sb y =kx® +(k-1Dx* +(1-2k)

1) Xéc dinh céc gia trj cia tham s6 k dé dd thi cia ham s5 chi cé | diém
cuc trj.

, ; P 1
2) Khio sat sy bién thién va vé do thi ham so kht k = 3

3) Viét phuong trinh céc tiép tuyén cia db thi & phan 2) di qua gdc toa do.
(Trich dé thi Pai hoc Kién triic Ha Nji, nim 1999)
Hudng din gidi |
- 1) Mién xac dinh D =R. Ta co y’ = 4kx’ + 2(k - Dx = 2x(2kx? +k - 1)
Pat f(x)=2kx’ +k-1.

o r A f(x) =0 véo nghiém
Ham s6 chicd | cuc tr] <

£f(0)=0
k=0 k<0
1-k <
S|—<0 @ (k> &
2k Kl
k-1=0 -
i 1 . 1 4 2
2)Véi k=—tacd y=—x" ——x
2 2
Mién xac dinh D =R.
- x:o
y=2x'-x;y' =0 2
X=1t—
2
N
-]
y y > 3
J6

y' =6x’ -1 :y'=0<:>x:i?
Bang bién thién :
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f o X2 &6 o VY6 2 e
2 6 6 2
> + + 0 - - 0 + +
’ - 0 + + 0 - - 0 +
+o0 0 +o0
\‘| BT ep» LS s
-— P/U pU -1
CT CT
D6 thi 6 hai diém uon l,[—ﬁ ; -i], 1,[*/3 ; _i]
6 72) L 6 72
Diém dac biét (0;0). (1:0), (-1;0)
D6 thi :
Ay
2 2
2 0 2 .
LT R S
8

3) Duong thing y=kx tiép xtic véi dd thj & phan 2) khi va chi khi hé
phuong trinh sau day c6 nghi¢m

%x‘—%f:kx 1))
2x* -x =k ()
Thay (2) vao (1) ta duge
x=0 k=0
3 -=0e| 1 e oy !
X=>—f4— =t
V3 W3
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Vidu2:Chohamsd y=—x*+2(m+1Dx* -2m-1
a) Khao sat va v& d4 thi ham sé khi m = 0.
b) Xac dinh tham s6 m dé phuong trinh

-x'+2{m+1x’ -2m-1=0
. 06 4 nghiém phan biét lap thanh mot cap sb cong.

(Trich dé thi Pai hoe Y Duwge Tp. HCM, nim 1998)
Huong diin gidi

a)Vii m=0taco y=—x"+2x* -1

Mién xac dinh D=R

, X
y' = —4x’ +4x = -4x(x* 1) ;y‘=0<:>|:
X

y"=—12x2+4;y'=0<:>x=i

Bang bién thién va dd thj

3 3
X |-00 -] =3 0 J; | +oo
= - - 0 + + 0 - -
y’ + 0 - - 0 + + 0 -
0~y 4 4 0 N\
y /CB - RN P ay Cb
Y PV -1 Y -00
CT




b4 thi ¢6 hai diém udn

(Dl 53)

b) Xét phuong trinh x* —2{m+1)x> +2m+1=0 , (1
Pit X=x?(X=20)
M X -2m+HX+2m+1=0 (2)

Trude hét dé (1) ¢6 4 nghiém phan bi¢t thi (2) phai cé hai nghi¢m duong
phan biét, tirc la :

A'>0 (m+1) -2m-1>0 ,
S>0 < Zm+1>0 = —5<m¢0
P>0 m+1>0

Gia st (2) c6 hai nghiém thod 0<x,<x,, khi @6 (1) ¢6 4 nghiém
—\/x— - VX, \/xj JX,. Bén nghiém nay 13p thanh mét cap sb cong khi

va chi khi .
NN ol ol B PO i g S

Két hop véi Binh li Viéttacéd: |

X; =9x, (3)
X, +x,=2(m+1) - (4)
XX, =2m+1 (5)
1
To3)va(d)suyra: x, = m5+ I, X, = g(m; )

Thay vao (5) thi dugc :

9m* -32m-16=0=m=4, mz—g

) x oy en 1
(thoa man diéu Kién —y<m# 0)

e

4
Vay m=4, m=--—
)
Vidu3:Chohimsd y=x'+ax” +b (1)
) e - a v s} s A B 3
a) Khao sat sy bién thién va v& do thi hAm so khi a = m b=1.
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b) Gia sir dd thj ham sb (1) cit teuc hoanh tai 4 diém c6 hoanh d3 1ap thanh
- cap s6 cong. Chimng minh rang :

9a’ -100b = 0.
Huréng déin giai
a) Voi a=—3—, b=1tacé y=x4+ix2+1.
10 10
Mién xac dinh D =R,

y' =4x* +%x :)([4)(2 +%]  ¥=0x=0 (y(0)=l)

y" =12x" +§>0‘ vx € R = Db thj ludn 16m.

Bing bién thién va d6 thj :

A\y
X |-o0 0 +o0
y” + |
y’ -0 +
y +o0 +oc |
CT
b) Lap luan tuong tw Vi du 2. ta duge :
x2=9x, X = a )
X +X,=—a=>q 10:9[—%] =b =922 -100b=0
xlxz_—.b 9X|2:b
Vi dy 4 : Khao sat va vé db thi ham sb
"y=—x"—lx3—x2+§
4 3 3
Hudng diin giai
Mién xac dinh D =R
x=0
’ 3 2 2 v
y=x -x —2x=x(x -x-2)1y' =0 | x=-1
x=2

(O)— L y(= 1)_~, y(2)=-1
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y'=3x"-2x-2:y"=0&x=

s

Bang bién thién va do thj:

R . ; +
- D6 thi ¢ hai diém uon ¢éd hoanh 40 x =———.

Vidu§:Chohamsd y=x* —%mx’ —2x?

1) Chimg minh réng moi m ham s6 ludn c6 mdt cyuc dai va hai cyc tiéu.
2) Goi X,, X, la hoanh d¢ hai diém cyc tiéu. Xac dinh m dé x; +x} <4.
(Trich dé thi Pai hoc Téng hop, ndm 1995)
Huong din giii
1) Mién xac dinh D=R, y'=4x’ —dmx’ —4x = ax(x*=mx-1)

Pat g(x)=x’-mx~1, ta c6 1.g(0)=—-1<0, Ym nén g(x) cb hai

nghiém trai dau x,x, <0.
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Bang bién thién :
X |-00 X 0 Xy +o0

v - 0 + 0 - 0 +
+oo (‘Q +00
yYI'' N NN S
Cr CT

Viy ham s c6 mét cuc dai va hai cuc tiéu véi mei m.

2) Theo Dinh li Viét ta c6 x, +x, =m va x,x, =-1 do do6
X} +x3 <4 (x4 X, ) “3x%, (x4 %,) <4
& m’+3m-4<0

c>(m—l)(m2+m+4)<0<:>m<1

(Vim?> +m+4>0, VYm)

Viy m<l.

C.LUYEN TAP

22.1 Chohimsé y=x'-(3m +4)x* +m?

a) Khao sat va vé db thj ham sé véi m =-2.

b) Xac dinh m dé dd thj cit truc hoanh tai 4 diém phan biét c6 hoanh d9 lap
thanh cAp so cong.

22.2 Chohamsd y=x*+4mx> +3(m+1)x? +1

a) Khao st sy bién thién va v& d5 thj ham s6 ing véi m =0.

b) Vi gia trj nao ciia m thi ham s6 chi c6 mét cyc tidu va khong c6 cyc dai.

22.3 Chohamsd y=x* -2mx* +m* -m? c6 dd thj (C,,).

a) Khao sat sy bién thién va v& 85 thi hiam sd vai m =1.

"b) Tim m dé dé thi’(C,,) tiép xic vai truc hoanh tai hai diém phan biét.

(Trich dé thi Pai hoe Quéc gia Tp. HCM, nim 1996)

22.4 Khao sat sy bién thién va vé do thj ham sd y= x'—ax*+3 viét phuong

142

trinh tiép tuyén biét ring tiép tuyén do tiép xac véi do th tai hai diém
phan biét. '



22.5 Cho ham s6 y = x* +4ax’ -2x’ - 12ax.
a) Khao sat sy bién thién va vé dd thi ham sé véi a =1.

b) Xic dinh a dé ham s c6 truc dbi xirng song song vdi tryuc tung.

§ 23. HAM SO NHAT BIEN

A. KIEN THUC CO BAN

“Ham so nhat bién :

y:ax+b (a#0;ad - be=0)
cx +d

1. Mién xac dinh D=R \’—g'
c

ab

e d} _ad-bc

C(ex+d) (ex+d)

batP=ad - be

1. Néu P > 0 thi ham s6 tang trén timg khoang xdc djnh.

2.y

2. Néu P < 0 thi ham sb giam trén timg khoang xac djnh.
3. Cac dudmg tiém cin

. d .. ... . .
lim y =0 = x =—— la tiém cén dimg.
x>- (¥

. a a . ... a
imy=—=y=— [ati¢m cdn ngang.
c

X —>a c
4. Bang bién thién va do thj :
pP>0 ‘
) I\y :
[]
(]
[
x [~o0 -g +00 :
. ]
y + + — . ;_l _________
+ 00 a4 a _9: /—
Y| a 7 A< N c R
T -0 0 :/ x
1
|
1
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Lii)P<0

X | —oQ - + OO >
AN
y - - e Sl S T
a +0G T I
Yy < \ \ a
-0 c

5. D4 thi ham s6 nhat bién duge goi 1a mot hypebol vuéng goc cé tam abi

xirng I(—ﬂ 3] la giao diém cia hai duong tiém can.
cc

3

B. Vi DU AP DUNG

Vidu I : Cho ham sb y = X
I+x

1) Khao sat va vé d6 thi cua ham sé.
2) Goi 1 la giao diém caa hai dudmg tiém can. Ching minh ring khéong c6 bat
cir dudmg tiép tuyén nao cua @b thj ham sé di qua 1.

(Trich dé thi Pai hoc Néng nghiép 1, nim 1999)
Hirong din gidi

1) Mién xac dinh: D= R\{-1}

R 1
y =
(x+1)2

lim y =00 = x=-1 latiém can dirng, lim y=1= y=1 latiém cén ngang.
X—px :

x—-)

>0, Vx # —1 suy ra ham so tang trén tirng khoang xac dinh.

iém dae bidt (0:0), | 1: %]
Bang bién thién va dd thj :
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1 ;‘\y
i
e o ves s
1
y + . =T L .
+oo 1 ] X
y| .~ 7 -1 /10 X
1 - X
i
" 2) Gia sir Mu(xo; al ]]e (©)
0
Phuong trinh tiép tuyén v&i (C) tai M, la:
X0 ]
- X—~X (N
Xp +1 (x0+l)( o)
Thay x =-1, y =1 (toa d6 cua diém 1) vao (1), ta co
-X .U ()= L _ v 1)
X, +1 (xq+1) Xp+1 xy+1

Vay bat ki tiép tuyén nao cua db thj déu khong qua I.
X+2

x-3

1) Khao sét sy bién thién va vé dd thi ham sé.

Vidu?2?:Chohimsd y=

i 2) Tim trén dd thi cta ham ‘sc‘) diém M sao cho khoang cach ur diém M
dén duong tiém can dung bang khoang cach tir diém M dén dudng tiém
cén ngang.

(Trich dé thi Hoc vign Quan hé Quéc 1é, ndim 2000)
Huwong dén giii
1) Midn xéc dinh : D= R\{3} ‘
, -5
& {(x-3)
Suy ra ham s giam trén timg khoang xac dinh.

> <0, Vx#3

limy =00 = x =3 latiém can dirng, hm 'y =1=y=1 latiém cin ngang.

x—»1

Diém dac biét : ( ] (-2,0)
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23.1 a) Khao sat sy bién thién va vé db thi (C) cia ham sé y =

146

Bang bién thién va dd thi Ay

X|—-00 3 + 00
y - - ool T~
1 Yoo === - R N
y \ \ -2 5 013 X
) 1 —%

2) Gia sit M(x,.y,) thudc dd thi. Khoang cach tir M dén tiém cin dimg
la |x0—3]. Khoang cach tr M dén tiém cén ngang la ]yo—l‘ ma

Xgt+2 .
Yo = ——7 nen
X, 3
_3=|x0+2_ _ 5
lxo l |x0—3 [x‘)—BL
Ta phai co
‘xu—3|=m©(x0_3)2=5:>x0:3i.\/§.
0

Vay ¢6 hai diém thoa man yéu ciu bai toan d6 la hai diém trén db thi ¢co
hoanh d¢ x, =3+/5

Chit y : Ta c6 thé dimg cong thirc déi truc bing cach tinh tién theo OI dé
duoc phuong trinh Y =-5)Z rdi tim giao diém clia d6 thi v&i duong thiang

Y =X

C.LUYEN TAP

2x -1

x-1"

b) M ta diém bat ki trén (C) c6 hoanh d x,, =m, tiép tuyén tai M véi (C) cit

cac tiém‘cén tai A, B Goi | 1a giao diém céc tiém can. Ching minh rf'mg M la

trung diém coa AB va tam giac JAB ¢6 dién tich khéng ddi khi m thay déi.
(Trich & thi Pai hpc Quéc gia Tp. HCM, Khdi D, niim 1997)



mx+n

23.2 Chohamsd y= trang d6 m, n 14 tham sé.

a) Tim gié tri coa ;'n, n dé db thj ham s6 qua diém A(0 ; 1) va tiép tuyén vai
do thj tai A cd hé so goc bang -3.
b) Khao sat va vé& dd thi (C) cha ham sb trong treomg hgpm = 1, n = 2.
¢) Viét phuong trinh tiép tuyén vdi (C) tai giao diém cua (C) vdi tryc tung.
(Trich dé thi Pai hoc Ki thugit cong nghé, nim 1997)
-2x -4
X+

233 Chohamsé y=

a) Khao sat su bién thién va vé dd thj ciia ham s da cho.

b) Bién luan theo m so giao diém cta db thi vai dudmg thing 2.x —y+tm= 0..

Trong truong hop cd hai giao diem M, N tim quy tich trung diém [ cita MN.
(Trich dé thi Pai hoc Thuwong maui, nim 1999)

X+2

X-2

b) Tim trén do thi ctia ham 'sé tat ca nhitng diém cach déu hai truc toa do.

23.4 a) Khao sat sy bién thién va vé d6 thj ham sd y =

¢) Viét phuong trinh tiép tuyén voi dé thi, biét ring tiép tuvén di qua diém
A(-6:5).

(Trich dé thi Dai hoc Ngogi thuong, nam 1999)
§ 24. HAM SO H(*U Ti BAC HAI TREN BAC NHAT
A. KIEN THUC CO BAN

ax’ +bx+¢
ax+f

1. Hamsohiruti y= (a.a#0):
‘Thue hién phép chia da thirc ta viét

v=Ax+B+

c .
(Aa.C = 0)
p

Mién xz'lc-dinh D =R\ —ﬁ}
a
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\_p__ Co :A(ax+B)2—Ca‘
d (ox+PB)° (ax +B)’

y'=0:>(ozx+[3)2 =%

i) Néu %\‘1 <0 thi ham s khong ¢6 cuc tri, ham sb tang hoic giam trén timg
khoang xac dinh.

ii) Néu % >0 thi ham s c6 hai cyc trj

Tiém cén dimg: x = _B tiémcanxién:y=Ax+B
o

Bang bién thién va dé thi :
i) A> 0. ACa > 0 : Ham s6 ¢6 hai cyc trj

/\y :
]
]
|
]
-X - oc Xl _E x: + o :
[¢3 :
y[ + 0 - -0 ¢ 1y
D ¥ oo + oo A N
A A N I ol ./ x
- oo -sc Cl / ;
1
I
1
¢
|

o

i) A >0, ACa <0 :y khong cé cyc tri

A y
X -20 —E + 20

«
y' + +
+ oo +0o0 "’
y / / Y .
- - o0
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2.

i) A<0,ACa>0:yco2cyctr

X [~ X1 —g Xy  +oo
y - 0 + + 0 -
+oc +oc b
CT ) -oc

|
t
! y
]
(
B 3
' t
- - t
X o0 a + oo ,
t
ys - - ]
(]
-Q0 - o0 N
]
+ o +0o0 1
:
[]
(]
i

_Db thj ham s (& mt hypebol xién nhan giao diém I cia hai tiém can lam
tdm ddi ximg.
Mt 36 tinh chét ciia ham s hiru ti bac hai trén bac nhit

Giastr y'= L)z véi g(x) 1a mét tam thirc béc hai co bigt sOA-
- ax+B)
i) Ham s6 c6 cyrc dai va cuc tiéu khi va chi khi g(x) co hai nghiém phén biét
A>0
o Y . . .
khac ——. Dieu nay xay ra khi
B i g[-EJ 20

i) Cac cyc trj 1 yl=axl+b;y2=ax2+b
o
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Puong thingdi qua hai giao diem cyc tri ciad d thi cé phuong trinh

y =i(23x +b).
a

-iii) Biéu kién dé hai cyc trj trai dau 12

g(x)=0 ¢6 hai nghiém phan biet khac — B
a

ax’ +bx + ¢ =0 cd hai nghiém phan biet.

iv) Gia sir M la diém thudc do thi ham sb. Néu tiép tuyén voi d thi tai M cit
hai ti€ém can A, B thi:

* M la trung diém ctta AB va dién tich AIAB khong ddi (vdi [ 1a giao diém
hai tiém can, ciing la tm doi ximg cua do thi).

* Tich cac khoang céch tir M dén hai tiém can 1 mét hing sé.

B. Vi DY AP DUNG

x? +3mx + 3m’

~Vidul:Chohamsd y=
X+2m

1) Trong trudng hop db thi ham so ¢ hai duong tiém can, hdy chimg minh
rang giao diém cua hai duong tiém cén la tAm d6i ximg cia db thj ham s
2) Tim m d& 85 thj ham sb c¢6 dudng tiém can di qua diém A(-1 ; 2).
3) Khao sat sy bién thién va v& d thj ham sd img véim = |.
(Trich dé thi Pai hoc Kién tric Ha Npi, nim 1998)
Hudng din gidi '

2

1) Mién xdc dinh: D=R\{-2m}. Tacé: y=m+x+

(N

X +2m
Vé&i m = 0 thi dd thj c6 tiém can dieng x = —2m va tiém can xiény = x + m.
Do d6 giao diém hai dudng tiém can la 1(-2m ; —m).

Cong thuc d6i truc bﬁng céch tjnh tién theo Ol :

x=X-2m
y=Y-m

Khi d6 (1) tré thanh
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2 m2

Yom=X-m+>2 Y =X+

Hamsd Y = X + P-;-(— 14 ham sd 1é nén do thj nhan | lam tam dbi ximg,
2) Ti¢m can dirng di qua A(-1 ; 2) khi va chi khi
-l=-2m m= !
2

Tiém can xién di qua A(~1 ; 2) khi va chi khi

2=-l+mem=3

Vay véi m =% hay m = 3 thi d6 thj ham sd ¢o duong tiém can di qua diém
A(-1:2)
J)Véim=1taco yzﬂzxﬂ-k

x+2 X+2

Mién xac dinh : D=R\{-2}

ol I xT+4x+3
(x+2Y (x+2)
3 x=‘—3
y'=0:>x‘+4x+3:O<:>': ’
Xx=-1
2(-3)+3 2(-1)+3

)’(—3)2 —3;}’(—1):—‘1—:1

Tiém can dimg : x=-2;tiémcanxiény=x+ 1.

)

9w

Piém dic biét : [0 V-

Bang bién thién :

X |-co -3 22 -1 4
v + o - -0+
‘3 + oCc + 50
Y1 7 0N ~ 1/7
-oc -
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D6 thy

Vi dy 2 a) Khao sat sur bién thién va vé d6 thi ham sb

,
X" +x-4

x—1
b) Tim trén d0 thi cac diém co toa do 1a nhitng s6 nguyen.

Hudng diin giii

a) Mién xac dinh: D:R\{1}, Taco y=x+2- l
x_1-
Ty'=1+4 ( 2 v >0, Vx #1 suy ra ham sé ting trén tirng khoang xac dinh.
x—=1)
Tiém can dimg : x = 1 ; tiém c4n xién y = x + 2. Diém dac biét (0 ; 4), (-1 ; 2).
Bang bién thién : '

X | -oo* 1 + o0
y' + +
+ oo
y /’
-0
D4 thi ; _ y 1

p=y
oo
1

Nl\\l:\a)

[ i al s

—

—
"N
r2



b)Tacéy=x+2—-—2— Q)]
x—1

Gia s M(x, 5y, ) thude dd thico x,, y, € Z.

D=y, =x,+2- = 1a s6 nguyén
Xo—-b  x,-
Xy =1=%1
=| " =%, €{0,2,3, -1}
X(]_]:iz

Viy c6 4 diém can tim 14
M, (05 4), M,{(2;2), M, (3;4). M, (-1;2)

x> -3x+4

Vidu3:Chohamsd y= -
2x -2

1) Khao sat su bién thién va vé dd thi (C) cua ham sb

2) Goi | la giao diém cua hai tiém cin, M 1a mét diém tuy y thude (C). Tiép
tuyén véi (C) tai M cét tiém can dirng va ti¢m céan xién lan tuot tai A va B.
Chirng to ring M la trung diém ciia doan AB va dign tich tam gisc IAB
khong phu thudc vao M.

(Trich dé thi Pai hoc Lugt va Pai hoc TCKT, nim 1993)

Huwdng din giii
.Tacé: yzl_w=l[x_2 i]=lx_1+L (I)
2 x-1 2 x—1 2 x -1

1) Mién x4c dinh : D=R\{1}

R N S o
2 (x-1 2x-1)

y cy=0=3x=11/2

y(;_ﬁ)ﬁ(“f“ =22, y(l+ﬁ)=#

2
Tiém cdn dimg : x =1 ; tiém can xién y =%x—l. Diém dic biét (0 ; -2)
Bang bién t]iién !
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X |- |-\2 | 1+2'  +ec

b + o0 + 00

Do thi -

2) Giao diém hai tiém cén 1[1 i- %J

Cong thire ddi truc bing cach tinh tién theo Ol :
x=X+1

|
Y - —
y 2

Khi dé (1) tré thanh

X 1

Y4l:hX+D—H143Y=~+—
2 2 X . 2 X

(€)

Lay M[X0 : é+ XL] € (0), véi truc IXY thi 1(0 ; 0)

“ 0

Phuong trinh tiép tuyén trong hé truc 1XY vai (C)taiM la:

](x—xo)

X V(1]
2 X, 2 x?

Giao diém cua tiép tuyén vdi tiém cin dimg :



24.1

24.2

X =2X,

_ﬁ_szl_ 1 ](XXO)Q{Y"XU =B(2X, ; X,)

Trung diém cta doan AB c6 toa do [X(, R % + Lj chinh 1a diém M.

0
Vay M la trung diém cua doan AB.

. 9 .
Taco: 1A =[0;§-] (1B =(2X, ; X,)

0

2
0 ]
Do d6 dién tich AJAB 1a S= %Idl véi d X,|=—4.
B 2X, X,
Vay S = 2 khong phy thudc vao M.

C.LUYEN TAP

x° cosa + 2Xsina + ]

Cho ham sé y= (o 1a tham sb)

x-1
a) Khio sat syr bién thién va vé d6 thi ham sé véia = n
b) Tim o dé dd thi ham sb ¢6 tiém can xién.
¢) Tim a dé& ham sé ¢o hai cue trj va hai gia trj cyc trj tréi diu.
(Trich dé thi Dai hoc Tai chinh Ké todn, nam 1 993)

,
2x" -3x +

Cho ham Sé y= = m co dé i (CIII)

—

a) Khao sit sy bién thién va v& dd thj (C,) tng vaim =0

b) Goi A la giao diém cia (C, ) véi truc Oy. Viét phuong trinh tiép tuyén
cia (C,,) tai A
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c) Tim gia trj clia k dé dudng thang y = 2kx — k cit db thi (C,) tai hai diém
thudc hai nhanh cia (C,).
(Trich dé thi Bai hoc Giao thong Vin tii, nim 1998)

x> +2xcosa + 1

24.3 Cho ham sé y= :
X+ 2sina

a) Xac dinh tiém can xién va tdm ddi ximg ctia dd thi.
b) Tim o dé ham sb ¢6 cuc dai va cyc tidu.

-¢) Tim o dé tir géc toa do c6 thé ké dén db thi hai tiép tuyén phan biét. Goi
(x 3y (x5 2 yz) la toa 40 cac tiép diém. Chimg minh ring
X)Xy +y,y, =0

(Trich dé thi Pai hoc Kinh 1é, nim 1995)

§ 25. CAC HAM SO HO'U T KHAC
A. KIEN THUC CO BAN

2
Ham sb hiru ti dang y = ﬂ;-—bx—ﬂ (v&i a, b, ¢ khdng dong thai bang 0 va
pX~ +qX+r

p # 0 ; tir va mau khdng c6 nghiém chung)

D6 thi ham sb ¢6 mot s tinh chét chung sau day

i

N a
1. Ludn c6 mot ti€ém cén ngang y =—

2. S6 tiém can dimg phu thude vao sé nghiém cia miu.

Néu A =q” —4pr=0: dd thj cé mét tiém can dimg x = —01 va db thj c6 hai
2p

nhénh ndm vé hai phia ctia tiém can dimng.

H+

9 ‘/Zvaaathgus
p

Néu A=q* —4pr>0 : db thi ¢ 2 tiém can dimg x = ———

bt

ba nhanh.

156 ©



" Bx+C

Tacothé viét y=A+— (chia da thitc) do d6 db thj ham sb va dd

PX +QX+r
thi y= ?x LASHE c6 clung dang.
pX° +qx+r
3. Che dang cila d thi ham 6 y = —0X+C . A =g~ 4pr.
pX" +qx+r
NA<O0
y T \

x 1 'y )
vt vt .
! )
1 ! ‘ '
! '
\ 6] N
— | >
T > —/{ X
0 1 X '
) J
. \ .
1 1
! i
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Nhitng dd thi nay tinh tién 1én (hoac xuc"sng) [Al don vi sé duge d6 thy ham

Y

+bx+c¢

axX

il

56

+QX+T

px

8. Vi DU AP DUNG

S

XT Y pX+q
x> +1

,V:

I3

Vidu I : Cho ham s

a) Khao sat sir bién thién va vé do thi cia ham so (mg vai p

ém uon

(3

u cau xét d

)-

yé

(khonp
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Chirng minh ring tai cac giao diém ciia d6 thi véi tryc hoanh, céc tiép tuyén
voi do thi la vudng gée vai nhau,

b) Trong trudng hop tong quat, chirng minh ring néu db thi cit tryc hoanh

tai diém c6 hoanh d¢ 14 a thi tai diém do, céc tiép tuyén véi do thi c6 hé s6

2a+p

b

a~ +1

gocla k=
¢) Tim diéu kién déi v6i p, q dé db thi cit truc hoanh tai hai diém khac nhau
va tai cac diém dé. cac tiép tuyén vai db thi vudng goc vai nhau,

d) Véi diéu kién di tim duoc & ciu ) va véi p # 0, viét phuong trinh duong
thing di qua céc diém cuc dai va cuc tiéu cia db thi. Chitng minh ring
dudng thing ay luén luén di qua mét diém cb dinh.

(Trich dé thi Pai hoc, nim 1982)

Huong din gidi

} W

.. 2% +3x -2
a)Véip==,g=-1tacd y=—7——
2 Y 2x? +1)

-3x7 +8x+3

Mién xac dinh : D=R. Dao ham : y'= ,
2(x’ +1)_

L}

y‘=0@—3x2+8x+3:0<:>x=-%hozjcx=3
l\

43+3 5 (1 4[‘§J+3 5

=Z‘y —— =

MOEE -
43 3 4_[_;J 4

Tiém can ngang 1y = |
- Diém dac biét : (0; -1)

Bang bién thién :

!/
:
/
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Phuong trinh hoanh d¢ giao diém ciia do thj vai truc hoanh 14 :
x=-2
2x°+3x-2=0& 1.
X=—

2

Giao diém 1a A(=2: 0) ; B[% ; 0]
, . . s
Hé so goc tiép tuyén tai A la y'(-2) = —%‘ taiBlay [;] =2.

. ; . . ] : ' .
Tich hé so gdc tiep tuyén tai A va B bang —-_;-2 =—1 nén tiép tuyen tai A va
B vudng goc nhau.
b) Gia st M(a ; 0) la giao diém cia dd thi vdi truc hoanh, ta c6 :
a” +pa+q=0.
Khi a6 hé sb goc tiép tuyén tai M la :
yi(a) = (2a+p)(a®+1)-2a(a’ +pa+q) "a+p
(a +l) a +1

c) Phuong trinh hoanh do giao diém cua do thj v&i tryc hoanh la :
X7+ px +q=0.

Pé c6 hai giao diém ta phai ¢6
A=p>—4q>0 n

Goi x,, x, la hoanh @ hai giao diém M, N ta ¢6 x, + X, =—p, X,X; =G
Tiép tuyén tai M va N vuéng géc nhau khi va chi khi

2, N
V(x)y'(xy) =1 AR BETR o

b
xP+l o x3+1

& (2%, +p)(2x, +p)+ {2 +1)(xI +1) =0




®2q—2p2+p2+q2+p2+I=O<:>(q+l)2='0
=q=-1 (2)

Tir (1) va (2) suy ra p, q can tim la g = -1, p bat ki.
d) Toa dd (x, y) cua hai cyc tri cia dd thj thoa hé :

2x+p
x 7 2xy=2x+p (3)
_x2+px+q©{x2y+y=x2+px+q (4)
x4l

Nhin (3) cho % ri trir cho (4) thi dugc y = %x +q.

Vay phuong trinh duong thing qua hai cuc tri la y = %x -1.

Pudmg thang nay qua diém cb dinh (0 ; —1).

2x -1

2
X

Vidu2:Chohamsd y=

a) Khao sat sy bién thién va v& dd thj (C) cia ham sb.

b) Lay diém M(0 ; m) trén truc tung. Bién luin theo m s tiép tuyén vé duge
tir M dén (C).

¢) Gia sir tir M ké duoc hai tiép tuyén dén (C), lap phuong trinh dudng thing
di qua hai tiép diém.

Hudng dén giai
a) Mién xac dinh : D=R\{0}

4 —2X+2

3

Yy =0ex=iyh=1
x N

Tiém can dimg x = 0 : ti¢ém can ngangy =0. Piém dic biét [% : O] ; (—l ;= 3)

" Bang bién thién :

X —°.<I> 0 [ +o6
y' - + 0 -
0 1
y \ / \
-oo l-zc 0
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Db thi

b) Goi (xo ; 2x02—l] 1a tiép diém cia tiép tuyén véi (C) vé tir M. Ta co

0

phuong trinh tiép tuyén la :

oY ) 2
2x, -1 =2x,+2
Q _ 0
- R 3 (X - XO)
o XU
Tiep tuyén nay qua M(0 ; m) nén

2-2x, ) (—x 2%, ~1 4x. -3
( 0})( 0) + xo: om= on
Xo X0 Xg

m=
<=>mxg-4x0+3=0 (n
A'=4-3m, '

i)m=0:(1)cénghi¢m x, = i—, khi d6 ¢é 1 tiép tuyén ké ur O(0 ; 0) dén (C).

i) m =§ : (1) c6 nghiém kép, khi d6 co | tiép tuyén ké tir M[O : g} dén (C).
e 4 A- am ~ - » 1A 4 \ - 4

ii) m> 3 : (1) v nghiém nén khéng cé tiép tuyén nao ké den (C)

. 4 sy .. e . . £
iv) m <§, m=#0: (1) cd hai nghiém. khi d6 tir M ke dugc hai tiep tuyén
tuyén dén (C).

¢c)Giastr 0zm< % : x, 1a hoanh 46 tiép diém, Xo la nghiém cua (1) nén

mx2 —dx, +3=0= | = X0 " MXp
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Tung do tiép diém

8x,-2mx, m 2m 8+3m
Y|)=—+_=_Txo 9

9x, 3
Viy dudng thang qua 2 tiép diém c6 phuong trinh :

2m 8§+3m
=——X+
9

Vidu 3:Choham sb y = —ZL—

x°—-x-2

a) Khao sat sy bién thién va v& dd thj (C) ciia ham so.

b) D6 thj (C) cit tiém cin ngang tai A. Pudng thing OA cit tai (C) tai B.
Lap phuong trinh tiép tuyén cia (C) tai A va B.

¢) Cho dudng thang (d) : y = mx. Dinh m dé (d) cit (C) tai hai diém phén
bi¢t M, va M, khac 0 va 0 la trung diem cua doan AB.

Hudng din gidi
a) Mién xac dinh : D=R\{-1, 2}

, x=0 (y(0)=0)
. —X~ —4x

=—7 3y =0 8
’ (x*-x-2) g x=-4 [y(*“):Ej

Tiém can diing : x =—1; x = 2. Tiém can ngang : y = 1.
Bang bién thién :

X|=-90 -4 -1 0 2 oo
y -0 + + 0 -
y 1 +20 0 +00

-o0 —oc

L
B
(@) \Stocy —
:
)

88

e P R

163



b) Toa d¢ cua A

X2

y=le =l x=-2. > A2 ).

x> —x-2
Phuong trinh duéng thaing OA : y = —% X

Phuong trinh hoanh dé giao diém cua OA véi (C) :

2
2—"v—=—lx@x=0 (hoanh d6 cua diém O) hodc x> +x-2=0
X —x-2 2

[x = -2 (hoanh do cia diém A)
Lo’

X—l
y * 2

‘Phuong trinh tiép tuyén vai (C)tai A ;
1 1 3
“l==(x+2) o y=—x+>
Y7y YA

Phuong trinh tiép tuyén véi (C) tai B :
1 S 5 3
t—=-"(x-Doy=-"x+=
Yr9Ty Y2
¢) Phuong trinh hoanh d6 giao diém cua (d) va (C):

x2

-z—zmx<::>[mx2 ~(m+1)x-2m]=0
X —x—2
(Vi x = -1, x =2 khong la nghi¢m cua phirong trinh)
x=0
mx’ -(m+Dx-2m=0 (M
(d) ¢it (C) tai hai diém phan biét M,, M, khac 0 khi (1) c6 hai nghi¢m phan
biét khac 0. Di€u ndy xay ra khi va chi khi
m=0
A=(m-1V’+8m*>0 < m=0
2m=0
Hai diém M, va M, di ximg nhau qua O khi va chi khi

m+1_
m

X +X, = 0eom=-)
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25.1

25.2

253

254

C.LUYEN TAP

Cho ham sb y= ixl Al 2,““ —m
x°+1

a) Tim m dé d6 thi ham s6 tiép xic véi dudmg thing y = 2.

b) Khao sat sy bién thién va vé d6 thi tmg vdi m = 2.

¢) Bién luan theo k s6 nghiém cua phuong trinh :

—K)sin’x —4cosx +2k+1=0

(Trich dé thi Pgi hoc, nim 1981)

a) Khdo sat sur bién thién va v& d6 thi (C) ham s

X2

x’+x—-2
b) Xac dinh m dé dudng thang y = mx cit (C) tai ba diém phan biét.
¢) Bién luan theo m s nghig¢m cia phuong trinh

(m-Dt'+mt* -2m=0

F () m(x+l)

"Chohamsé y=f, —————— ¢6dbthij (C,,)

x? —mx +1
a) Tim mién xac dinh. Tim m dé (C,,) ¢6 2 tiém can dimg ; néu vj tri cta 2

tiém cén d6 ddi vai tryc tung. Tinh dao ham y'. Tim m dé y 1a ham s don
diéu (noi rd tang hay giam). Xét truong hop m =0 va m = -2.

b) Ldy m = 1. Khao sit y =f,_ (x). Chimg minh (C,) c6 tiém cin xién. V&
dd thi (C,) véi diy du diém udn.
¢) (C ) cit truc hoanh tai A, ct truc tung tai B. Tim diém trén (C,) cé tiép
tuyén song song voi dudmg thing AB. Viét phucng trinh hoanh d¢ giao diém
gita (C,) vaA:y=ax +1.
d) Bién luan theo a so giao diém giira (Cl) va A. Suy ra rang tir B ¢6 3 tiép
tuyén voi {C,). Tim phuong trinh cac tiép tuyén do.

(Trich @é thi Dai hoc, nim 1985)
Tim tit ca cdc gia trj cua A dé dd thi ham sé

y=x'+ax+2

cit truc hoanh chi tai mot diém.
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25.5 a) Khao sat sir bién thién va vé do thj ham sé

y= 4+2x
x> -4x+4

b) Xac dinh m dé phuong trinh m{sinx - 2) =2sinx+4 ¢ nghiém,
25.6 a) Khao sat sy bién thién va vé do thi ham sé

b}
X +x+|
Y= S
X -

b) Bién luin sé nghiém coa phuong trinh sau :

X +x+l =+a’ —4a+3+———

X

§ 26. HAM SO VO Ti
A. KIEN THUC CO BAN

Xét ham sé dang
y=+ax’+bx+c:A=b’ —4ac

Ham sd co tiém can xién khi a > 0.

b
X +—
2a

“1)a>0:y=a

+€(x), voi

hms(x)—hm\)ax +bx+c—\/_a =0

\ > XX

i) Khi x — +oo ta ¢d tiém can xién bén phai :

y= QH_)

2a

i) Khi x —> —oo ta ¢é tiém cédn xién bén trai :

y=~\/;(x+"£]+e(x)

~a
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Cac dang 40 thi :

2)a=0: y=+bx+c (b=z0)

Cac dang do thj :

Y

Ay /\y
DN - . .2
Py - ~
< >~ ~
P
2 ‘\‘ -,
~
N ~N 4
~ - ~ -
~ - ~ -
~ g ~
-~ _ - -~ ~
PERE - »7 0N
() - ~ X O P ~
| - ~ L Sa
-, - PR [ A
-
. - p
- 2u N - 2a ~.
- ~ g
- S - ~
-7 ~ - ~
A<O A>0

0]

=lo \\

' b>0
3)a<0;A>0

L 4

b<®

B. Vi DU AP DUNG

Vi du I : Khao sat va v& dd thj cic ham s sau :

a) y=+v2x-4;

b) y=vl-x;

O

Tlo

v

¢y y=2x-1-y3x-5.
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Hirong din gidi

. I
a) Mién xac dinh : D=[2; +0], y'= >0, Vx >2.
’ SR N ey S
lim y=+»
Bang bién thién va do thj :
A y

X [roo 2 + 00
s/// +
.y// = K

0

Db thi 1a nira parabol.

b) Mién xac dinh: D = (—00 N, y=-

lim V]l —-x =+

X——a
Bang bién thién va dd thj :

X |-oo | +oc

Y \ON\\ ol 1

" P4 thi 14 nira parabol.

¢) Mién xéc dinh D=|:-§- ; +oo]
. 3 _43x-5-3

y:Z— =
2d3x-5  23x-5

89 (89 47
043 =3
y'= X TS (s] 2

lim y=+0;a=limL=2;b= lim (y-ax)=—o

N+ A=x X X=b+m

D6 thi cé phuong tiém can : y = 2x.

v



Bang bién thién va db thi :

89
28

>
wln
I
+
8

/R

Wl

24

Noj
>

I
|
!
I
|
I
/O 5 8
3

Vi du 2 : Khao sat sy bién thién va v& db thj cac ham sb :

a)y=~/x2—4X+3: b)y=\/—2x2+10x—8;
c) y=x+t+\/2 x’ -2x +4.

Huebng din gidi
a) Mién xic dinh : D=(-w; 1JU[3; + )

y'=L;y'=0:>x=2.

VX2 —4x+3
=J(x-2) —1=[x-2/+€(x) (v3i lim ¢ (x)=0)

Tiém can xién bén phai : y = x — 2 (khi x > +w)
Tiém can xién'bén_tréi 'y =-x + 2 (khi x & —0)

Bang bién thién va dd thi :

X |-o0 3 + oo

+

//
y +°o\*o/////o/tm
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Do thi )a nira parabol.
b) Mién xac dinh: D=1 ; 4]
, ~2x+5 5 (5) 32
y'= = Y=0ox==;y==|=
J=2x? +10x -8 2
Bang bién thién va do thi :

D4 thi 1a nira elip.

X 1

4 +3¢ 3@ ________

y'7 N/

2 [ 2ln

+

(S]] 7,3 S
.

//I\/// T

¢)Mién xac dinh: D=R, vi x> =2x+4>0, VxeR.
y =1+ 2x -2 _'Jx2—2x+4+2x-2
.~/x3—2x+4 \/x3—2x+-1
Y =0 Vx —2x+4=2-2x
=L L, o x=0;v(0)=5,
X" =Ax +4=(2-2x) 3x--6x=0

y=x+1+2J{x =1’ +3 =x + 1+ 2x ~ U +&(x), véi lim e(x)=0.

Tiém can xién bén phai : y =3x - I. Ti¢ém can xién bén trai : y = —x + 3.
Bang bién thién va do thi :

\\ /\y fl
N [
N\ '
’
\\ 1
N '
\\ 1
X |-oc 0 +oc N ER
N )
- 0 + N3
NG
+ o0 + o0 NS
\5/ 2"'4‘\
n N
1y N
NN I
o) 1 N
el
]

i70



Vi du 3 : Khao sat sur bién thién va vé dd thi

1-
a)y= x; . b) y =vx’ -3x.

Huomg diin gidi |

a) Mién xac dinh D=(-1;1]
’]— ’I+x ’l+x[ -x ]_ x24x-1 [l+x
1+x (]+x) 1-x Vi—x{Q+x) ‘+X (+x) Vi-x

Yy =0=x +x- 1—0<:>x-5(—1_ 5)

Tiém c{m dimg x = -1.
Bang bién thién va do thi :

[ - - -

wl

X |-oc -1 + 00

V5-1
3
0

sV 71 + 0 - ///////

N

i S e el e e ]

b) Mién xac dinh: D=R

y"——--;-(i’»x2 —3)—lv~=(x2—1)- ]

Y2 —3x)’ Yx? -3x)
x=-1 (y(-1)=32)
x=t (y(D=-32)

y=0>
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a= lim—)i: lim 3'1 —%zl:
A—t X A b o X

b=lim(y-ax)= lim (\f3 x* —3x —x)

Ao X—>®

; -3x
= lim

o \Jl(x2 -3x)2 +xVx® -3x+x7

Viy db thj ¢6 tiém can xiény = x.

=0

Bang bién thién va dd thj :

X |-o0 'ﬁ -1 0 1 3 + oo

y’ + I + 0 - I - 0 + +
'i,, + 00
y 0 T T3 0
/
_oo/? \A-“\E
l\y

————  —

y 14 ham s6 & nén db thi nhan diém géc O lam tam ddi xing.

Vi du 4 : a) Khao sat su bién thién va vé do thi ham'sb
y =X+ VAX +2x + |

b) X4c dinh tit ca cac diém trén truc tung sao cho tir mdi diém dy ta vé duogc
it nhat mot tiép wyén dén dd thi.
Huomg dén giai
a) Mién xac dinh D=R.
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y,_\/4x22x+1+4x+1_ -

;Y =02 x=—
\/4x2+2x+l 2

. . 1 ]
Tiém can xién : y=3x+5 \Z: y=—x—5

" Bang bién thién va do thi

b) Phuong trinh tiép tuyén vai dd thi tai diém c6 hoanh do x, 1a :

Axy+1 5
y=[1e 2Rt (X=X )+ Xq +4xF + 2%, +1
,/4xg+2x0+l

Tiép tuyén nay di qua diém M(0 ; a) trén tryc tung nén ta co :
—Xxo (4%4 +1)

j———+\/4x§ + 2%, +1 +x0—+1
,/4x;, +2%, + 1 ,/4x§ + 2%, +1

a—

Gia tri a can tim thudc mién gia trj cua ham so

x+1 -3x

gx)=———=g' ()= =5
Jax? +2x +1 \\/(4)(2 +2x+1)

. | |
lim g(x)=—=: lim g(x)==
8 2 8 2

- \ rtas

Bang bién thién :
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26.1

26.2

174

Mieén gi4 tri cha g(x) la Tz(—% : 1]

Viy diém M(0 ; a) can tim ¢6 —% <ax<l.

C.LUYEN TAP
Khao sat sur bién thién va vé& d6 thi clia cac ham sb sau :
a)y=x+m: b)y=x+2—2m;
c)y=2x-l—m; d)y=m:

.Cho ham sé y = -2x + kv/x* + 1

a) Khao sat sy bién thién, v& dd thj va xac dinh cac tiém cén cia ham sb véi
k=4,

b) Tim tat ca gia tri k dé ham s khong co cye dai va cyuc tiéu.
(Trich dé thi Pai hoc An ninh, nim 1997)

§ 27. HAM SO M0 - HAM sO LOGARIT

A. KIEN THUC CO BAN

Himsomi y=2a" (0<a=1):

Mién xdc djnh D =R

y'=a‘lna
Bang bién thién va do thi :
iya>1
L JAY
X | =oe +oe
\ +
+oo I
| _—7 _——
0 >
0 X




iy0<a<l g

N y
X |~o@ + o0
y - 1
+ o0
0 X

Ham sé légarit y=log,x(0<a=1):

Mién xac dinh: D =(0; + )

Bang bién thién va db thi :

iya>1
X |=90 0 oo | /;
YV + o /1 X
\ W% /m
A %-“

iiy0<a<1l /

{) »00

-
'// voo

~ J—
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B. PHUONG PHAP GIAI TOAN

1. Mot sb két qua canlvu y ¢

a)aU:I, log,1=0 (0<a=1)
b)(a‘) =a‘lna; (e*) =e*;

' 1 v
(log, x) = ; (Inx) =—

xIna X

c) lime*=0; lim e = +0
limInx=—o0; Iim Inx =+
x 0" XS+

2. Quy tic L'Hospital :

Néu lim LX) c6 dang vé dinh 0 hay 2, u(x), v(x) c6 dao ham tai lan
Aima V(X) 0 0

cancha x, va v(x,)=0 thi

fim ulx) lim u'(x)
X_HK)V(X) _\_"u V'(X)

C. Vi DU AP DUNG

Vi du 1 : Khio sat st bién thién va vé& dé thi cac ham sé :
a)y=xe ™ ; b)y=m.
X
Hudng din giii .
a) Mién xac dinh: D=R

y=e " -xe*=e"{ —x);y’=0©x=l[y(l)=%]

lim y=-a,

x>

e . X . 1 Py PP -
Iim y= lim —= lim —=0 : Do thi c6 ti¢m can ngang y = 0.

X—+o X—>+x e)( K—)+me
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Bang bién thién va d6 thj :

4y
X |-o0 1 +00
1
y b 0 - [ ! N
1 O 1 X
y / ¢ \
-co 0

b) Mién x4c dinh : D=(0; + )

'=I—Tx;y’=0<:>lnx¥l<:>x=e

X
lim y =—o : DO thj cd tiém can dimg x = 0.
x—0"

1

. . Inx o« X b sl
lim y= lim —= lim & =0: D6 thi c6 tiém cén ngangy = 0.
X+ X—+w0 ¥ X+

Bang bién thién va dé thj :

Iv-

Vi du 2 : Khao sat sy bién thiép va vé db thj ham sb y =e* Inx,
Huong diin giii

Mién xac dinh: D=(0; + )

y=¢e¢|Ilnx+—| :
X

bit g(x):lnx+lzg'(x)=l_-l_=x_1
_ it

Ta c6 g(x)=1>0; do dé6 y' >0, VxeD. Vi vay ta co bang bién thién va

d6 thj ham sé y =e* Inx nhu sav :

KHAO SAT HAM S0 - 12 177



27.1

" 27.2

178

lim e* Inx = —oo nén dé thj ¢ tiém can dimg x = 0.

x=0"

C.LUYEN TAP

Khao sat sur bién thién va vé dd thj cac ham sb :

a) (x—1e’™; b) y=Inx;

b X
O y="; d)y=[1+-l-] :

X X
Chohamsé y=x-1-Inx

a) Khao sat syr bién thién va v& dd thj ham sb, suy ra bat déng thirc :
Inx <x-1, véix>0.

b) Chiing minh bét ding thirc

%[Inx, +Inx, +...+Inx, J<In &(x, +X, +...+xn)}

(x; + Xy +...+X,), VO X, Xy, .oy X, > 0.

n

Suy ra: ¥/x;x,...x, <

!
n



§ 28. HAM SO LUQNG GIAC
A. KIEN THUC CO BAN

Chu ki cia ham sd tudn hoan :
"Cho ham sé f: D - R :
f dirge goi 1a ham s tuan hoan néu tn tai sé L > 0 sao cho :

x+LeD, xeD
{f(xiL)=f(x), xeD
S& T nho nhit trong cac sb L thoa dinh nghia trén dugc goi 1a chu ki cua
ham s6 f.
Cic két qua can nhé :

- Cac ham s y =sinx, y =cosX ¢d chu ki la 2n
- Cac hamsé v =tgx, y = cotgx c6 chukilan
, N J . . cpy 2T
~ Cac ham s0 y =sin(ax +b), y =cos{ax +b) (a= 0) cé chu ki 12 ]
, a
- Néu f c6 chu ki T, gcochuki T, thi f+g cé chu ki la boi sé chung nhd

nhatcoa Ty va T,.

B. Vi DU AP DUNG

Khao st su bién thién va vé dé thj ham sb

y =sinx(1+cosx)

Huimg déin giai
Mién xac dinh : D = R ham sb ¢6 chu ki 1a 27 nén ta chi cin xét trén doan

[—n : n], hon nira y 1a hiam 56 Ié nén chi can xét trén doan [0 ) n].

™ K4 . .2
Tacod: y'=cosx+cos2x=2cos” X +cosx— 1.

cosx =—1 X=n
y=0 1| =
COSX = — X==
2 3
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Bang bién thién va db thi :

Y
g S 3__ﬁ
(0 3 n " N 4 :
yv + 0 - )'l \\ ; n
V3 - O\ NG
= IR

V& db thi trén [0; n] sau d6 liy ddi ximg qua goc O dé dugc db thi trén

[—n ; 1:], cudi cing ding phép tinh tién theo phuong Ox lién tiép vé trai va

phai dé dugc toan bs db thi.

C. LUYEN TAP
Khao sat su bién thién va vé dd thj cac ham sb sau :

a) y =sinx +sin2x ; b) y:4cosxcos[x+-§—j;

§ 29. PO THI HAM SO CO CHUPA GIA TRl TUYET POL.

.80

PHEP SUY PO THI.

A. KIEN THUC CO BAN

- Trudng hep tong quit :

— Xét ddu cac biéu thirc trong dau gia tri tuyét dbi
— Dya vao dinh nghia »
a néfua=0
|al = )

-a néua<0
dé bo gia trj tuyét ddi.
— Viét ham s6 veé dang duogc cho bai nhiéu cdng thirc.
— Khio sat ham s iing véi tirng cdng thirc.

— Lap béang bién thién chung rdi v& d thj ham sb.



- Truwong hep dac biét :

a) Mpt sé leu y:

— Hai diém (x ; y) va (x ; —y) dbi x(rng nhau qua truc hoanh.

— Hai diém (x ; y) va (—x ; y) d6i ximg nhau qua tryc tung.

— Hai diém (x ; y) va (—x ; —y) d6i xirng nhau qua gbc O.

— Db thi ham s6 y=f(x) va db thi ham s8 y=—f(x) dbi xing nhau qua
truc hoanh.

b) Gii sir biét dwge dé thj (C) cia him sé y = f(x), ta hdy suy ra do thj cdc

\ £
ham so :

(Cl):y=|f(x)';(Cz):ysf(txl);(C3)1Y=|f(_|x|)‘

i) Vi (C) :y = |r(x)

f(x) néu f(x)20

Tacod: |f = .
aco: I (x) {—f(x) néu f(x)<0

Cach vé dé thi (C,):
- Giir nguyén d6 thj (C) cia y=f(x) img véi phan dd thj phia trén truc

hoanh.

— Léy phan d thi (C) phia dudi truc hoanh ddi xing qua truc hoanh (bd
phan phia duéi).

— Hop hai dd thi tén ta duge db thi (C,):y =f (x)]

N y rF's y
(C) (Cy)
oy’ O," x:
'I
!

i) Véi (C,) -y = £(Ixl)

Day la ham s chin nén dd thj dbi ximg nhau qua truc tung.
Ta xét x 2 0, khi d6 y = f(x) chinh 14 dé thi (C).
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Cach vé do thi (C,):

- Giir nguyén d6 thj (C) dng voi phan bén phai tryc tung (x = 0) (b6 phén
bén trai truc tung).

— Lay phan bén phai Oy cia (C) dbi ximg qua Oy
— Hop cita hai phan trén ta duge d6 thi (C,):y =f(x[)

A y A y
(C€) (C))

o
<
<
O
N
<
>‘\

i) Voi () y = | £ |

Ap dung cich vé& (C,).(C,) ta v& lan luot y = f(Ix]), sau d6 vé (C,).

E

o

N
x
=
xw

B. Vi DU AP DUNG

x?+3x+3

Vidul:Chohamsd y=
X +2
Khao sat sur bién thién va vé dé thi (C) cia ham s6. Tir d6 suy ra d6 thj (C,)

x2 +3x+3

(vé hinh riéng).
x+2

.ctahamso y=

(Trich dé thi Dai hoc Ki thuiit Cong nghé, niim 1997)



Hieomg dén gidi

Taco y=x+1+
' X+2

Mién xic dinh: D=R\{-2}

R X +4x+3
(x+2)  (x+2)

y'=1

X
:>y'=0=>[
X =—

Tiémcandimg : x =-2; tiémcanxién :y=x+ 1.

Bang bién thién va do thj (C) :

X [0 -3 -2 ~1 +00
y + 0 - - 0 +
-3 o0 +00
-00 -0 1

|
W
N
et ————-—-——---

A}

1
————e—— b

Suy ra dé thi (C,) : yzﬂ}

X+2
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Vi dy 2 : 1) Khao sat sy bién thién va vé dd thj (C) cia ham s8 y=3x - x°.
Tir d6 suy ra d thj him sé y =3|x/-Ix{’ (v& hinh riéng).
2) Tim tat ca cac gié trj cda m dé phuong trinh :

2m

X —3x=—
m” +1

c6 ba nghiém phﬁn biét.
(Trich dé thi Pai hoc Quéc gia Tp. HCM, nim 1998)
Hudng dén gidi
1) Mién xac dinh D=R.
y‘=3—3x2 Yy =0 x=21
y'=-6x; y":0<:>x£0
Piém udn 1(0 ; 0).
Bing bién thién va-do thi :

X |0 -] 0 1 +o0
yl « |+ 0 - | -
y - 0 + ‘ + 0 -
+00 2
. y \\-2 / 0/ \—OO
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A T i

Suy ra d6 thi y =13|x|-{x]". Ham s& 1& ham chin nén 45 thi déi xung

qua Oy.
l\y
L : 2 E
: !
(
! L\
210 -1 o gk
! |
J '
S 1.7 S
2) Phuong trinh d3 cho tuong duong véi
Ix-x'=— 22m (1)
m-+1

S4 nghiém cua phuong trinh (1) 13 sé giao diém cua d6 thj (C) voi dudng

thing y = - 22m (ciing phuong vai Ox).
m” +1
, . in A Lea 2m
(1) ¢6 3 nghi¢m phan biét & -2<———<2
m +1

2m? —2m+2>0
o 2)

2m’ +2m+2>0
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(2) thoa man véi moim € R.
Viay v&i moi m phuong trinh da cho tudn c6 3 nghiém phan biét.
Vidu 3 : 1) Khao sat sy bién thién va vé& do thi (C) cua ham sb

y=-x+3+ (vé hinh riéng)

x -1
2) Chimg minh ring dudng thing y = 2x + m ludn cat (C) tai hai diém
_c6 hoanh do x,, X,. Tim gia tri cia m sao cho d=(x, -x,)’ dat gié trj
nho nhat.

(Trich dé thi Dai hoc Cin The, ndm 1998)

Hudng din gidi
1) Mién xac dinh D =R\
3

y'=—-1- =<0, Vx =1
x-1)

Ti¢m cén dimg : x =1 ; tiém can xién 1y =-x + 3,
Bang bién thién va a4 thj :

\\\ y y:
O\ i
A R
3 1 +oo AN E
) - : B ! \\: :
+ ) : ‘|\ :
oG +oo N
y ! !
\-00 \-oo : i ' 4
-2 Of\I' 23
1
i
|
Diém dac biét : (0; 0),(4 ; 0)
2
-X°+4 .
x4 4x L néu x>1
Tacd: y=——= x:]
x -1 X" +4x
-———— néu x<|
x_
-X~ +4x ‘
va:y= ==X +3+——
x—1 x—1
‘ —x? +4x
T 46 suy rad(‘)thiy:W
X_
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29.1

" Bén phai tiém cén dimng giir nguyén phan d6 thi cia (C). .

Bén trai ti¢m cin dimg phén do thj (C) ta ldy déi ximg qua truc hoanh (Hinh
vé€ bén),
2) Phuong trinh hoanh db giao diém cua (C) va duong thingy =2x +m I :

o —x? +4x

I =2x+me -x’ +4x=(x-1D(2x+m)
x——

e L T T e R

(vi x =1 khéng la nghi¢m).
o 3x* +(m-6)x-m=0 (n
Ta 6 A=(m~86) +12m =m? +36>0,Ym nén (1) luén c6 hai nghiém

phan biét x,, x, thoa

X m
Xy X,y = VA XXy = ——

Vay dudng thing v = 2x + m ludn cit (C) tai hai diém phan biét. Khi d6
d=(x, —x2)2 =(x, +x,) =é(6 m)’ +i31—m=‘ %(m2-+36)24

Viy vdi m = 0 thi mind = 4.

C. LUYEN TAP

Cho ham so y = .E__+ 2‘“}__-_'" "

X+m

-

a) Xac dinh m dé ham s6 (1) ¢6 cuc tri.
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29.2

29.3

294

29.5

188

b) V& 46 thi ham s8 (1) véim = 1.
¢) Dya vao db thi cau b), v& db thi ham so
_x?-2lx]-1
Ix|+1

va to 4 thi ham sb nay, bién lugn sO nghiém cua’ phuong trinh
LM_I =a theo tham sb a.
x| +1

(Trich a8 thi Pgi hoc Cong dodan, nim 1999)
x? —4x+5

x—2

a) Khao sat sy bién thién va vé db thj ham sb.

Cho ham s y =

b) Dya vao dd thi ham sé wén, bién luin theo m sb nghiém cua phuong trinh
x'=(4+m)lx|+5+2m=0
(Trich dé thi Pai hoc Pa Lat, ndm 1999)
(x-1)°
X+2
a) Khao sat va vé& db thj ham sb.

Cho ham sb y=

b) Bién luin theo m s nghiém cila phuong trinh :
(x—1) _
Ix + 2|
(Trich é thi Pai hoc Kinh té Quic din, nim 1999)

Cho ham sb y=2—x
x -1

" a) Khao sét sy bién thién va vé& dd thi (C) ham sé.

b) Suy ra d6 thi (C,) ham 6 y :|2I|_X|l (V& hinh riéng). Ding do thj (€)
x —
d¢ bién lun theo m s6 nghiém x x&[-1;2] cia phuong trinh
(m-2xl-m=0
(Trich & thi Pai hoc Quic gia Tp. HCM, Khéi D, nam 1999)

2x2 +mx +m

Cho ham s8 y= . Khéo sat va v& db thi ham sé tng véi

x+1
Ix~11(2x +1)

X+1 )
(Trich dé thi Pai hoc Y Dupc, nim 1993)

m = —1. Tir d6 suy ra d5 thi ham s y =



Chwong 4.

CAC BAI TOAN LIEN QUAN DEN
KHAO SAT HAM SO

§ 30. V| TRi TWONG POI GITPA HAI DO THI
A. KIEN THUC CO BAN

Cho hai ham sé y =f(x) c6 ddthj (C,) va y=g(x) c6 db thi (C,)
~ Phuong trinh hoanh d giao diém cua (C,) va (C,) la:
f(x)=g(x) th
- = 86 giao diém cua (C,) va (C,) chinh l2 s6 nghiém cia phuong trinh (1).
— Cac truong h'qp xayra:
(1) vé nghiém & (C,) va (C,) khéng c6 diém chung.
(1) ¢6 n nghiém < (C,) va (C,) c6 n diém chung.:
(1) ¢6 nghiém don x; < (C,) va (C,) citnhau tai M(x, ; x,).
(1) ¢6 nghiém kép x, & (C,) va (C,) tiép xiic nhau tai M(x, ; x,).
- Diéu kién tiép xic : |
Cdch I : (C,) tiép xtc (C,) tiép xic nhau khi va chi khi hé phuong trinh

sau ¢ nghiém :

f(x)=g(x)
' (x)=g'(x)

Nghi¢m x, cia hé 1a hoanh d4 tiép xic cia (C,) va (C,).

Lwu y : Néu (C,) tiép xic voi (C,) tai M thi tai d6 hai db thj c6
chung tiép tuyén.

189



190

A. KIEN THUC CO BAN

1) Dé tim vi tri tuong déi cia hai d6 thi (C,) va (C,) ta lap phuong trinh
hoanh dé giao diém cua (C,) va (C,):

f(x)=g(x) _ (N
— Giai phuong trinh (1) tim hoanh d¢ giao diém, thay vao y =f(x) (hoac
y = g{x)) dé c6 tung do giao diém.
— S6 giao diém ctia (C,) va (C,) lasé ngl-miém ctia phuong trinh (1).
— Néu x=x, la nghiém kép cua (1) thi (C,) tiép xuc (C,) tai diém
M(xy 2 f(xy))-
2) Chitmg minh (C,) va (C,) tiép xiic nhau hoac tim diéu kién dé (C,) va
(C,) tiép xic nhau.
— Diéu kién (C,) va (C,) tiép xic nhau la hé phuong trinh sau c6 nghiém

f{x)=g(x)
f'(x)=g"(x)

C. Vi DY AP DUNG

Vidu I : 1) Khao sat sy bién thién va v& do thi (C) cita ham s :
y =x' -6x% +9x

2) Tim tit ca cic dudng thing di qua diém M(4 : 4) va cit dé thi (C) tai ba
diém phan biét.

(Trich dé thi Pai hpc Dai cuong Tp. HCM, nim 1996)
Huong diin gidi
[} Ban doc tyr giai.
2) Dudng }I1:'i:xg (d) qua (4 ; 4) véi hé sb goe k ¢o phiurong trinh :
y=k{x-4)+4,



Phuong trinh hoanh d¢ giao diém cua (C) va (d) (3
x'—6x7+9x =k(x-4)+4
ox'—6x? +9x-4-k(x-4)=0
o (x=-a)(x? =2x+1-k)=0 1))
(d) cit (C) tai 3 diém phan biét khi va chi khi (1) ¢6 3 nghi¢m phan biét.

Piéu nay xay ra khi va chi khi phuong trinh x> -2x+1-k =0 ¢6 hai
nghiém phén bi¢t khac 4, nghia la ta phai c6 :

A'=1-(1-k)>0 k>0
, <
4 -24+1-k=0 k=9

Viay cac duomg thang quaM cintimla:y=kx+4 -4k vdi0<k k=9.

x +x~1
x—1 !

a) Khao sat su bién thién va vé a0 thi ham sd.

Vidu2:Chohamsé y =

b) Tim trén db thi nhimg diém cach déu hai truc toa do.
¢) Véi nhimg gia tri ndo cia m thi duong thing y=m—x cit db thi cua

ham sé tai hai diém phan biét ? Ching minh ring khi d6 ca hai giao diém
deu thugc mét nhanh caa do thi.

(Trich dé thi Dai hoc Hang hai, nim 1999)
Hurdng din gidi
a) Ban doc ty giai.

b) Cac diém nam trén db thj va cach déu hai truc toa db la giao diém cia dé
thi v&i hai duong thang y = +x.

i) Phuong trinh hoanh dé giao diém cua dd thj véi duong thingy = x 1a

3
X~ +Xx-~-1

2 2 l
=X ESX +X-l=X"-XODX=—
x—1 2

Ta duge diém A[% : —IJ

- i1) Phuong trinh hoanh d¢ giao diém cia db thi véi dudng thingy =-x la:

x2+)\"’] 2 3 l
— = XX tXx-l= X"+t x D x=F—
x—1 142
Ta dugce hai diém B[ |— - I——} vd C[— —l—]
V27 2 V2 2/
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c) Phuong trinh hoanh d¢ giao diém cua d5 thj ham sb véi dudng thing
y=m-xla:

sy
x—‘kxl-l=m—x@x2+x—l=(x—l)(m—x) (x 1)
X— , :
og(x)=2x’ —mx-1+m=0 1)
Db thj ham.sd cit dudng thing y = m — x tai hai diém phan biét khi va chi
khi phuong trinh (1) c6 hai nghiém phin bi¢t khac [, nghia la ta phdi c6 :
A=m’-8m+8>0 m<4—2ﬁ
=
g()=0 m>4+2J2

- M3t khac 2.g(1) = 2 > 0 nén 1 nim ngoai khoang (x, ;X3) VOI X, X, 1

. ¢ ; ;
nghi¢m cia g(x) = 0. Viy x,, x, ndm cung mot phia doi véi x = 1, do d6 hai
giao diém d&u thudc cung mdt nhanh cida db thi.

Vi du 3 : Xac dinh m dé db thi ham s6 y =x’ —2xt —(m-1x+m tiép xiic
véi truc hoanh.
(Trich &é thi Pai hoc Tong hgp Tp. HCM, nim 1995)
Huong diin gidi
Cdch 1 : Phuong trinh hoanh d¢ giao diém cua dd thj véi truc hoanh 14

X2kl —(m=Dx+m=0(x-D(x?~x-m)=0

x=1
o _
x1-x-m=0 1

- Dé db thi tiép xic véi truc hoanh thi phuong trinh (1) ¢6 nghiém kép hoic ¢6

nghiém bang 1. Diéu nay xay ra khi va chi khi

[A=l+4m=0 m=—1

) ) 4

Cdch 2 : (Diéu kién tiép xiic) _

D6 thi tiép xtc voi dudmg thang y = 0 khi va chi khi hé sau c6 nghiém :
x> =2x*(m-Dx+m=0 2)
37 -Ax-m+1=0 3

Tir (3) suy ra m =3x> —4x +1 thay vio (2) ta duoc :



2 —5x 4 d4x—1=0(x -1 (2x-1)=0 |

P , .. 1 , 1
Vg ix=ltacom=0;voi x=-’- taco m=——.

, | R N
Vay,voim=0, m= 7 thi 40 thj tiép xic véi truc hoanh.
Vidu 4 : Voi gia tri nao cua m thi d4 thj ham sb

,
_mx” +3mx+2m+]1

X+2
tiép xiic véi dudmg thing y = m.
(Trich dé thi Dgi hpe Ngogi thuong, niim 1993)
Huwréng diin giai
Phuong trinh hoanh d6 giao diém cua d thi véi duong thangy =m la :

hi .
mx~ +3mx+2m+1

. x+2

S mx’ +3mx +2m+ 1 =mx + 2m (x = =2)

Smx? +2mx+1=0() (x = -2)

P thi tiép xtic vai dudmg thang y = m khi va chi khi (1) ¢6 nghiém kép khac
-2, nghia 14 ta phai ¢é :

m=0 m =0
A'=m’-m=0 oSimim-1)=0 o m=l
m.(-2)* +2m(-2)+1=0 [1#0
Viy voi m = 1 thi do.thj tiép xic véi dwomg thing y = m.
Vi du 5§ : Ching minh rang ho dudng cong (C,) cia ham sé

y=x'+mx’ -(2m +1x +m -1 ludn tiép xic Ian nhau.
Hudng din gidi
Ldy m, # m, thi phuong trinh hoanh d¢ giao diém cia (C,, ) va (C,, ) la:
X' +mxt - (2m, +)x+m, 1=

3 2
X7+ m,XT —(2m, +1)x+m, -]
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& (m—my)(x*-2x+ D=0 (x-1)’ =0 )
(1) ¢6 nghigm kép nén (C,, ) tiép xic (C,,, ) tai diém A(1 ; -1)

Vay ho dudng cong (Cm) luon tiép xic lan nhau tai A(1 ; —1) va tai d6 ho

(C,) c6 chung mét tiép tuyén.

D. LUYEN TAP

2
X —mx

Cho ho duong cong (C,):y = l - ! (m 13 tham s0).

Xét dudng thang (L,,):y=mx+2. Tim m sao cho (C,,) cit (L) tai hai

. diém phan biét.

(Trich dé thi Pgi hoc Quic gia Tp. HCM, nim 1997)
Cho ham s6 y=x" +mx? +1(C, ). Xac dinh m dé (C,,) cét duong thing
y = | — x tai ba diém phan biét A(0 ; 1), B, C sao cho cic tiép tuyén (C,,)
tai B va C vudng goc vi nhau. '
‘ (Trich dé thi Pai hoc Quéc gia Tp. HCM, nim 1996)
Xac dinh m dé do thi ham sd y=x>+mx> -9x-9m tiép xtic véi truc
hoanh.
(Trich dé thi Bai hpc Xdy dung Ha Npi, nim 1997)
Xac dinh a dé dd thj ham sb
y=x>—ax’-(2a’-7a+7)x +2(a-1)(2a-3)
tiép xte vai truc hoanh.
(Trich dé (hi Dai hoc Kinh 1é, niim 1997)
Xac dinh m dé 45 thj ham sb :y=x'—2mx’ -m® —m’ tiép xic vdi truc
hoanh tai hai diém phan biét.
(Trich dé thi Pai hoc Ludr, nam 1993)

ax’ +(2a+)x+a+3
) o ox+2

thj ham s_é tiep xdc vai duong thang y = a + 4.

(Trich dé thi Dai hpc ¥ Duyc Tp. HCM, niam 1997)

Cho ham s6 y = (a=—1). Vi gia tri nao cia a thi do



30.7 Xic dinh m ¢ (P):y=2x+m tiép xic voi 4 thj (C) ham sb :
y=(x+1) (x-1)’

30.8 Cho ham sé y= X —2M*+1

c6 b thj la (C,) va ham sby = kx — k - 2
x+1 .

c6 dé thj 1a (D, ).
-a) Xac dinh k dé (D, ) cétmoi (C,,).
b) Xdc dinh m d&é (C,,) cat moi (D, ).

2 —
309 Xac dinh k dé dudng thing y = 2kx — k cét dd thj ham sé y =% tai
x —
hai diém thuc hai nhanh cia dé thi.
(Trich dé thi Pai hoc Giao théng Vin tdi, ndm 1998)

_xXP+2x+2

30.10 Xac dinh a dé dd thj ham s6 : y |
X +

tiep xdc va&i parabol
y=-x’+a.

(Trich 42 thi Pai hoc Quy Nhon, nim 1999)

§ 31. PHUPONG TRINH TIEP TUYEN

A. KIEN THUC CO BAN

Cho ham so y = f(x) c6 db thj (C)
1) Hé sb goc tiép tuyén (A) vai (C) tai M(xq ; f(xo))e (C) 1a f'(x,) tirc la
k =tgo =£'(x,)-
a 1a géc giira (A) va chiéu duong truc Ox.
2) Phuong trinh tiép tuyén (A) véi (C) tai tiép diem M(x, ; f(x,)) la:
y =f(xq)=f"(x,)(x—x,)
- 3) Hai dudmg thing song song co cing hé sb géc, hai dudng thing vudng
goc ¢6 tich hé so goc bang 1.
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B. PHUONG PHAP GIAI TOAN

1) Viét phuong trinh tiép tuyén véi db thi (C) tai M(x, ; f(x,)):

y:f(xo)Zf"(xO)(x—xo) (D
2) Viét phuong trinh tiép tuyén khi biét hé s6 géc k cia tiép tuyén.
Cdch I :
~ Tim hoanh &3 tiép diém x, tir phuong trinh f'(xy)=k
— Ap dung céng thirc (1).
Cach 2 :
— Tiép tuyén c6 dang y = kx + m.

— Tim m tir nghiém kép cua phuong trinh hoanh dé giao diém f(x) = kx + m.

3) Phuong trinh tiép tuyén ké tir mét diém A(x, ;y,)

Cdch I : Tim tiép diém M(x, ; y,) bing cich cho tiép tuyén

Y= Yo = f'(%)(x ~ %)
diqua A(x, :y,).

Cd’ch 2 : (Ding cho ham bic hai, nhat bién, hitu ti loai bac hai chia bac
nhat). '

Tim hé s6 goc k tir phuang trinh hoanh d¢ giao diém
f(x)=k{x-x,)+y,

c6 nghi¢m kép.

Cach 3 : (Ding cho ham béc ba, bac bon)

Tim h; sé goc k bang diéu kién tiép xuc 12 diéu kién cé nghiém cia hé

C[fD =k(x—x;)+y,

{f'(x)zk

4) Phuong trinh tiép tuyén tai hai diém phan biét cia db thi.

- Gia sir tiép tuyén c6 dangy =ax + b,

- Phuong trinh hoanh d giao diém f(x) = ax + b ¢ hai nghiém kép phan

biét x, # x,.

— Xac dinh a, b dé f(x)=ax-b=k(x-x,)*(x—x,)’ v&i moi x

— D6ng nhat hai ve tim a, b, x,, x,..



C. Vi DU AP DUNG

2x?-3x+m

Vidu I:Chohimsd y= c6 dd thi (C,,)

x p—
Goi A la giao diém cia do thj (Cm) véi truc Oy. Viét phuong trinh tiép
tuyén cda (C,,) tai diém A.

(Trich @¢ thi Dai hoc Giao théng Vin tii, nim 1996)
Huréng din gidi

_ 2x2 —8x+6-m
(x=2)

Mién xac dinh D = R\ {2}, y'

Giao diém cua (C ) véi truc Oy : A[() ) — 1271]

£ oL ;I . N 6-m
Hé s6 goc tiep tuyén tai A la k = y'(0) = 0
Phuong trinh tiép tuyén cia (C,,) tai A la:
m_ 6-m 6-m m
+—= x hay y = X——
2 4 4 2

2x2+mx+m

Vi du 2 : Goi (C,,) 1a @b thi ham sd y= . Xac dinh m &

x+1
(C

26c¢ vai nhau.

} cat Ox tai hai diém phan biét va hai tiép tuyén tai hai diém d6 vuéng

m

(Trich dé thi Dai hpc Y Duge, nim 1993)
Huwong din giii
Mién x4c dinh D =R\{-1}. Dat g(x)=2x’ +mx+m (C,) cat Ox tai hai

diém phan biét khi va chi khi g(x) = 0 c6 hai nghiém phan biét khac -1, tirc
1a ta phai ¢6 :

A=m’-8m>0 [m<0-
. =3
201 +m(-D+m=0 [m>8

“Goi x,, X, 12 nghiém cua g(x), ta céd

197



198

X, +X, = m‘xx m
1 2T Ty X R =
2 2

g' () .(x+1)-g(x)
(x+1)

Hé sb goc tiép tuyén tai hai giao diém cuia (C, ) véi Ox la:

g'(x)(x + ) -g(x) _£'(x)

Taco y'=

y'(x)=

(XIJ,])Z X, +1°
. 4x,+m
oy )=
)’( |) X, +1
. 4x,+m -
Tuong tr 1 y'(x,)=—1—
X, +m

“(Vi g(x;)=28(x2))=0)

Df)dé L y(x,)y'(x,) = 4x,+m 4x,+m

x,+1  x;+1

m m 2
16X, +Am(x, +x,)+m’ 162' +4m(— 5)+m

X, X, + X, +X,5 +1 m m
|-*2 1 2 N +(_ )+l

=8m-m’

(Cn) cét Ox tai hai diém va tiép tuyén tai hai diém dé vudng goc nhau khi
va chi khi

m<90 m<{
[m>8 = [m>8 om=4+17
y'(x)y'(x2)=-1 {m’-8m-1=0
Vidu 3 : Choham sd y =x' —3x -2 ¢o db thj (H)
1) Khao sat sir bién thién va vé db thj (H) cua ham sb.
2) Xét ba diém A, B, C thang hang va thuge (H): Goi A,, B,, C, lan luot la

giao diém cia (H) vai tiép tuyén cuia db thj (H) tai A, B, C. Chimg minh
ring A,, B,. C, ciing thang hang.

(Trich &é thi Hoc vién Buru chinh Vién thong, nim 1999)



Hudng din gidi
1) Hoc sinh tyr giai.
2) Ldy A(x,:y,)-B(X23y,):C(x;3y;) thuge (H) (A, B, C phan biét).
Tacé: y,—y, =X;-3x, —IZ—(x‘3 -3x, —2)
3

=X "‘|3 =3(x, ~ %) =(x; “’ﬂ)(’ﬂz +XpXp + ’3)

Tuong tw : y; -y, = (%3 - %, )(x] +x,%; +x} -3}
Tach: AB=(x, =%, 3 ¥, =¥ )=(x =%, ).(1: x} +x;x, +x3 -3)
AC=(x3—x,;y,—y,)=(x3—x,).(l;xf+x,x3+x§—3)
A. B. C thing hang < AB, AC cung phuong
S XXXy +X-3=x] + X% +x3 -3
& x,(x; = x;)+(x3 -x3)=0
<:>(x2—x3)+(x,;rx2+x,)=0
S X+ X, +Xy =0 (Vi X, #Xy)

Vay ba Qiém phan biét trén (H) thing hang khi va chi khi tong hoanh do cua
chang bang 0.

Ta tim hoanh d§ x; cua A, theo x,.
. Phuong trinh tiép tuyén (A) véi (H) tai A(x,,y,) la:
y-y, =(3x,2 —3)(x—-x,)<:>y=3(x,2 —l)(x—x|)+ X; —3x, -2
Phuong trinh hoanh do giao diém cua tiép tuyén voi (H) 1a:
x* =3x-2=3(x} - 1)(x-x,)+ x} -3x, -2
& X —x? =3(x~-x)-3(x2 -1)(x-x,)=0
o(x-x)(x*+xx+x}-3x})=0
x=x, (diém A)
x = -2x, (diém A,)

o (x-x ) (x+2x,)=0s

Vay diém A, c6 hoanh d§ 12 —2x,. Tuong ty hoanh d¢ cic diém B,, C, lan
luot c6 hoanh dj 13 -2x,, - 2x;.
A, B, C thing hang = x, + X, + x5 =0 = -2x, -2%, —2x; =0

\

= A,, B,, C, thing hang.
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“Vidud:Chohamsd y=x’-3x+1
1) Viét phuong trinh tiép tuyén véi dd thi ham sb biét ring tiép tuyén nay
. T . ]
vudng goc véi dudng thing y = —gx +1.

2) Tim tit ca cac tiép tuyén voi db thi biét ring tiép tuyén di qua diém
A(1;-1).
Hudng dan gidi

1) Dudng thing y=—éx+l c6 hé s6 goc k, =—%

Goi k, =9. Hoanh d¢ tiép diém 13 nghiém phuong trinh
y'=3x'-3=9x=12
Véi x, =2 =y, =3. Phuong trinh tiép tuyén la:
y-3=9(x—-2)hayy=9x-15
Véi x, =-2 =y, =-1. Phuong trinh tiép tuyén 1 :
y+1=9(x+2)hayy=9x+17
2) Phuong trinh dudng thing (d) qua A(1 ; 1) c6 hé sb goc k a :
y=k(x-1)-1 ‘
Hoanh do giao diém cua (d) voi dd thi ham s6 la
x> -3x+l=k(x-D-1=x*-3x+2-k(x-1)=0
Sx-Dx?+x-2)-k(x-D=0
o x-Dx*+x-2-k)=0
(d) tiép xdic vi do thi ham sé khi va chi khi phuong trinh x* +x-2-k =0
c6 nghiém kép hoac cd nghi¢m bang 1. Diéu nay xay ra khi va chi khi :

{A=I+4(2+k)=0 k=2

P+1-2-k=0 = 4
=2 k 0

N 4 « 0l 4 A N N [y 9 5
Vay cd hai tiep tuyén can timlay=-1va y = —zx + 7

X2 +2x+2

Vidu 5 : Cho ham sb y = ¢6 db thi (C). Ching minh ring ¢6

X +1
hai tiép tuyén ciia (C) di qua diém A(1; 0) va vudng goc nhau.

(Trich a@é thi Pai hoc Dwpe Ha Npi, ndm 1999)
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Huong din gidi
Pudng thang (d) qua A(1 ; 0) v3i hé 56 goc k ¢6 phuong trinh 14 :
y=k(x-1).
Phuong trinh hoanh dé giao diém cua (d) va (C)

i-'igilizzk(x—n@x3+2x+2=1<(x2-l)(w*')
X +

ak-Dx?-2x-(k+2)=0 1N
) tiép xtiic voi (C) & (1) c6 nghiém kép khac -1
k-1=0
SIAN=1+(k-1)k+2)=0
(k=D =2(-1)=(k+2) 20

{kil -1+45
ok=

O 3
k" +k-1=0 2

Viy qua A(l : 0) ké duoc hai tiép tuyén t&i d6 thi co tich hé sb goc
k, k, =-1 (Viet) nén hai tiép tuyén niy vudng géc véi nhau.

Vi du 6 : Tim trén dudng thiang y = 2 nhitng diém tir d6 c6 thé ké dugc 3 tiép

. tuyén dén d6 thj (C) cta ham sé y = x> - 3x
. ]
(Trich dé thi Pai hoc Quéoc gia Tp. HCM, Khéi D, nim 1999)
Hudng din gidi
Léy M (x0 ; 2) thuoc duong thfmg y=2.
Phuong trinh dudmg thing (d) qua M véi hé sb goc k 1a

y=k{x-x,)+2

(d) tiép xic véi (C) khi va chi khi hé »phucmg trinh san c6 nghiém
X =3x=k{x-xp)+2 (1
{3:& ~3=k )

Thay k =3x* -3 vao (1) ta dugc
x* —3x - 2-3(x? —1)(x—x0)=0
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& 2xP -3k xT +3x,+2=0

& (x+ D[ 223 - (3x, +2)x +3x, +2] =0 3)
Déi v6i do thi ham sb bac ba diéu kién cin va du dé hai tiép tuyén- phén biét
A hai tiép diém c6 hoanh do phan biét.
Dé tai M ke duge 3 tiép tuyén dén b thi (C) thi phuong trinh (3) c6 ba
nghiém phan bi¢t. Diéu nay tuong duong véi phuong trinh
2x> —(3x, +2)x + 3%, +2=0 c6 hai nghiém phan biét khic -1, nghia la ta
phai co :

Xy <—=
0
3

b = >2
2(-1) +(3x,+2)+3x,+220 Xo
Xo #1

{ono +2) -8(3x, +2)>0

Viy cac diém cin tim trén dudng thang y = 2 1a cic diém c6 hoanh do
xe(-wo:- I)u[—~l: ——i—]u(2 ; + ).
Vidu 7 : Cho ham s y =x* -4x" +3 ¢6 db thi (C). Viét phuong trinh tiép
tuyén (A) véi (C) biét rﬁhg (A) liép xtc voi (C) tai hai diém phan biét.

Huwong diin gidi
Gia s (iép tuyén (A) c6 phuorig trinh lay = ax + b.
Pé (A) tiép xic véi (C) tai 2 diém c6 hoanh dd x,, x, thi phuong trinh
x' - 4x" +3=ax+b ¢ hai nghi¢gm kép x =x, va x=x,. Tic 12"

XY add —ax 43 _[-,:(x—xl)l(x—-xz)2

. 2
o xt dax’ -ax+3-b= [x2 ~ (X + x5 )x + x,xz]
DPong nhit hé 6 twong imyg & hai vé ta dugc

(4= -2 n)

| X +X,=2
I
{0=2\|\:+(x|+‘<, XX, =—2
-~ = =2(X) + X2 X)X, a=-8
h Yy -_——
3b=x{x3 !

Viy(A):y=-8x -1,



D. LUYEN TAP

311 Viét phuong trinh tiép tuyén véi db thi ham s y ="
x —

2 i
i tai giao diém cua
do thj v&i truc tung.
(Trich dé thi Pai hoc Ki thugt cong nghg, Khoi B, nim 1997)
312 Liy mot diém bét ki thude dé thi ham sé y = x* —3x? + 2. C6 bao nhidu tiép
tuyén cia db thi di qua diém ay ?
- (Trich dé thi Pai hoc Ngogi thurong, nim 1997)
2x? +(m-4)x-2m+1
X—-2
a) Tim m dé d6 thi ham sb nhan diém (2 ; 1) lam tam déi ximng

31.3 Chohamsd y=

b) Khao st sir bién thién va vé do thi (C) img véi m = -3 va viét phuong
trinh tiép tuyén vai (C) biet n6 song song vai dudng thingy = x + 4.

(Trich dé thi Dai hoc Luit Ha Npi, ndm 1999)
31.4 Tim cac diém thudc dd thj ham sé y =-x" +3x? =2 ma qua d6 ké dugc mot
va chi mdt tiép tuyén véi (C).
(Trich dé thi Hoc vi¢n Biru chinh Vién thong Ha Nji, nim 1999)
x2+x+2
x -1
b) Tim fiiém A thude truc hoanh sao cho qua A chi vé& dugc duy nhéit mét
* 1iép tuyén vai dd thj ham so trén.

(Trich dé thi Pai hpc Ngogi thirong, nim 1996)

31.5 a) Khao sat sy bién thién va v& d thj cila ham s6 y =

)
2Xx° +X

31.6 a)Khao sat sy bién thién va vé d6 thi (H)ham s6 y = ‘
. X+

b) Tim nhimg dlem M trén dudng thing y = | sao cho tir M ¢6 thé ké dugc
dang mot tiép tuyén dén db thi (H).

(Trich & thi Pai hoc Qué'c gia Tp. HCM, nim 1999)

317 Cho ham sé y=x*—12x+12. Tim trén dudng thing y = —4 diém M, tir 86
ke dén do thi ham sb da cho ba tiép tuyén phan biét.

(Trich dé thi Hoc vign Buu chinh Vién théng, ndm 1998)

31.8 Lap phuong trinh- tiép tuyén (A) voi 48 thi (C) ham sb

’ 5 JE s v L. sy s ard Ay ra
, y= x*-axtaxt 4 e biet rang (A) ticp xic vai (C) tai hai diem phan biét.
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§V 32. PIEM CO DINH CUA HQ DO THI.
BIEN LUAN SO B0 TH| B1 QUA MOT DIEM

A. KIEN THUC CO BAN

Cho ho 44 thi (C
A(xy Y, ) cho trnrdeta co
A(xy:9,)€(Cr) ey, =f(x, :m) )

Xem phuong trinh (1) 12 phuong trinh theo an m.

) 6 phuong trinh y=f(x, m) véi m la tham sb

m

"~ Néu (1) vd nghiém thi khéng c6 dudng nio ciia ho fq)ad Iiém M.
—Néu(1)cdn nghiém thi cé n duong cua he (Cm) di qua.

—~ Néu (1) nghi¢m ding véi mgi m thi tht ca cic dudng cia ho (C, ) déu di

qua diém A. Khi d6 A 1a diém cd dinh cia ho (Crn )

B. PHUONG PHAP GIAI TOAN
Tim diém c6 dinh cita ho 40 thj (C,,) :
~ Bién dbi phuong trinh y = f(x, m) vé phuong trinh theo m. Ta tim (x ; y)
dé y = f(x, m) nghiém ding véi moi m.
— Ta thuong gap cic dang sau :
a(x;y)m+b(x;y)=0
hoic : a(x;y)m2+b(x;y)m+c(x;y)=0.

— Toa d6 cac diém cb dinh cia ho dd-thi (C,) (néu cd) 1a nghiém clia hé :

' a(x,y)=0
{:Ex,)';iz hodc {b(x. y)=0
Y= - c(x,y)=0

Tim diém ma c6 diing n &4 thi ciia ho (C,,) diqua:

— Tim céc diém M(x ; y) dé phuong trinh dn m : y = fix, m)‘cc') dang n nghiém.



Di¢m ma moi @b thj ciia ho deu khéng di qua

- Tim diéu kién x, y (suy ra tip hgp diér_n M(x ; y)) 3 phuong trinh y = f(x, m)
an m vé nghiém.

~Chuy:

A=0

.Am + B =0 vd nghiém <:>{
. B+0

A=0
B=0

Am’ +Bm+C =0 vb nghiém | [C#0

A=z0
| |B*-4AC<0
D4i vai ham hitu ti ¢6 tiém can dimg cb dinh thi nhitng diém nam trén tiém

can dimg 1a nhimg diém d6 thi khong bao git di qua.

C. Vi DU AP DUNG

Vidul:Chohamsd y=mx’ —(m-1)x? -Q2+m)x+m-1 (C.)
- Tim nhitng diém cb dinh ma do thi (C,,) ludn di qua voi moi m.
(Trich dé thi Pai hoc Quoc gia Tp. Ho Chi Minh, Khdi D, nim 1999)
Hudng din gidi
Tacd: y=mx’-(m-Dx>-Q+m)x+m-1
omlx’-x!-x+1)+x? -2x-1-y=0.

Toa d0 diém cb djnh cua (Cm) la nghiém cia hé :

e
il
—

x'—x'-x+1=0 (x=1(x+1)=0 {y=~2
=3 =3
x?-2x-1-y=0 y=x?-2x-1 {XZ—I

-Viy (C,,) qua hai diém c8 dinh A(1;-2) va B(-1;2).

- 2 — ,
Vidg 2 +Cho ham sb y =~ *"™ (11 I3 tham sb),

2X+m

{8
foe)
n
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Chirng minh ring loai trir hai gia trj cia m, con v&i moi gia trj khac cia m 46
thj ham s6 ludn di qua hai diém cd dinh.
(Trich dé thi Pai hpc Thuy lgi Ha Ni, ndm 1997)

Hudng dén gidi

Tacd:y=

—X2+X—m m % -2x
2x+m

y(2x +m)=-x’+x-m

m# -2x
< m(y+1)+x(x+2y-1)=0
y+1=0

, V@i m=-2x
x(x+2y-1)=0

Toa do diém co djnh 1a nghiém cia hé {

x=0 . x=3

o vdi m # 0 hodc vii m# -6
y=-1 y=-1

Viy voi m=0 va m=6 thi d6 thj ham sd luén di qua hai diém c¢6 dinh

A{0:-1), B(3;-1).
Chii y : V6i m =0 ham s suy bién thanh y = %(1 -x) (x=0)
V&i m = -6 ham s suy bién thanh y = —%(2 +x) (x #3).

Vidu3:Choham sé y=(m+Dx’-(2m+1x-m+1 ¢ dd thi (C,,)
1) Chimg minh ring vi moi m, db thj ham s di qua ba diém c¢6 dinh, thing hang.

2) Vi gi tri nao cia m thi d6 thi (C,) 6 tiép tuyén vudng goc véi dudmg

thing di qua 3 diém cb dinh teén.

(Trich @é thi Pgi hoc Sw pham Vinh, ndm 1999)
" Hudng din gidi
1)Tacod: y=(m+l)x3—(2m+l)x;m+l
o (x° —2x—l)m+(x3 —x+1-y)=0
Toa do diém cé dinh cba (C,,) 1a nghiém ciia hé phuong trinh :
_{x3—2x~l=0 (i)o{(xn)(x’_x—l):o

x'-x+1-y=0{(2) |[y=x'-x+1



(x=~1,y=1
- x=|+\/§,y:5+\/§
) 2 2
1-V5  5-5
X = ‘y:
[ 2 2

“Vay db thj (C,,) lu6n cé ba diém cb dinh

A(_]:‘)$8(1+2\/§ : 5+2\B],C[|—2J§;5—2\/§].

Lay (1) teir (2) ta dugc y = x + 2, do d6 toa dd A, B, C thoa phwong trinh
dudng thing y = x + 2. Vay A, B, C thing hang.

2)Tacod: y' =3(m+1)x* =(2m+1). P thj (C,,) co tiép tuyén vudng goc
voi dudng thing y = x + 2 khi va chi khi phuong trinh sau c¢6 nghiém
3m+Dx*-2m+1) =1 3(m+1)x* = 2m c6 nghiém.

20 ©ome(-»;-1)U[0: +).

o 2m
3I(m+1D

2 2
X" +mx—m

_Vidu4:Chohg dubng cong y=

(Cn\) ‘
_Tim cac d_iém trén mat ph?mg toa d§ a6 sao cho cé ding hai duong cua ho
(C..) diqua.
(Trich dé thi Pai hoc Tai chink Ké todn Ha Nji, nim 1999)

x—m'

Huéng din gigi
Xét phuong trinh an m :

2 2
_ X +mx-m

y= (1

X—m

m=x m=x
<:>{ <:>{ (2)

y(x -m)=-x* + mx -m? m’ —(x+y)m+ ¥  +xy=0
(1) c6 dung hai nghiém <> (2) ¢6 hai nghiém phan biét m = x
A=(x+y) —4x(x+ 0
Q{ (x+y)’ - 4x(x +y) >

xXP—(x+y)x+x>+xy#0
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{x+y>0,x¢0
- -3x>0
- (x+y)(y 3x)>0c> y
x=0 Xx+y<0,x=0
y-3x<0

Vay cac diém can tim [a cac diém trong géc nhon tao bai hai duong thang

y=—-x vay=3x (phz‘m khong gach sgc, trir truc Oy).
]

ty

N

Gm+Dx-(m?-m)
= ., m
X +m

Vidu5:Chohamsb: y £0

1) Ching minh ring db thi ham s khong cé diém ¢ dinh.
2) Tim tat ca cac diém trén mat phang toa dd ma d6 thj cia ham s6 khong thé -
- di qua, khi m thay dbi.
Huéng din gidi

_ Gm+D)x-(m?-m)

X+m

1)Taco:

X # -m
<:> 3
m*+(y-3x-1)m+xy-x=0 (1)

R3 rang (1) khong thé nghiém ding vdi moi m # 0 nén ad thi khdng cd diém
4 .
co dinh.



2) (xg3 yo) I4 diem ma db thj khéng bao gid di qua khi phuong trinh (1) vo
nghi¢m hodc (1) cd nghiém kép m = —x,. piéu nay xay ra khi va chi khi
A=(yo-3x,—1) 4%, (y, =1)<0  (2)

aA=0 v MtlTVe__ . (3
] 2

Taco: (2) & (yo—1)" —10x, (¥, ~1)+9x3 <0 & (y,—1-5%,)" ~16x5 <0

=5x +] :1
(3)c>{}’o 0 2 <=>{)’o
(Yo —3x, — 1) —4xy(y, -1)=0 Xo =0

Ta co'diém A0 ; 1)

Vay tap hop cac diém M(x ; y) thoa diéu kién 1a cic diém nim bén,trong
hai géc nhon tao bai hai duong thingy =9x + 1 vay =x + | hop véi diém

KHAG SAT HAM SO - 14 209



D. LUYEN TAP

mx? +3mx+2m+1

32.1 Chimg minh rang tiém cin xién cia dé thij ham s6 : y = 5
X +

luén di qua mét diém cé dinh véi moim.
(Trich dé thi Pai hpc Ngogi thuong, nim 1995)
32.2 Tim cac diém cd dinh cua hg dudng cong :
y=—x>+(m-Iml)x? + 4x —4(m —|ml)
(Trich d@é thi Dai hoc Kién tric, ndm 1995)
32.3 Chohamsé y =x*-3(m+Dx’> +2(m’ +4m+1)x - 4m(m +1)
a) Tim diém cd dinh coa ho dd thj ham sb.

*b) Xac dinh m dé dd thj ham s cat truc hoanh tai ba diém phan biét c6
hoanh d6 1&n hon 1.

32.4 Cho ho duong cong (C,,) c6 phuong trinh :
y=(m+Dx*=3(m+3)x? -(6m+1)x + m +1

Chirng minh rang (C,,) c6 ba diém cb dinh thing hang. Viét phuong trinh
dudng thing di qua ba diém cb dinh d6.

32.5 Cho ham sé y="%*4
X+m

ring (C,,) ludn di qua hai diém cd dinh.

c6 db thi (C.) - Trir hai gia trj ciia m, ching minh

32.6 Cho ham s6 y =x* +x? + 2mx +m’. Tim tip hgp céc diém trong mat phing
toa 46 ma chi ¢6 hai do thj cia ham s di qua.
32.7 Cho ham sé y=x’~3(m+3)x +18mx 8. Chimg minh ring trén dudng
cong y =x’ ¢6 hai diém khdng thudc d3 thj ham sé dis m 1y gia trj bat ki nao.
(Trich &é A;hi Dai hoc Phdp Ilf, nam 1990)
32.8 Chohamsé y= Wﬁ Tim tit ca cac diém ma db thi khong thé di

qua di m lay bét ki gia trj nao.

(m-2)x-(m?-2m+4)
) X—m
toa d6 ma dd thj khong thé di qua di m 14y bét cir gia tri nao.

329 Cho ham s y=

. Tim cac diém trén mat phing
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§ 33. HQ DO THI TIEP XUC
- VOI MOT BUONG CO PINH

A. PHUONG PHAP GIAI TOAN

Cho ho @b thj (C,,): y =f(x, m) véi m la tham s6. Tim phuong trinh dudng
¢ dinh (L) tiép xic véi ho (C,,) véi moi m.
Dgng 1. Tiép tuyén c6 djnh véi hg (C, ) tai diém c6 djnh

- Gid sirho (C,,) <6 diém c dinh A(x, : y,)

— Hé sb goc tiép tuyén véi (C,,) tai A (tirc 1a y'(x, ) ) khéng phy thude vao m.

—Ho (C,,) c6 chung mét tiép tuyén c6 phuong trinh 12 :

Y= Yo =Y (%o }{(x = %)
Dang 2. Cho bitt dang cua duong co djnh (L) : y=g(x)
— Néu (L) 1a dudng thing thi y = ax + b, néu (L) 1a parabol thi :
y=ax’ +bx+c (a=0).
- Lap phuong trinh hoanh d¢ giao diém cia (C,,) va(L):
fx, m) = g(x) ‘ ()
- (C,,) tiép xic vai (L), Vm & (1) ¢b nghiém kép, Vm.

Chii y : Pua A = 0 vé da thirc theo m roi dong nhit cho cac hé sb bing 0, tir
d6 tim dugc a, b, c.

Dgng 3. Chua biét dang cia dwimg ¢ dinh (L)
~ Phan tich f(x. m)=[a(m)x + b(m)]2 +g(x) trong d6 g(x) khdng chira m.
— Puong ¢ dinh (L) : y = g(x) 1a dudng can tim vi phuong trinh hoanh d6
~ctia (C,) va(L)la:
[a(m)x + b('m)]2 +g(x)=g(x) = [a(m)x + b(m)]2 =0

ludn ¢6 nghiém kép vai mei m.
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B. Vi DU AP DUNG

22+ (0-m)x+1+m

Vidul:Cho hamsb y == . Ching minh ring véi moi

-X+m
m = —1 dd thi ham s6 luén tiép xic v&i mét dudng thang cb dinh tai mot
diém co djnh. '
(Trich dé thi Pai hoc Quic gia Tp. HCM, nim 1996)

Hudng diin gidi

Truée hét ta tim diém cb dinh ciia ho dudmg cong.

, 2x2+0-m)x+1+m {Xim
Tacd: y=
N -X+m

y{-x+m)=2x>+{1-m)x+1+m
<:>{(x+y—l)m—(2x2+x-4-l+xy\)=0
Xzm
Toa dd diém cb dinh ciia ho 13 nghiém ctia hé :
x+y-1=0 x=-1
2X7 +x+1l+xy=01y=2
X#m m = -1

Viy d6 thi ham s6 ludn di qua diém A(-1; 2),Vm #z—1.

, , “2x* +4mx-m- +2m+1
Tacod: y' =

(-x +m)’
Hé sb tiep tuyén tai A(-1:2) la:

y(=1)= 2-4m-m’+2m+1 —(1+m)®

3 - 3 =-1
a+m) (1+m)

Phuong trinh tiép tuyén tai A(-1;2) :
y-2=-1(x+1) hay y=-x+1
Viy véi moi m = —1 db thj ham s6 luén tiép xdc vai dudmg thing y = —x + 1

tai diém c6 dinh A(-1;2).

4m+Dx2 —4mx—(m?-m2+2)

Vidu 2 :Chohamsb y = 5
X-m

(C)



Chirng minh ring tiém cén xién cua (Cm) luén ludn tiép xic vdi mét
parabo! ¢ dinh khi m thay déi.
(Trich 48 thi Pai hpc Quéc gia Tp. HCM, nam 1997)

Huéng din gidi

32

2m+Dx? —2mx MM *2 |

Tacd: y= - 2 =2(m+Dx+m? -m- -
X—-= x-2

2

lim

X=—30C

- =0 nén db thj c6 tiém can xién (D,,):y=2(m+Dx +m? -m

2
Cdch 1 : Gia sir parabol cb dinh cén tim ¢ phuong trinh

(P):y=ax’+bx+c (az0)
(P) tiép xuc véi (D,,) voi moi m khi va chi khi phuong trinh hoanh d§ giao
diém cua (P) va (D,,) c6 nghiém kép v6i moi m.
Tacé: ax’ +bx+c=2(m+Dx+m’ -m
. oax?+(b-2m-2)x+c-m’+m=0 (1)
(1) c6 nghiém kép véi mei m khi va chi khi :
A=(b-2m-2)’-4a(c-m*+m)=0, ¥Ym

o 4(+a)m? +4m(2-b-a)+(2-b)* —4ac =0, Vm

l+a=0 a=-I
< d2-b-a=0 < |b=3
(2-b) -dac=0 |,._1

4
Vay parabol cin tim 13 (P) : y=—x> +3x—%. »

Cdch 2 ; Ta bi¢n doi phuong trinh tiém can xién nhur sau :

2 m=m?+m(x-1)+2x

) 2x+1 (2x~1Y 2x 1Y
=m" +2m + +2x -
2 2 2

[ 2x—lj2 , 1
=[m+ -X +3x——.
2 4

y=2(m+Dx+m




Xét(P): y=-x’ +3x—%.

2
Phuong trinh hoanh d6 giao diém cua (P)va (D,,) la: [m + 2x2— ]] =0.

»

Phuong trinh nay luén ¢é nghi¢m kép x = M i mei m. Viy parabol

can tim 1a (P) : y=—x2 +3x—%.

_Bm+Dx-m’+m

Vi dg 3 : Cho ham sb y= (m=0) co db thj (C,).
X +m .
- Chitng minh ring ho dudng cong (C,,) ludn tiép xtic voi hai duong thang
¢ dinh.
Hudng dén gidi

Gia sir duomg thing (d):y =ax + b
(d) tiép xuc (C,,) v&i moi m =0 khi va chi khi phuong trinh :

Gm+Dx-m?+m

=ax+b )
X+m '

c6 nghiém kép x # -m véi moi m=0.

Tacd: N ax? +[(a-3)m+(b-D]x+m* +(b-—1)m =0 c6 nghiém kép
X # —m.

a=0
& A=[(a~3)m+(b'—1)]2 ~4a[m2+(b-Dm]=0, vm=0
a(-mY +[(a=3)m+b-D)(-m) +m* +(b—Dm =0

az0
_ - ,Vm %0
QLR ~10a+9)m? +2[(a=3Xb-1)-2a(b—1)]m +(b-1)* =0 "=

a’-10a+49=0 {:i:

s da-3)b-D-2ab-1)=0< '9
a=

(b-1)" =0 {b:l

Viy véi moi m # 0 thi (C,) luén tiép xtc véi hai dudng thang cé dinh la :

y=x+1lvaiy=9x+1.

-

744



2

Vi du 4 : Cho ham sé y=x’ -2x* + mx+ c6 dd thi (C,,). Chimg

minh ring (Cm) ludn ludn tiép xtc véi mot dudmng cong ¢d djnh.
Hudng din gidi
. Lo 2 2y, 03 o2, ]
Taco: y=—z(m —4mx +4x?) +x* - x +Z

i \
=——(m-2x)" +x> -« +%

, 5 1
Xét dudng cong cb djnh (L) c6 phuong trinh y = x* - x> + v
Phuong trinh hoanh dd giao diém cua (L) va (Cm) la:

—l(m—Zx)z+x3—x2+%=x3—x2+%<:>(m—2x)2=0 QD)

(1) ludn cé nghiém kép ¥, = % vai moi m.

Viy (Cm) ludn tiép xuc véi duong (L) c¢b dinh cb phuong trinh la :

32
=X —X" +—.
y 4

C.LUYEN TAP

-m{x+D+x+2

D (C,,). Chirng minh réing véi mot m # 0
m(x+1) -

33.1 Chohamséy=

(Cm) luén tiép xic voi mot dudng thang cé dinh tai mot diém cd dinh.

33.2 Chung minh rang véi moi m =0 d thi ham s6 Tuén Iudn tiép xiic Vi mot
dudng thang cé dinh. ‘

33.3 - Chirng minh rimg tiém cén xién cta do thi ham sé :

2 i02 :
X"COSaA+X+SIN"XCOSO. +SIina
= (azkn, keZ)

X+ oS

ludn tiép xiic vai mét parabol c6 dinh.
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(m-2)x-m? +2m -4
X—-m
ludn tiép xic véi hai duong thang cb dinh.

334 Cho ham sb y= . Chimg minh ring dd thj ham sé

33.5 Ching minh ring parabol y = x* +(2Zm+1)+m’ -1 luén tiép xic voi mot
duong ¢d djnh. Viét phuong trinh dudng c6 dinh d.

§ 34. BIEN LUAN SO NGHIEM
CUA PHU'ONG TRINH BANG DO THI

A. KIEN THUC CO BAN

Gia sir can bién Iq:_in s6 nghiém cia phuong trinh F(x, m) = 0 (1), trong do
dd thij (C) ham sé y = f(x) d& vé& hodc di c6 bang bién thién cia ham s nay.

- Bién dbi F(x, m) =0 < f(x) = g(x, m) trong d6 y = g(x, m) la duong thang A,

— S6 nghiém cua phuong trinh (1) chinh 12 sé giao diém cia d6 thi (C) vdi
dudmg thing A,

— Cac dang cua A : g(x, m) thuong gap.
Dang 1 : g(x, m) = m : A vuéng goc vai Oy tai diém M(0: m).

A y
A m {

~
A

Dang 2 : g(x, m) = h(m): A I dudong thing ciing phuong Ox. Bic biét : h(m) = f{m).
- Dbit M = f(m)

— Tuy theo M bién luan sb nghiém cia phuong trinh f{x) = M sau d6 dya vao
dd thi (C)': y = f(x) dé tim m tr ding thirc fim) = M.
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Dang 3 : g(x, m) = kx + m : A cung phuong v&i dudng thang y = kx va cit Oy tai
diém M(0 ; m).

1y

+
A/ \34\"

PAVA

© |

B. Vi DU AP DUNG

(x+1)°

(x=1)"

Vi dy I : 1) Khao sét sy bién thién va vé dd thi ham s : y =

2) Bién luan theo k s6 nghiém cia phuong trinh sau :
(x+1)’ —k(x=1=0 (1)
(Trich dé thi Pai hoc Quéc gia Ha N@i, nim 1997)
Huong dén giii

1) Mién xac dinh : D=R\ {1}



g2 30 226D+ 1) o1 (x-5)
(x-1' (x-1)

Déiu cua y' cing déu vdi (x - 1Xx — 5)

limy =o> : D5 thi c6 tiém can dimg x = 1.

-l

12x -4
Taco: y=x+5+ X -
(x-1)
IN -
:_x )‘3 =0 : DS thicotiém can xigny =x + 5.
\x X_|- .

Diém dac biét (0 ; 1), (-1 ; 0).

Bang bién thién va db thi :

:y':OQ[

oe-—-
A

Lh[-——————----é

2) x =1 khong la nghiém cua phuong trinh (1) nén ;
(x+1) _

Do .
(x-1Y

k

ol 4

x=S5



S6 nghiém cia phuong trinh chinh 13 sd giao diém cta db thi ham sé
x+1)
(x-1)°

‘ Dura vio db thi ta ¢6 két qua sau :

voi dudng thing y = k.

i) k<% 2 (1) ¢6 | nghiém, ii) k=2—27 : (1) ¢6 2 nghiém, iii) k>327— (1)
¢6 3 nghiém.

P x4 ]
Vidu2: Chohamsb y= 1‘__%
X u—
1) Khao sat sir bién thién va vé dd thi ham sé. Tir d6 suy ra db thj ham sé
2 -
T —x+1 ] i
y= X -x¥! (vé hinh riéng).
[x -1l

2) Tim tét ca cac gia tri cia m dé phuong trinh : x> —~(m+Dx+m+1=0
c6 nghiém.

3) Tim tat ca cac gia trj cia m dé phuong trinh sau ddy c6 ba nghiém phén biét
nam trong doan [-3 : 0] : (420 —(m+ (2 +20)+m+1=0

(Trich dé thi Bai hoc Bich khoa, nim 1995)
Huong din gidi

1) Mién xac dinh : D=R\{1}.

] , 1 x° - 2x , [x=0
YZX+_:>y=l_ 3 = 33)':06
x—1 x-1y (x-1 X

Tiém can dl':ﬁg :x=1; Tiém can xién ;. y = x,
Diém dic biét (0 ; 1)
Bang bién thién va do thi :

x | -o0 0 1 2 +oz
y' 0 - 8 - i
-1 +2C +oC
-o00 ~oc 3
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7 (C) !
Suy ra dd thi (C,) ham sé :
2
x -x+1
2 —_— néu x >1
y_x'—x+1_ X ~1
Ix -1 x2—x+1
- ﬁéLlX(l

x-1
Cach v& db thi (C,) :
- Giir nguyén db thi (C) & bén phai tiém can dimg (x> 1).
- Léy phan bén trai tiém can dung (x < 1) cua (C) dbi ximg qua truc hoanh.

A
y
1
1
- i
(
1
1
{
{
=1
+ 17
’
I \,
| 4
. ( L0
[ 4 ]
1,7 1
» I
{ 71 |
7t 1
( )
1 A N
>
i
[ | 2 X
Vg AN
v _ll \‘
’
= \
I, P N [N
, - NN
7’ AN
7 L A N
/’/, Vo »
Vs (] S
v L]
\
”,/ by AN
/’/ ¥} \\
,’/ 4y N
7’ 7 [N A}
/7 N N
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) Tacd: X2 ~(m+Dx+m+1=0 x> —x+1=mx-1)
x = 1 khong la nghiém cua phuong trinh nén :

2
(])@uil:
X -1

Sé nghiém cia phuong trinh chinh la sb giao diém ciia d6 thi (C) véi dudng
thing y = m.

s m<-1
Dua vao do thi, phuong trinh ¢6 nghiém khi va chi khi : [ 3
m2

Chii y : Cau nay c6 thé giai bing dai sb.
3) Pat x =g(t) =t + 2t v&i te[-3;0]
Ta tim mién gia tri cba x khi te[—3 ; 0]
Taco: f'()=2t+2;g'(t)=0t=-1
Bang bién thién :

t -3 -1

g -0 ¢ ///

77
a0 %\///

Véi -3t<t<0tacd -1<x<3.

Nhdn xét :

Véi 1< x <0 phuong trinh x = t* + 2t ¢6 hai nghiém phi‘mlbiét t.
Véi x =—1 hay 0<x <3 phuong trinh x =t + 2t cé mdt nghiém.
Voi x =t? +21 thi phuong trinh : ‘

(1 + 2t)2 —(m+DE+20)+m+t=0 (1), te[-3; 0] duge viét
xX’=(m+Dx+m+1=0, xe[-1;3]

2
oxH D), xef-1;3\{1}

x—1

x2—x+1

Ve db thi(C): y = , voi xe[-1;3]\ 1)
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Tacd: f'(—1)=—3 : f(3)=z
2 2

B, 1
1
| 4
7 I /’
o1 A
3 femde
' ( S
Lo
1 ,/ ) :
P
Ll O \
e T B X
v AN
Ve ]
I’, —i :
ST
Bang bi¢n luan sb nghiém :
m $6 nghié¢m cua (2) trén {—1; 3] S6 nghiém cua (1) teén [-3 2 0]
+00 { 1

N =

ANANAYWA

[ (S 3 S

2
2

L
N |

Vay (1) ¢6 3 nghi¢m phan biét trong doan [-3 ; 0] khi va chi khi

3
——<m<—1.
2

Vi du 3 : 1) Khao sat sy bién thién va v dd thj ham sd y=4x’ —3x

2) Biing d thj bién ludn sb nghiém ciia phuong trinh 4x* —3x =4m* —3m.
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Huong din gii
1) Ban doc tyr giai
Db thi :

by

<N

2) Dat M =4m" -3m

S6 nghiém cua phuong trinh 13 56 giao diém cua db thj ham s& y =4x’ ~3x
va dudmg thang y = M.

Duwra vao d6 thj ta cé :

* [M|>1 : phuong trinh ¢6 | nghiém.

* [M| =1 : phuong trinh c6 2 nghiém.

* [M| <1 : phuong trinh c6 3 nghiém.

Dua vao 0 thj dé suy ra két qua theom ;

M =4m’—3m 1a hoanh do giao diém cva (C):ylf(m) vad):y=M
trong h¢ truc Oxy.
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Dua vao dd thj ta c6 két qua :

3 m < -1 ) i o
“Ml>1olam’ —3m> 1o o Phuong trinh cé 1 nghiém.

m>
m=z]
* Ml=1<dm’ -3m|=1o N 1 : Phuong trinh c6 2 nghiém.
m=t—
2
—-l<m<l
* Ml<l<dm® - 3m| <1< Lo Phuong trinh c6 3 nghiém.
mzt—
2
» - X . . L x+1
Vi du 4 ; a) V& do thj ham so y:—l (H)
x—

b) Viét phuong trinh tiép tuyén véi (H) biét ring ti€p tuyén ay song song véi
duong thing (d): 2x +y - 1 =0,
¢) Diing db thi (H) bién luan theo m sb nghiém cia phuong trmh

2x° —’(m+1)x+l+m=0 )
Huong diin giai
a) Hoc sinh tu giai.
b) Hé s6 géc ciia (d) 1a 2. Vi tiép tuyén song song vai d nén ta c6 :
x=0
X=2

y'= ,=—2c>(x—l)2=lc>[
(x-1)




Véi xo =0=y,=-1, tacd tiép tuyén :y=-2x— I.

"Vai x, =2=>y,=3, ta co tiép tuyén : y = —2x + 7.

)Tacd: (De2x” —x+1=m(x-1) ()
x = | khong 1a nghiém cia (2) nén :
(2)©2x‘—x+l_mc>2x‘—2x+x+l: ©x+1:m_2x
X -1 t X—1 x—1 x-—1

Sb nghiém cia phirong trinh chinh la sb giao diém cla (H) v&i dudmg thing
A 1y =-2x + m ; A song song v&i hai tiép tuyén trong cau b).

Q‘y

m

Dua vao db thi ta co két qua sau :

m S6 nghiém ctia phuong trinh
+o0 2
7 K 1
0
- K |
—o 2

KHAO SAT HAM S0 - 15 225
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Vi dy 5 : a) Khao sat sy bién thién va vé d6 thi (C) cia ham sé :

y=x'-2x" +x
b) Diing dbd thj (C) dé bién luan ) nghiém va xét dau nghiém cua phuong
trinh : x* =2x? —m =0,

Hueong din gidi

a) Ban doc uyr giai, d6 thi nhtr sau

Olw
Nla

©) 32
27
b)Tacé:x3—2x2—m:0<:>x3—2x2+x=x+m (1)

"S6 nghiém cia (1) la sé giao diém cia (C) voi duomg thing y = x + m song

song vdi dudmg thing y = x ¢4 tung do gdc m,
Dé bién ludn sd giao diém ta cin tim m dé y=x+m tiép xue vai (C).

(C) tiép xdc véi duong thang y = x + m khi va chi khi phuong trinh sau ¢6

. x> =2x7+x=x+m (2)
nghiém : R :
3x" —4x +1=1 (3)
x=0
Taco: 3 =>xBx-4)=0 4
X=_—
3
.. . . .. 4 ) 32
Vaix=0.tir(2)tacom=0, Véi ng’ tr(2)tacéd m=—_§

Dyra vao dé thi ta ¢6 két qua sau :



m S6 nghiém cia (1) Déu cac nghiém sd
+a 1 1 nghiém duong
0 ( 2 I nghi¢ém duong va I nghi¢m kép x =0
3 2 nghi¢m duong va | nghiém am
32 4
T57 2 I nghiém am va I nghiém kép X=2> 0
—oC

L I nghiém am

Vidy 6 : a) V& db th (C) cda ham sb y = V9 — x>
b) Tim diém c6 dinh ma ho duomg thang d, :mx—y+3-4m=0 luén di
qua vt meoi m.

¢) Ding dd thi bién luan theo m sé nghiém caa phuong trinh :

V9-x> -mx+4m—3=0 ()

Huong din giai -

- 20 >0

a)Taco: V9-x" & ), , & y’ ,
y =9-x° X" +y =9

Vay (C) la nua dudng tron tim O ban kinh R =3 & phia trén truc hoanh.

b) d, ¢6 phuongtrinh 1a: (x ~4)m+3-y=0 luén di qua diém A4 ; 3)
v&i moi m,

Nhgn xét : Ho dudng thang y = mx + 3 — 4m ¢ hé ) goc lam. Goi B(-3 ; 0),

C(3 ; 0). D(O : 3). Duong thang AB c6 phuong trinh y=—27ix+% c6 hé sb

goc m =% . Dudmg thing AC c6 phuong trinh y = 3x — 9 ¢ hé sé géc m = 3.
Duang thing AD c6 phueng trinh y = 3 ¢6 hé s6 géc m = 0.

Ny D;
D

A Dy

=30 /34 2
D, / X
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Dura vao do thi ta co két qua :

Do (D= y=v9-x' =mx+3-4m

m S nghiém cua phuong trinh (1)
+o0 0
3 < 1 nghiém x =3
1
3
7 2
2
0 < 1 nghiém képx=0

A P ]
Vidu 7 : a) Khado sat sur bién thién va vé d6 thi ham s0 y=x +1+ I
X —_

b) Bing d6 thj bién luan sb nghiém cia phuong trinh sau theo m :
x+]+L=mx—m+2
x —1

¢) Xac dinh m dé phuong trinh sau c6 nghiém :

. 1 1 1
SINX +COSX +—| tanX +cotXx + — + =m-—1
2 SINX COSX

Huong dan gii
a) Ban doc tur gii.
b) Duéng thfmg d:y=m(x-1)+2qua diém 1(1 ; 2) ¢ dinh va cé hé sé gbe

m =tano (o la géc gitra chiéu duong truc Ox va d, 90" < a <90°). Cho d
quay quanh I va dua vao do thi ta ¢6 két qua :



34.1

N 1 ’,
Yo 27
' e
1 ///’
: R
2002+ yr--r
1 |\ P "
Y P X
T D SN\
[ v L7 d\k"’
A >
Yy )y y.-
1 (21 <
1 1Y )a’ qa
pJ N rAaal
7 N
- (. =
_F ,’: tga m
-7 4 ot
,” /’ : ] |
- P y 1t
T2 Ly
"’ s : I >
V.0 \ 62 2 X
/- )
i
/” ]
,’,’ 1
(C)}r

*ae (—900 : 45°]<:> tana = m <1: Phuong trinh v6 nghiém.
* Qe (45° ; 90‘]] < tana =m >1 : Phuong trinh c6 hai nghiém.
¢) Patt = sinx + cosx ; lt| < J2

= t” =1+ 2sinXCOSX => sin X cosx =%(t2 - 1)

. . sinx+cosx +1
Taco: ) osinx+cosx+— "= =m

2sin Xcos X
12t <2 1=tl<V2
o 1 L’ 1
t+——=m-1 t+l+——=m (2)
t-1 t-1

Tacé: £(V2)=2(V2 +1). .
m<0

m22(\/5+l)

Dya vio db thi (2) cé nghiém te-v2 ; V2 [\{-1; 1} khi:

C. LUYEN TAP

Cho ham s6 y = x> ~(2m + x> +(6m - 5)x -3 ¢))

a) Chirng minh ring dudng cong (1) luén di qua hai diém ¢ dinh vai moi m.
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34.2

34.3

34.4

34.5

34.6
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b) Xac dinh m dé dudmg cong (1) tiép xiic vai truc Ox.

¢) Khao sat su bién thién va vé db thi ham sb vai m = 2.
d) Bién luan theo a s6 nghi¢m cua phuong trinh : (-;—ixl - l](lxi _1Y =a,

(Trich dé thi Dai hoc Kién trie, nam 1997)

b4
, 2 dmx -
Choham s y L remxom (1)

X+m
a) Xac dinh m dé ham s6 (1) véim = 1.
b) V& db thi cuaham sé (1) véim = 1.
. x?+2Ix]-1

¢) Dua vao dé (hj ciia ham sé & cau b). vé do thi ham sé y = ——-—"—— va
Ix]+1

tu d6 thj cua ham sO nay, bién lugn so nghiém cua phuong trinh :

x? +2Ix) -1 e p

M =a theo cac gia trj cua tham so a.

x|+

(Trich dé thi Bgi hoc Cong doan, nam 1999)

Cho ham 56 y =2x+
[x —1]

a) V& do thj (C) ham sé.
b) Bién ludn theo m sé nghiém ctia phuong trinh : 2xlx —Hl-mlx -H+1=0
¢) Bién lun theo m s nghiém cua phuong trinh :

2cosxlcosx ~ll—-mlcosx ~}+1=0

a) Khao sat sy bién thién va vé dd thj ctia ham s6 y = (x + D'(2-x)

b) Dua vao d6 thi bién luin theo m sb nghiém cta phuong trinh
(x+17(2-x)=(m+1)’ 2-m).

Xac dinh m dé phuong trinh x' + mx' + x> +mx+1=0 ¢6 hai nghi¢m
phan bi¢t. ‘ t

-X+3

2x -1

a) Khao sat sir bién thién va vé do thi (C) cia ham so.

Cho ham sd Ay =

b) Lap phiromg trinh tiép tuyén vai (C) va song song vai dudng thing y + x = 0.
¢) Dung dd thi (C) bién ludn theo m sb nghiém cua phrong trinh

2x7 —2mx-2x+m+3=0.



34.7

34.8

349

. X7 +2x+2
Cho ham s yzi—x—+—
X+ 1

a) Khao sat sy bién thién va v& d4 thi (C) ctia ham sb.

2
Diing do6 thi. giai thich tai sao phuong trinh L’Tz =m(x +1) véi tham
X+

s6 m > | ¢6 hai nghiém phén biét va tdng cua ching la mot s khong déi.
b) Chimg minh vai hai tiép tuyén cua (C) di qua diém A(1 : 0) va vudng goc
vai nhau.

(Trich dé thi Pgi hoc Duege Hi Npi, nim 1999)
' x? —Ixl+2

a) Khao sét sy bién thién vav@ dd thiham sé: y = W
x —
b) Bién luan theo a sé nghi¢m x <0 ciia phuong trinh :

x> =)xl+2
————— =ax-a+l.
Ix}—1
Cho ham s6 y =x’ —3x” +2
a) Khao sat sy bién thién va v& do thj (C) ham s.
b) Viét phuang trinh tiép tuyén cia (C) di qua diém A(-1 ; -2).
¢) Tim tit ca gia trj cua tham s a dé phuong trinh x* -3x* —a=0 ¢6 3
nghi¢m phan biét trong d6 cd dung hai nghi¢m 1dm hon 1.
(Trich dé thi Bai hoc Can Tho, Khdi D, nam 1998)

§ 35. TAP HOP DIEM
A. KIEN THUC COBAN

Cho dudng cong (C) ¢ phuong trinh fix. yv) =0.

Néu diem M(x ; y) di déng khép trén (C) ta néi tap hop cac diém M 1a duong
cong (C) hay quy tich cac diém M la dwdmg cong (C).

Tim tap hop diém M (hay quy tich diém M) trong mat phang toa do tuong
duong vai vige tim phuong trinh coa quy tich do.
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B. PHUONG PHAP GIAI TOAN

Biéu thi dwgc toa @9 diém M theo tham sb :

x =g(m)

— Tim toa d6 diém M theo tham sé m, gia st : M
y=h(m)

— Khir tham s m ta dugc hé thire déc 1ap gitta x vay déi véim : fix, y) = 0.

 Tir didu kién tn tai diém M (thuomg duge biéu didn bing didu kién cia m)
ta tim gii han cho dudong cong f(x, y) = 0.

~ Két luan tap hgp cic diém M la mot phan cua dusng c6 phuong trinh
f(x, y) = 0 thoa mot diéu kién.
Piac biét :

x=C (hingso) (1

i) Néu toa d6 ciia M la =
y =h(m} (2)

thi M thudc dudng thing x = C va tir (2) giéi han dé tim tap hop diém M.
: x=g(m) (3)
ii) Néu toa dd coa M la: -8 . ’
y=C (hings6) -
thi M thuge dudmg thing y = C va tir (3) gidi han dé tim tap hop diém M.
i1i) Tap hop trung diém diy cung MM, tao bdi (C) :y =fix) va(d) : y=ax +b
cod hoanh d6 x,. x, cua M;M, la nghiém cia phuong trinh f{x) = ax + b.
o < Xitxs
M 14 trung diém MM, thi ¢ M~ 2

Yy =aXy +b

Khéng biéu thj durge toa @5 diém M theo tham sb :
- Goi M(x, :y,) 14 diém thugc tap hop can tim.

~ Tir yéu cau bai toan tim h¢ thirc lién hé gitra x,, y, : f(x, : ¥, )=0.

C. Vi DU AP DUNG

-2x -4

X +1

Vidul:Chohamsd y=

1) Khao sét sy bién thién va vé db thi cua ham sb.



.2) Bién luan theo m sé giao diém cua dé_ thi trén véi dudng thfmg_
2x-y+m=0. Trong trudng hgp cé hai diém M, N hay tim quy tich
trung diém 1 cua doan MN,

(Trich dé thi Pai hoc Theeong mai, nim 1999)
Huéng dén gidgi
1) Ban doc ty giai.
2) Phurong trinh hoanh dé giao diém cia d6 thi duong thing (d): y =2x+m la:
-2x—-4
x+1

=2x+mea2x* +(m+4)x+m+4=0 (1) (x=-1)

A=(m+4) -8(m+4)=m’>-16

i) A<0 <> —4<m<4 : Khong cé giao diém.

i) A=0 < m=%4 : C6 | giao diém.

i) A>0eom<-4 hoécm>4:cc’>2giaodiém.

Trong trudng hop m < —4 hodc m > 4, giao diém M, N cia dd thi voi duong
thing (d) cé hoanh d¢ Xy, X, la nghiém coa (1).

Toa do trung diém ! coa MN 1a :

m=-4x, -4
y, =2x; —4x; —4=-2x, -4

X
2 4

_ X +Xy,  m+4 {
y;=2x,+m

Viy | thudc duong thing y = —2x — 4.
—4x, —4<-4 [x, >0
=

Véim<-4hodicm>4tacd:
-4x;, -4>4

X, <2
y=-2x-4

Vay tap hop diém 1 la: [ x <=2

' x>0

2— —
Vi dy 2 : Cho ham s6 y=x mx + 2m -2

c6dd thj (C,)

x -1
1) Khao sét sy bién thién va vé dé thj cia ham sé khi m = 2. Tim tét ca céc
gia tri cua tham sd m dé dd thi (Cm} ¢6 diém cuc dai va diém cuc tiéu.
Chimg minh ring cac diém cyc dai va cyrc tiéu cia dd thi (C,,) ludn ludn
nam trén mot parabol ¢ dinh khi m thay dbi.

(Trich dé thi Pai hoc Thay sian, nam 1999)
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Huing din gidi

1) Ban doc tyr giai.
2) Mién x4c dinh: D=R\ {1}.

Ham s6 c6 cuc dai va cue tiéu khi va chi khi phuong trinh
x? ~2X -m+ 2 =0 co hai nghiém phan biét khac 1, nghia la ta phai ¢6 :

{A'zl-(~|n+2)>0 {m>1
L

R <Sm> |
I°=21-m+2#%0

m |

). Khi dé tung dd twong

m

Gia su X,. X, 12 hoanh 4o cac diém cue trj cua (C

mgla: y, =2\, -m.y, =2x,-m.

X X, =l-vm-1 (1)
Vai diem cyc tri My {x, 1y,). tacd: X m
y;=2x,-m (2)
X, <1
Tor(Ntacoé: Vm—-l=1-x, < ,
m=(1-x,) +1
Thay m =(| —x,)2 +1 vao (2) ta duoc :
y =2%, —(1-x,) -1y, =—x} +4x, -2
Viy diém cuctri M, (x, ; y,) thudc parabol cé phuong trinh :
y=-x2+4x-2 (x <)
Tuong ty. diém cye tri M, (x, 1y, ) thudc parabol :
y=x"+4x-2 (x>1)

Viy cac diém cye dai va cuc ticu cia (Cm) Iuén nam trén mot parabol )
dinh khi m thay déi. ‘

Vidu 3 : Cho ham s6: y = x> +(m -Im})x” + 4x - 4(m-jm}) (1) (C,)
1) Tim cac diém cé dinh cta ho (C,,).
2) Tim m dé (C,,) tiép xic vdi tryc hoanh.
3) Tim quy tich diém udn 1, cia (C,,) khi m thay déi.
' . (Trich @é thi Dai hoc Kién tric, nim 1995)



Hudng din giai

Taco: (N (m-ImD)(x* -4)+(-x* +4x-y)=0

Diém cb dinh cia (C,,) cé tog d6 1a nghiém cua hé :

x’-4=0 {x =42
. =
X" +4x-y=0 y=0

Viy (C,.) qua hai diém cé dinh A(2 ; 0), B(-2; 0).

D Taco: Do y=(m-im)(x* -4)-x(x*-4)

oy = (x> - 4)(m -|m|-x)

Phuong trinh hoanh d6 giao diém cia (C,, ) v&i Ox la:
x=2
(x* 4l x-m+Im))=0es{x=-2
X =m - |ml| (<0)

(C,,) 1iép xiic voi Ox & m —lml=2 e m=-1.

m

3)Taco: y'=-3x" +2(m=Iml)x +4
y'=-6x+2(m-lm)=>y" =0 x= %(m ~Iml) (Hoe‘mh d6 diém udn)

Thay m —Im| = 3x vao (1) ta duoc :
y=-x'+3x" +4x - 12y o>y =2x" —8x
Do 3x =m~[m|<0 nén x <0

Vay quy tich diém udn I_ 1a phan dé thi ham s6 y = 2x* —8x vé&i x <0.

Vidy 4 : Cho ham sb y=§ﬂ1];2)—x
X —

Tim quy tich cac diém cyc dai va quy tich cac diém cyc tef cia db thi
ham so.

Hussng din giai
Mién xac dinh D =R\{}}

,_2‘\(2 -4x-m+2

(x-1°
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Ham s6 c6 cuc dai va cuc tiéu khi va chi khi phuong trinh
2x° —4x —-m+2 =0 c6 hai nghiém phan biét khac 1. Dicu nay xay ra khi va
chi khi :
A=4-202-m)>0
S <m>0
2.1"-41-m+2=#0
Viéy voi m > 0 thi ham s§ da cho ¢6 cuc dai va cye tiéu.

2142m
2

Khidé: y=0x =

Bang bién thién :

(w2 2w
y' + 0 - - 0 +
cb +oc +o0
oo -o0 CT

-2m

: 2
Hoanh d¢ diém cuc dai : x, = —F < 1 (vim>0)

om=2(1-x,)2=2x; —4x, +2 (n

Tung 46 diém cyc dai : y, =4x,+m-2 (2)

Thay (1) vao (2) ta duge : y, = "xf, Vot x, <0.

Vay quy tich diém cuc dai 1a mét phan cia parabol y = 2x” vdi x <I.

Tuong tu quy tich diém cuc tiéu 12 mot phan parabol y = 2x? vai x> 1.

: 2
Vi du 5 : 1) Khao sat sir bién thién va v& dd thi (C) ham sb : y = X+

» X
2) Tim tap hop cac diém t}ong mit phing toa d¢ dé tir diém do c6 thé ké dén
d6 thi (C) hai tiép tuyén va hai tiép tuyén d6 vudng géc vdi nhau.

(Trich-dé thi Byi hoc ¥ Dupc Tp. HCM, nim 1999)
Hueong din gidi
1) Ban doc tir giai,

2) Gia sit M(x, 5y, ) 12 diém thudc tap hgp can tim.



Pudng thang d qua M véi hé sb goc m co phuong trinh y = m(x - x0)+ Yo
Phuong trinh hoanh d¢ giao diém cua duong thang d vai (C) 1a:

2
X +1=m(x-x0)+y0 (x#0)

X
o (m-Dx; +(y, - mx,)x—1=0 (H
(Vi x = 0 khéng la nghiém cada (1)).
d tiép xiic vai (C) & (1) c6 nghiém kép.

m=1
< 2
{A=(y,—mx;) +4(m-1)=0

m# ]
- :
xgm? +2(2-x,y,)m+ys ~4=0 (2)

Dé tir M ¢6 thé ké dén dd thi hai tiép tuyén vubng géc nhau thi (2) phai cé
hai nghiém m,, m, khac 1 va tich mym, =-1.

" Diéu nay xay ra khi va chi khi :

20
);0 ‘ Xy =0 X; +ys =4
—sz =-1 SIxt+yi=4 o<x, 20

0

.\ Xo Y
x§+2(2—x0y0)+y§—4¢0 (XO Yo) #0 e

Vay tap hop diém M can tim 1a duong tron tAm O ban kinh R = 2 b6 di bén
diém M, (0;2). M,{0; -2), M, (2 ; V2) va M, (V2 ; -\2).

Vi du 6 : Cho ham sd y = m

_ X~ +1

a) Chirng minh rang ham sb ludn ¢6 hai cuc tri.

b) Viét phuong trinh dudng thing di qua hai diém cuc tri.

- ¢) Tim quy tich trung diém ctia doan thing ni hai diém curc tri ciia d9 thi.
Huong din gidi
a)D=R,

, =X +2(1-m)x +1

T )
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35.1

Tam thire £(x)=-~x"+2(1-m)x +1 ¢6 biét thirc :
A=(1-m) +1>0, vm

suy ra y' = 0 tudn co hai nghiém phan biét, do d6 ham s6 luén c6 hai cyc tej.
b) Toa do hai diém cure tri M, N ciia d6 thj thoa :

_x+x+m

Y= Xy =xiexem m
. I+l 2xy =2x +1 (2)
. 2x

Nhan (2) cho % roi trir cho (1) ta duge © y =§+ m nén phuong trinh dudng
thfmg_ di qua hai diém cuc trila y = % +m.

¢) Hoanh do x,,, x cua M, N la nghiém ctia phuong trinh

x> =2(0-m)x-1=0

nén : Xy Xy =2{l-m)
xlzxM;xN =l-m
Toa d¢ trung diém [ cha MN [a:
="Llim
Yi >

e a2 X X
lNrdosuyra: x, +y, =—=+1 hay y, =—=L +1
-~ 1 e 5 1 2

Vay quy tich diém | la dudnyg thang y = —%4—]

D. LUYEN TAP

2% +(4 1)x -3
x+a

Cho ham sb y =

(1)

a) Khao sat va vé& dé thi ham sb (1) vdi a = 2.
b) Xac dinh a dé dudng tiém can xién coa do thi ham sb (1) tiép xtc vai
parabol y = x* +5.
¢) Tim quy tich giao diém cia hai dudng tiém cén dimg va xién cua dd thi
ham s6 (1) khi a thay déi.

- (Trich dé thi Pai hoc Giao théng Viin tii, nam 1999)
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353

35.4

35.5

Cho ham sé y = (4 —x)(x 1) ¢ db thi (C).
a) Khao sat syr bién thién va dd thj (C) ham sb.

b) Goi A la giao diém cba db thj (C) va tryc Oy. d la.dudng thing di qua A
6 hé sb goc 1a k, xac dinh k dé d cit (C) tai ba diém phin biét A. B, C.

' ¢) Tim tap hop trung diém I ctia BC khi k thay déi.

(Trich dé thi Pai hpc Ngoai ngir, nim 1997)

Cho ham s6 y = —~

a) Khao sét sy bién thién va vé db thi (C) ham sb.
b) Xac dinh k dé duong thing y = kx + | cit (C) tai hai diém phan biét A, B.
Tim quy tich trung diém I cita AB khi k thay dbi.

(Trich dé thi Dgi hoc Thwong mai, nim 1997)

2

Cho ham sb y =

x-1

a) Khao sat sy bién thién va vé& dé thi (C) cita ham so. Chimg to rfmg (C)co

. mot tim doi ximg.

b) Tim tap hop cic diém trong mat phing toa 46 Oxy dé tir do ta co thé vé
dugc hai tiép tuyén dén db thj (C) va hai tiép tuyén dé vudng poc nhau.

(Trich dé thi Pai hoc Quéic gia Tp. HCM, nim 1998)

(xz - l)cosa + XCosQ

Goi (C,) 1add thi ham sb y = trong do o la tham sb

X —cosa
vai D<o <<,
2
a) Tim gia trj cua o dé (C,) suy bién thanh dudng thing. Tim tit ca nhimg
diém c6 dinh cila ho dweng cong (C, ). ;

b) V&i gidwri ndo cua a thi ham sé dat cire dai va cure tiéu trén [0 ; 2]. Cho o
thoa diéu kién nay. Tim quy tich cua diém cyc tiéu va diém cyc dai. Khoang

- cach gilra hai diém cure tri ndy 16n nhat 1a bao nhiéu ?

c) Tim nhimg gia trj cia a dé tir A0 : 2) c6 thé ke dugce hai tiép tuyén vai
(C. ). Goi 0 14 géc nhon tao bai hai tiép tuyén nay. Tinh tgf theo a. Tinh o

de hai tiép tuyén d6 vudng poc.
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§ 36. TIM CAC PIEM BOI XIPNG NHAU
TREN & THI

A. PHUONG PHAP GIAI TOAN

Cho 43 thj (C) : y = f(x). Tim hai diém M. N thudc (C) sao cho M, N dbi
xirng nhau qua diém A hodc qua dudmg thing d cho trude.

~ Giastr M(x, ;y,)e(C) tacd:

)’ozf(xo) (1)

- Tim toa d¢ diém N theo x,., y, sao cho N |2 diém déi xing cia M qua A

(hodc qua d). Vi N(xy:Yyn)€(C) nén:
¥N :f(xN) )

— Tir (1) va (2) ta tim duoc toa do diém M, N.

B. Vi DU AP DUNG

Vi du I : Cho ham ) y= x} +mx? +9x + 4. Xac dinh m dé wén dd thi cva
ham s6 co6 mot cap diém ddi xing nhau qua gdc toa do.

(Trich dé thi Dai hoc Giao théng Vin tdi, nim 1997)

Huong diin gidgi

-Gia sit M(xg:y,) va N(=x, : -y, ) Ja cap diém dbi ximg nhau qua O nam

trén do thi ham sd, ta c6 hé :

y0=xi+mx§+9x0¥4 1))

—Yo = ~Xg +mx; ~9x, +4 . (2)

Léy(l)céng@)vévc‘ri vétacod: mxf,+4=0<:mxf,=-4 3)
(3) ¢6 nghiém khi va chikhim < 0. Khi d6: x,, = A
m

Thay vao (1) ta tim dugce y,. Vay gia trj can tim 13 m < 0.



a

Vidg 2 : Cho ham sé y=X"**2

(o)

¢ db thi (C). Tim tat ca cac cap diém
x —
(Trich @é thi Dai hoc Quéc gia Tp. HCM, nam 1997)
Huong diin piai

Gia st M, (x,;y,) va My{(x; :y,) thudc (C) va I |a trung diém cia doan

M, M,.
X, +X,=2%X,=0 5 ==X
Tac('):Jl ’ : QJLX’ o My (%, 55-y,).
Iy +y:=2y,=5 " ly.=5-v,
ylzﬁ_’&ﬁ 1)
. s X, —1
M,. M, €(C) néntacé hé: )
5oy, =2t (2)
-x, -1

b
XPHx 42 Xy -x, +2

Lay (1) cong (2) vé véi vé taduogc : 5=

& 5(x2-1)=(x, +){(x2 +x, +2)—(x, - 1){x} - x, +2)

&> X =9 x, =13
* Véi x, =3 taco y, =7 khi dé ta duge cac diem M, (3;7). M, (=3:-2).
*Voi x,=-3 tacé y, =-2 khi do M,(-3;-2), M, (3 7).

2
Vi du 3 : Cho.ham sb y= LT ¢4 db thi (C). Tim hai diém A, B nim trén
. X -

(C) va dbi xing nhav qua duong théng y=x-1.
(Trich dé thi Dai hoc Hang hdi, nim 1999)
Huéng din gidi
Cdch 1 : Gia sit A(x,;y,)e(C), ta tim B déi xirng véi A qua duong

_thiing (d) : y = x — 1. Dudng thing A qua A vudng géc véi (d) c6 phuong
trinh la: x+y=x,+y,.

Toa & giao diém H cua (d) va A 1a nghiém cua hé¢
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x=x,+y1+1

{x—y=l 2

=
X+y=x+y, y:x,+y,—l

2

A 4ty +box+y -1l
VayH[ R ]

Vi H la trung diém ctia ABnéntoadociaBla: B(y‘ +10x —l).
Y= a
' -1 {y,(x,—-l)zx,2
2

it In(x=0)=(y,+1Y

=\ 7

A,Be (C)nén:

Yy

=3 -—-(y,+l)2 >y +l==x(ViBA)y >y =—x, -1

5 ) 1
Thay vao (*)taduge : —(x] -1)=x] & X, =£t—
Y ( 1 ) | | -

[ ! —(24J5)]l

TG

Cach 2 - Goi Ay = ~x + m la duong thing vuéng géc vaid:y =x—I.

. B

! ,—(2+ﬁ)}

idiémcantimla: A| —: ————~
Viy hai diém can tim 13 A[\E 7

Ta tim m dé A cat (C) tai hai diém A. B sao cho trung diém H cua AB nim
trén dudng thing d.

2

—-\——I =-x+me> x- =(x - D(-x+m) (vi x =1 khong I nghiém).
x—
o2x -{m+Dx+m=0 (1)
: (l)‘c() hai nghiém phan biét < A =m’ —-6m > 0.
Giao diém A, B clia A v&i (C) ¢6 hoanh 8§ x,. X, 12 nghiém cia (1).

X +X, m+l
x“= I

Toa d¢ trung diém H cua AB : 2 4
m+1 3m -]
Yy =X, +m=- +m =
Vay H[mH ! 3m4—lj Hednén: 3—"-1-4_—I=m:1—!<:>m=-l.
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Véi m = —1 thi (1) c6 hai nghiém x—+——

. ) o 1 )
Ta co hal diém can 6 A(\[_ \/. B 75 ; \/5

Cdch 3 : Dudng thang AB cit (d): y =x - 1 tai trung diém H ciia doan AB.
Ta tim H(h : h — 1) € (d) sao cho dudng thang A vudng géc vai (d) tai H cat

(C) tai 2 diém A, B sao cho Xa*Xp _ X}
2

k‘

A qua H va vuong goce vai (d) cé phuong trinh :
lix-h)+1(y-h+1)=0y=-x+2h-1

Phuong trinh hoanh d¢ giao diém cua A véi (C) 1a :

v

X X+2h-lox=(x-D(=x+2h-1)
x_
< x’-2hx+2h-1=0 (2)
Taco: M:x“¢:>l—]=h<:>h:0.
o] 9

-~ -

Véi h = 0 phuong trinh (2) ¢6 hai nghiém x =

!
e

Hai diém can tim la : A[J— (2}\/-)] ) B[—%z—]

C.LUYEN TAP

36.1 Véi gia tri nao cia m thi trén dé thi ham sé: y=x* +mx® + 7x+3
cé mdt cap diém déi x(ng nhau qua goc toa d§.
(Trich dé thi Pai hoc Tai chinh Ké todn, nim 1997)

36.2 Cho ham s6 y =x> —3mx’ +3(m* —1)x+1-m? ¢6 db thj (C,) voimla
tham sb.

a) Khao sat s bién thién va vé dé thj (C, ) khim = 2.

b) Tim diéu kién cua m dé dé thi (C, ) chira hai diém phan bigr. dbi ximg
_ nhau gua gc‘»c toa do.
(Trich d@é thi Pai hoc Thuy Ipi, nim 1999)
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36.3

36.4

244

. Tim trén d5 thj ham s6 y =

" dwirng cong (C) :

2 —
X 2+ 4 yai didm d6i ximg nhau qua dudng

v x -
thang y = x. )
(Trich dé thi Pai hoc Tai chinh, niim 1995)
Tim phuong trinh duang cong d6i xing voi dd thj ham sé y = ‘—iiz:—z—
x p—

qua dudng thing y = 2.
(Trich dé thi Hoc vign Ki thugit quin sir, nim 1999)

§ 37. KHOANG CACH

A. KIEN THUC CO BAN

. Khoing cach giira hai diém A(x, ;y,), B(xy:yg) 12

AB:\/(XH _7";\)2 “'()’B _)’/\)2

Khoang cach tir diém M(xo S Yo) dén duong thang A: Ax + By +C=01a:

4(M, 4)= |Ax, + By, +C|
JA2 + B’
Truong hop dic biét :

A:x=a=>d(M,A)=|x, -a]

A:y=b=5d(M,A)=|y, - b]

B. PHUONG PHAP GIAI TOAN

Khoing cich giia dvong thing A va T

d(a, (0))= min MN
Neld

Pé tinh khoang cach gitia A va (C) ta
lam nhu sau :

— Lap phuong trinh tiép tuyén d ciia (C)
va song song voi A. o

>N




— Tim tiép diém M, (x, ; y,) gitra d va (C).

- d(A, (©))=d(M,, A).

C. Vi DU AP DUNG

Vidu I:Choham sb y=2x*-3x? +2x +1 ¢6 dd thi 1a (C) va dudmg thang
(A):y=2x—-1. '
. a) Chirng minh duong thing A khong cit (C).
b) Tim trén dd thj (C) diém A c6 khoang cach dén(A) 1a nhé nhit.
(Trich dé thi Pai hoc M6 - Dia chdt, nim 1999)
Hudng din gidi
a) Phuong trinh hoanh dé giao diém coa (C) va (A) la:
2x - 3x2 4 2x4+1=2x -1 2x* =3x? +2=0 : V6 nghiém.
Vay (A) khdng cat (C).
b) Gia sir A(x,:y,)e(C),tacd: y, =2xg -3x; +2x, +1.
Khoang cach tir A dén (A) 1a:

_ |2xg —3x, + 2x, +1-2x, +l‘ _ |2x3 -3x +2|

d(A,A)= 7 5

_2x3-3x3+2_i[x4_2x21+l]_i[[xz_3]2+l]>_7v
NG NN N N VRS I N
V3

Suy ra: mind=—7— khi xozi7

85

L ‘ 3
Vay ¢o hai diém can tim : AI[_? ; —%—\/_“;] : Az[g;—%+\/§J

h)
, . . L2 TS SR £ X —x+1
Vidu 2 : a) Khao sat su bién thién va vé @6 thf hAm s6 : y = 71
x —
b) Tim diém A, B thudc hai nhanh khac nhau cua d6 thj dé khoang cach gitra
ching 14 nho nhat.

(Trich dé thi Pai hpc Ngogi thirong, nim 1999)
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Huong din giii

_a) Ban doc tu giai.

x -1 x—1

Gia str A[I +a; l+a+l] véi o > 0 la diém thude nhanh bén phai tiém

a
can dimg va B[] -B:1- B—lﬁ] vai B > 0 1a diém thudc nhanh bén traj tiém

cancua dothi. Tacéd:

ABQ=(XB*XA)2+(Yxn‘yxA)2=(a+ﬁ)2+[G+B+i—+é]2
=(o+p) +(a+p)’ ['*“B]-_(CHS) [ [Héﬁ]z]

_=(a+[3)2{2+—%—+ ! }24&[3|i2+i+ 22}(BDTC65i).

af  (ap) aB  (ap)
Suy ra: AB’ 23a13+8+iﬁ28+ 2J8.4 (BDT Cési).
o

Do d6: AB> /8 + 82 .

a=03>0
Diu bang xay ra khi va chi khi : 4 eoa=p=

8afi=

h

Vay hai diém can tim trén dé thi :

A[l+% : 1+U§+%j;8[1-%;1—<ﬁ—%}

-
Vi du 3 : a) Khao sat sir bién thién va vé& do thi ham sé y = E—-+——-3— (C)
N

b) Tim trén do thj cua ham so diém M sao cho khoang ciach tr M dén tiém
can dung bang khoang cach tr M deén tigm can ngang.

(Hoc vign Quan hé Quic 16, nim 1999)



Hirdng dén gidi
a) Ban doc tu giai.
Xy +2
X =3
Tiém can dimg : x—3=0; ti¢mcan ngang 1y - 1 =0.

b) Gid sit M(x, :y,)e(C). tacé: y, =

Khoang cach tir M dén tiém can dimg 14 ; |x, - 3|

Khoang cach tir M dén ti¢m can ngang la : ¥ ~1|= T—w}«l
Xg —

Ta phai co: |x, —1|= :x0_3+f

Vay ¢6 hai diém thoa man yéu cdu niim trén (C) c6 hoanh db 1a x, = +/5.

X+1
x—2

b) Tim trén do thj ham so diém M sao cho tong cac khoang cich tir M dén
hai truc toa do 1a nho nhét.

Vidy 4 ; a) Khao sat sy bién thién va vé dd thi ham s : y= (C).

(Trich dé_ﬂli Dai hoc Ngoai thirong, nim 1997)

Hudng din gidi
a) Ban doc tu gias.
b) Gia sit M {x, :v,)€(C) 5 d=|x,[+]|y,|

‘Tacé: M[Ol—l]E(C) va dM=l
2 . 2

Dya vao do thitacé :

1) |\0|>2 thi d>l

y Lo [
1|)0<x(,<;lh1y0<—;:>d>5

“~ re

3y
y Xo+1 _ —xg+x, -1
d=-X; -y, ==Xy — P 9
Xy — < Xg — <
P . X" +x-1 . 1
Iim gia tri nho nhét cva d = —"— trén [_; . 0}
X-2 2)
N . exT +4x - T
laco: = d =——- b <0.Vxe{—~;0:|_
(x-2) 2
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Suy ra d giam trén {—15 g 0} )

Vay mind =d(0)=— va diém M cén tim la M[O : —%]

o —

Y

. . X o 2 X .2 2 p
Vidu 5 : Tim trén d6 thy ham sO y= diém M sao cho 1éng céc

x pa—
khoang cach tr M dén hai truc tea d6 1a nho nhat.

(Trich dé thi Hopc vién Ki thudt quén su, nam 1997)

Huomg din gigi

Goi d la tén[, khoang cach tir M(x ; y) € (C) dén cac tryc toa do. ta cd

|x[+ty| v6i Ix| = J2 do d6 ta chi can xét nhimg diém M c6 hoanh do thoa
xi< V2.
i) V6i 0<x <2 taco:

T ) -
d=x+ X2 o0xi2e 2 a2 ,:‘(“ dx+3)
x—2 X~2 (x-2) (x-2)
d=o@{ )
X =
Bang bién thién :
X 0 1
'/
Y //// £ 0 - ///
D

‘<

| .

Suy ra:mind =1 khix=0.
i) Voi —/2<x<0 tacéd:

d=—x+x-_2=2+ 2 =>d' =-

: <0 (x=2)
x—2 x—-2 X-2

Suyra: d>d(0)=1=>mind=1 khix =0.
Viy diém M can tim 1a M(0 : 1).



371

37.2

373

37.4

37.5

37.6

37.7

37.8

D. LUYEN TAP

Cho parabol (P) : y=x>—-2x+3 va (d) la dudng thing cing phuong véi
dudng thang y = 2x sao cho (d) cat (P) tai hai diém A va B.
a) Viét phuong trinh cia (d) khi hai tiép wyén véi (P) tai A va B vudng géc
véi nhau.
b) Viét phuong trinh cia (d) khi 46 dai doan AB bfmg 10.

(Trich dé thi Dai hgc Dai cuwong, nam 1996)

Cho parabo! (P): y=x* va diém A(0 ; 2). Xac dinh diém M trén (P) sao cho
AM ngan nhat. Chimg to ring AM vudng géc vdi tiép tuyén ctia parabot (P)
tai M. '

-

(Trich dé thi Pai hoe Quisc gia Tp. HCM, Khéoi D, nim 1997)

Cho ham sé v = x> —3x +1, ching minh rfmg véi moi m duomg thang y = m
ludén cat do thi tai hai diém phin biét A va B. Xac dinh m dé doan AB
nhé nhat.

i

~ WY 2 X
Cho ham s6 : y:——l
x_

a) Tim hai diém A. B thudc hai nhanh d6 thi sao cho khoang cach AB la
ngan nhét. .

b) Xic dinh m dé dudng thing y = m cit db thj hai diém cé khoang cach
bang J5.

Xac dinh m dé duong thing y = m c¢it do thi ham sé y=x'-2x>+2 tai 4
diém phan biét A, B, C sao cho AB = BC = CD.

2 -
x“cosa+2xsina + |
X—-2
va tiép xic vdi tiém cén xién cia do thj co dién tich 16n nhat.

Cho ham sd y =

. Xéc dinh a dé dudng tron ¢6 tim O

“

. ~ X fas 4 | ~ e Y - » £ .
Tim trén @0 thi ham s0 y = nhirng diém c¢6 tong khoang cach dén hai

X +
tiém can nho nhat.

b)
. p XS, +5x+1S
Chohamsp y=—""—""-
x+3
a) Tim diém thudc do thj sao cho toa dd cua diém dé 1a cac s nguyén.

b) Tim diém M thudc db thi sao cho khoang cach tir M t&i truc hoanh gép hai
lan khoang cach tir M dén truc tung.
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Phan II.
ON TAP - HUGNG DAN GIAI — DAP SO

I. ON TAP TONG HQP
1. BAI TAP TU LUAN

Bai 1. Cho ham s6 y =f{x)=-x"+3mx -2 v&im la tham sb.
a) Khao sat sur bién thién va vé db thi (C) ciia ham sé khi m = 1.
| e ‘ ! .
b) Xac dinh céc gia trj cia m dé bat phuong trinh f(x)S——-T dugce thoa
X
man véi moi x >1. '
(Trich dé thi Dai hoc Bdch khou Ha Nji, nim 1997)
Huéng dan giii
a) Hoc sinh nyr giai.
b)Voi x21 tacod:

. 1
t(x)s—L‘<:>—x"+3mx—2$———1
X X
L6 et
o x® —3mxt +2x 2] o XX l23m. (vx>1) .
X
6 3
) 3 Y1 .
Xét ham sd : F(x)=22—4x—— Vot x 21
X
Taco: F(x)23m,Vx2]:>miPF(x)23m
.2 4
FF(AN)=2x-—"+—>0.ux>I
X~ X

Suy ra F ddng bién trong [1 : o). do d6 mip F(x)=r(1)=2

Viy : 2>23imems

Wt

\ ¢ N A i h)
Bai 2. Choham sd: y = x' —2mx” +2m + m*.

a) V&i nhitng gia tri ndo cua m thi ham s6 ¢o cure dai va cuce tiéu. dong thoi

cac di¢m cure dai vi cue ticu 13p thanh mot tam giae ddu,



b) Khao sat sy bién thién va vé do thi ham sd tng véim =1,
(Trich dé thi Hoc vién Quan hé Quic (¢, nim 1997)
Hueong din gidi
a) Mién xac djnh: D=R.
y'= 4x(x? —m).
Ham sb c6 cyre dai va cuc tidu khi va chi khi m > 0.
x=0
X = i\/a

* P& thi ¢b diém cyc dai A(0; 2m +m*) va hai diém cye tidu :

B(-vVm ; m* -m? +2m), ¢(Vm ; m* —m? +2m)

Khi dé : y' =0

Bang bién thién :

x |~00 =V¥m 0 Ym +o0
y' - 0 + 0 - 0 +

+00 - ChH +o0
y \ /’ /’
CT \ CT

Vi ABC la mot tam gidc can tai A, nén ABC la mét tam giac déu khi va
chi khi :

AB'=BC’ om+m'=4mom’ =3 (vim>0)
Viy : m =33,

b) Hoc sinh tur giai.

Bai 3. Cho ham s6 y = x' + 3mx’ +3{m? - 1)x+m’ -3m.
a) Khao sat su bién thién va vé db thj ham sb tng vdim = 0.

b) Chimg minh rﬁng v&i moi m ham s6 d3 cho ludn luén 6 cuc dai va cyc
tiéu, ddng thoi chimg minh ring khi m thay ddi cac diém cuc dai va cuc tiéu
clia dd thj ham sb ludn ludn chay trén hai duong thing cb dinh.

(Trich dé thi Bgi hoc Ngogi thirong, nim 1998)
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Bai 4.

Huéng din giii
a) Hoc sinh ty giai.
b) y' = 3x% +6mx +3(m? 1) =3[ (x +m) 1]

, [x=—m~f
y=0c
X=-m+l

Vay hanr O ludn cé cue dai va cuc tidu.

Gia trj cyc dai la : y(—m — 1) =2, Gia trj cuc tiéu la - y(-m+1)=-2. .

Suy ra diém cuc dai ctia d6 thi ham sb luon chay trén duong thing y = 2 va
diém cyc tiéu cua d6 thi ham s6 ludn chay trén duong thang y'= — 2.

A

mx'+(2*m')x—2m—l (1), m I tham sf'):

X—-m

Choham sb y =

a) Khao sat su bién thién va vé do thi ham sé khi m = =1. Tir @6 hay suy ra

b4
by N 2 X —X+ ll
dothyhamso y, = —.
-x+1

b) Tim gia trj cua m dé ham sb (1) co cuc tri. Chung minh rfmg voi moi m
tim dugc, trén dd thi ham sd ( 1) Iudn tim duoc hai diém ma liép tuyén véi do
thi tai hai diém do vudng goc vai nhau.

(Trich dé thi Dai hoc Xdy dung, ndm 1997)
Huong din gidi

a) Ham sb y, codang y, = If(_x)|‘ voi f(x) = -X" + xl+l
X+

Truée hét vé do thi y, = f{—x) bang cach lay déi ximg dd thi y = f(x) qua
truc Oy. DA thi 3, =fy,| gdm hai phin
— Phan dé thi y, = (=x) tirtrye Ox tr lén.‘

— Déi xtmg phan dé thi y, = (~x) & phia dudi tryc Ox qua Ox.
Yo

. 2x - | . 7 - , .
b)* Vdim=0:y = ———_ ham s0 khong c6 cuc tri.
X

3 b 1
mxT=2mox+mo 4+

*Vaim=z0:y' -
(x ~m)”



Bai 5. Cho ham s6 y=f(x) =

Ham s ¢6 cyc tri khi va chi khi phuong trinh @ mx* =2m? +m® +1=0 ¢6
hai nghiém phin biét khac m, tic 1 :
{A' =-m>0

, R \ om<0
mm -2m-.m+m” +1z20

Khi m <0 phuong trinh y' = 0 ¢6 hai nghiém x, <x,.
Xét tiép tuyén bat ki v6i do thj ham sb (1) tai diém c6 hoanh dé x, nim
ngoai doan [x, ; x,],tacé: y'(x,) <0 (cing dau v&i m).

Tacé: y=m+——
(x-m)

Ta can ching minh phuong trinh y'(x,).y (x)=-1(2) c6 nghiém. Thit
viy taco:

| 1 _ 1

5~ r x T T ‘ 3)
(x—m)” )’(Xo)o(x—m)' " y'(xy) (

Dom+

(3) ludn c6 nghiém vi -m — >0 (dpcm).

1
y'(xo)

X

2

x -1
a) Tim tap xac dijnh va tim cac khoang déng bién, nghich bién cua f(x). -
b) Tim cac duong ti¢m can cua do thi y = f(x).
' (Trich dé thi Dai hoc Xay dung, nam 1999)

Huong dén giii

a) Tapxacdinh: D=(—00;-1)U (], +o)
o x(x?-2)
y = ——

W
(x* -1)
Bang bién thién :
X | —oo -V2 1 V2 +o0

y'—OW - 0 ¢+

= MW///\ a
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Bai 6. Choham sb y =

254

b) D4 thj ¢6 hai tiém can dimg 13 x =—t vax = 1.
Haitigmcanlay=—xvay =x.
x>+mx-m+8
x =1
a) Khao sat sy bién thién va vé d6 thi ham s6 img véi m = —1. Goi la d6 thi (C).

b) Viét phuong trinh parabol di qua diém cue dai, cuc tiéu cia d6 thi (C) va
tiép xiic vdi dudng thang 2x -y — 10=0.

¢) Trong trudmg hop tong quat, hay xac dinh tat ca cac gia trj cha m dé diém
cuc dai va cye tiéu cua do thi ham sb di cho & vé hai phia ciia duong thing
9x - Ty -1=0.
Huong déin giai
a) Hoc sinh ty giai.
b) (C) c6 diém cyc tidu A(4 ; 7) va diém cyc dai B(-2 ; -5).
Xét parabol (P) c6 phuong trinh 1y =a(x - 4)(x +2) + bx + ¢
db+c=7 {b =2
fd

~2b+c=-5 c=-—1

(P)diquaAvaB <:>{

Khido(P): y=alx-4Xx+2)+2x-1=ax’ -2(a—1)x —(8a +1)

Phirong trinh hoanh d6 giao diém cia (P) va d!.rb'ng thingd:y=2x-10la:

ax’ —2(a-1)x—(8a+1)=2x-10< ax’ —2ax -82+9=0

d:i@':.m’xcvdi(P)a»{”o2 oa=|
A'=a’-a(-8a+9)=0

Vay parabol (P) c6 phuong trinh y =x* —9.

. x'-2x-8

.y :-2

c)Taco: y=—2y'=0cx" —2x—8=0c>[X

(x-1" X =
_Bang bién thién: .

—oC -2 1 4 +00

y' + 0 - - 0 o+
m-4 +o0 +o0o
-00 ) m+ 8




Bai 7.

P4 thi c6 diém cue dai M(-2 ; m - 4) va diém cyc tieu N(4 . m + 8). M,N &
hai phia cia dudng thing 9x — 7y — 1 = 0 khi va chi khi :

(9%p = Typ — (9% — Ty ) <0 = (9 Tm)(-2(-Tm) < 0
<> -3<m <2.
7

Cho him Sc4))/:21-1“+(a+l)x—3 "
X+a

a) Khao sat va v& db thj ham sd (1) véia=2,

_b) Xac dinh a dé ti¢m cén xién coa do thi ham s6 (1) tiép xac vai parabol

y=x+5.

¢) Tim quy tich giao diém coa hai duong tiém can dirmg va xién cia do thj
ham so (1) khi a thay doi.

(Trich dé thi Pai hoc Giao thong Van tdi, ndm [999)

Huong din gidgi
a) Hoc sinh ty giai.
a’-a-3
b)Tacé: y=2x+l-a+——
X+a

Do thi ¢d tiém cinxiénlay=2x+1-a(vdi a=

1£J13
5 )

Tiém cin xién tiép xuc v&i parabol y=x* +35 khi va chi khi phuong trinh

X’ +5=2x+1—a (2) c6 nghiém kép.

Bai 8.

Ta ¢ : (2) co nghiém kép <> x” -2x+4+a =0 ¢6 nghiém kép.
ODA=-3-a=0ca=-3.
¢) Giao diém cua hai_duc‘mg tiém cinlal(-a; 1 — 3a)

X =—
Khl'ratt‘rhé{ a ta dugc y =3x+1.
y=1-3a

1£J13
—

Viy quy tich can tim cé phuong trinh lay =3x + 1 vdi x = —

a) Khao sat sy bién thién va vé d6 thj ham s6: y=-x*>+3x2 -4

b) V&i mbi gia trj cia tham sb a, tim toa d6 cia diém cuc dai va diém cuc
tiéu cia dé thi (C,) claham s6: y=-x* +ax’ —4.
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¢) Xac dinh a dé moi dudng thing c6 phuong trinh y = m véi — 4 <m <0 cit
(C,) tai 3 diém phan biét.
(Trich dé thi Hpc vign Ngin hang, nim 1999)
Hudng diin giii
a) Hoc sinh ty giai.

b)Tacod: y' =-3x’ + 2ax.
i) Néua=0thi y'=-3x* <0, Vx € R. Ham s6 khéng ¢4 cye tri.

ii) Néu a # 0 thi y' = 0 c6 hai nghi¢m phan biétx =0, x = 2_a

3
* Véi a> 0 ta c6 bang bién thién :

)
x |—-oo 4} 3 +00
y -0 + 0 -
y +oo 4a
N / \

3
Db thi c6 diém cyec tiéu A0 ; —4) va diém cuc dai 3(23—" Ao 4].

* Vi a < 0 ta c6 bang bién thién :

2a
-00 3 0 +00
y -0+ 0 -

' 55 -4
2a 4a NPT .
D4 thi ¢b diém cuc tiéu C T 57 -4 | va diém cyre dai D0 ; —4).

¢) Dé moi dudng thang y = m véi m € (- 4; 0) cit (C,) taiba diém phin
biét thi ta phai co :



a>0 a>7

42 ,Vme(-4;0)o< 43 a3,
“4<m<—-4 — -
27 27
Bai 9. Cho ham sé y = f(x) = —>—
(x-1)

a) Khao sat su bién thién va v& dd thi (C) chia ham sé.

b) Goi A la durong thing c6 phuong trinh y = m. Xac dinh m d@é A cit (C) tai
hai diém phan bigt M, N. Tim quy tich trung diém 1 cha MN.

c) A, B, C ¢6 ba diém khac nhau trén (C). Khi A, B, C thing hang ching
minh FANg : X, + Xy + X' X XgX + 2.
Hudng diin gidi
1-x>

(x-1)"

a)D=R\ {1}, y'=

x =1 latiém can dimg ; y =0 1a ti¢m cin ngang.

Bang bién thién va do thi :

0 +00 || Yoo

\
/

v

b) A cit (C) tai hai diém phan biét khi va chi khi m > —-}; vam = 0, khi d6

Xm- Xy 12 nghiém phuong trinh :
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=meomx’-Cm+Dx+m=0.

(x-1)
x_xM+xN_2m+l
Toa dd trung diémlcoaMNla: <" ' 2 2m
yy=m
Khir m ta duge : y, B vai ‘x[‘>l
1
Viay quy tich[ 1a (H): y= véi Ix| > 1.
ay quy (H):y 2 x_D

¢) Gia sir phuong trinh d : y = ax + b (a # 0) qua 3 diém A, B, C thing hang.
Phuong trinh hoanh d6 giao diém cua d va (C) la :

ax +b=—— —eax’ +(b-2a)x* +(a-1-2b)x+b=0 ()
(x-1)
X, Xg» X 12 ba nghiém cia (1) nén theo dinh li Viet ta c6 :
a a
b
XaXpXe = —— 3)
a

Tir(2)va(3)suyra: x, + Xy +Xe =X, XgXc + 2.

Bai 10. Cho ham sb y=mx+m? +vx? +1
a) Chirng minh rﬁng tiém cdn xién,lbén phai ciha do thi ludm Iiép xXuc voi mot
parabol ¢d dinh.
b) Khi m = 1, khao sat s bién thién va v& d thj (C) clia ham sd.

c) Tim quy tich cac diém trén tryc tung ma tir do co thé ké dugc it nhat mot
tiep tyyen vai do thy (C). .

d) Vi gid trj nao ciia a thi phuong trinh san cé nghiém :
x+1+Vx*+l=a.

Hudng din gidi

. 2 1
a)Tacéd y=mx+m” +|x|. [l +—
\/ NE

Tiém can xién bén phai:y=(m+ |)x + m?

258



2
, ) 2 x x> x’ X x?
Taco: y=m +mx+x=m +2m5+—4-—-4—+x= m+5 +X——.

2
Xét parabol (P): y=x- 54—

2 2
Véi moi m, phuong trinh [m +32(-] +x _}4_=X_XT ludn cé nghi¢m kép

2
A “a N va A « X f . X
- nén tiém can xién ludn tiep xac vai parabol (P): y=x - T

'b)m=1:y=x+l+\/x2+l ©)

X

D=R,y =1+ 50, Vxe R (vi V2 +1>—-x)

x?+1
y =2x+ 1 la tiém can xién bén phai ; y = 1 13 tiém cén ngang.

Bang bién thién va db thj ;

-0 +00

< < *
+

¢) Gia sir M(0 ; b) € Oy, duong thing A qua M véilhé s6 goc k c6 phuong
trinh:y=kx+b,

Phuong trinh hoanh d giao diém ciia A véi (C)la:

| (k-Dx+b20
YV +l=(k-Dx+b-1&4 ,
xX+1=[(k-Dx+b-1]

(k-Dx+b20 )
< 5 "
[(k=17 =1]x* + 2k =Db-Dx +(b-1)2 =1=0  (2)

_ A tiép xic vai (C) < (2) c6 nghiém thoa (1)
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(k-1 120 b1

o A =(k-1 +(b-1) -1=0 o (k=D =-(b-1)" -1

(k-])t[-w(i’;l)}rb—lzo -(k—l).ww-lzo
(k-1 -1 (b-1)

b=zl

5 , b>1
< k-1 =-(b-1) -1 , ,
| (k-1 ==(b-D"+1 (3)
—20
Lb—1
b>1 .
Heé (3) ¢ nghiém k khi va chi khi: ) < 1<bg2,
(b-1)" <1

Viy M(0 ; b) voi 1< b <2 thoa yéu cau bai toan.
da>1.

Bai 11, Cho ham sd y =x +1 +% c6 do thi (C,,)
. (x+m
a) C6 bao nhiéu dd thi (C,,) qua diém A(1 ; 3)?
b) Chirng minh rang tiép tuyén vsi (C,) tai diém cé hoanh d6 x = 2 — m thi
song song v&i Ox.
¢) Khao sat su bién thién va v& b thj khim = 1.
Hudng din giii
4 2 m=
a) (C,) quaA(1;3) &3=1l+l+—— = (m+1) =4@{
1+m) m = -3
Vay c6 hai dd thi (C,,) qua diém A(1 ; 3).
8(x+m)_l_ 8  (x+m) -3
(x+m)  (x+ml  (x+m)’
Taix=2-m:y'(2—m)=0.

Viy tiép tuyén vai (C,, ) tai diém 6 hoanh 46 x =2 — m thi song song véi Ox.

"b)yTacd: y' =1~

¢) Hoc sinh ty giai.

Bai 12. Cho ham sb y = y2x(4—x)

a) Khao sat sur bién thién va v& dd thj (C) cia ham sb.
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b) Dung db thi bién luan theo m sb nghiém cua phuong trinh :

J2x(4—x) =mx + 242 - 5m.

¢) Goi (C") 1a hinh déi xirng cta (C) qua Ox. Chirng minh rﬁng (€C) va (CH
hop thanh duong (E) ma ta viét duge phuong trinh.

Huéng din giai
a) Tap xac dinh_ D=][0;4].

'——ﬂ—;y':Oan:Z

Y x G0

Bang bién thién va db thi :

x |- -0 2 4

T

B BN

A
K Ay}
2\{_2- : 1 AI
: :
' ]
1
t 1
' 1
: L4 : N
0 2 4 5 x
As

b) Xét duomg thing A, : y=mx +2v2 -5Sm=mlx-5)+2J2
A,, qua diém cb dinh A(S ; 2\,/5)

S4 nghiém ciia phuong trinh chinh 13 s giao diém cia dd thj (C) véi dudng
thang A_.

Tacd: A, :y=2v2 c6hésdgoc k, =0

Alzy=2—5£x c6 hé sb goc k3=£

A,y =242 =82 c6 hé sb goc k, =24/2.
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- Bang bién luan :

m S& nghiém cua phuong trinh

40 0

2 K !

1

22 >
2

5
0 < t
-0 _ 0

)M(x. y) € (C)U(C) & y=+y2x{4-x) &y’ =8x - 2x’

2

(x-2) y
& 4
4 8
(E) 1a mét elip tam 1(2 ; 0) ¢6 truc 16n 42 va truc nho 4.

=1 (E)

) 4 2 l - 4 I .a .
Bai 13. 1) Cho ham s6 g(x)=x" - — -4Inx. Khao sat sir bien thién cua g(x).
NE
Suy ra dau cua g(x) trong méot khoang (05 1) va (1 ; +oo)

2) Cho ham sb f(x)=lx2+%—ln2x
X

a) Chirng minh rang f(x) = f(lj véi mei x > 0.
X

b) Chimg to rang '(x) = ,,Lg(x). Vx > 0.
ax

Dung cau 1) dé khao sat sur bién thién va vé dd thj (C) ciia ham sb f(x).
¢) Chimg minh rang phuong trinh f(x) = x ¢6 mot nghiém duy nhit trong
khoang (0 ; 1). Goi a’la nghiém nay.
d) Chimg minh riing phuong trinh f(x) = 1 c6 mdt nghiém duy nhat B> 1 va
X
af=1.
Huwomg din gidi
1) Tap xac dinh D= (0 : + )
4 2(x 1)
3

g(x)=2x+=<-—=
X’ X X

>0, Vx>0
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Bang bién thién :

b) f'(x)=—l-x—L—
2

2x*
Bang bién thién :

X

)

2 l( 3
Zlnx=—|x
X 2x

0

x>

f(x)

w0

fix)

Do thj :

%/ +00 +oo
7 2

1
2 ’
0

c) Xét ham sb h(x):ﬂx)—xvaix e0:1)
Tacéd: h'(x)=f(x)-1<0 vif(x)<Okhix € (0; 1)

limh(x) =+o

x>0

In®x =f(x)

x |—oo 0 1 +o0
VN 7
Y/
Y
7 e
8(x) /0
==
. Vay g(x) <Okhix e (0;1)
g(x)>0khix e (1;+w)
2)a)D=(0;+oo)
Tacé:f(l)=l(l)—+ ! _1n3l=lx3+ l’_
X/ 4\x x 4 4x°

—~I—,-—4Inx]=Lg(x)
2X
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_Bang bién thién :

X

1/ ///// - /////

7

Dyra vao bang bién thién, ta ¢6 phuong trinh h(x) = 0 c6 nghiém duy nhit
ae ;1) ‘

d) Xét phuong trinh f(x)=l vai x > 1. bt tzl, ta co ij:t voi
X X

te(0:).
Vi f[];]=f(t), Yt >0 nén f[%):

T o f(t) =t c6 nghiém duy nhat t=ae(0;l)_—.>l=a:>x=l>l
: X a

Viy f(x)=l c¢6 nghi¢m duy nhit B=l>1 va afi=1.
X a

1-x°

Bai 14. a) Khao sat va vé d6 thj ham sb : y = -
3+x”

b) Ching minh ring phuong trinh sau ¢6 nghiém duy nhat
VI-x? sinx + V3+x?.cosx = 2.
Huéng din gidi
a) Tap xac dinh: D=[-1; 1]

y == ",y =0x=0
23+x?) \/I_ :
3+x
Bang bién thién va dd thi :
X |—o0o -1 0 1 +00 _1“y
v’ + 0 - V3 ‘
3 V3 -1 0 1 x
0 0 7
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2

b) Ap dung BDT Bunhic6pxki ta c6 phuong trinh : 3 x’ =tanx
+ X"

Pd thi y= va y=tanx cit nhau tai mot diém duy nhét ¢6 hoanh

7
3+ x°

dd thudc (—1 ; 1).

2X

x2-1’

Bai 15. a) Khao sat va v& do thi ham sb y =
b) Bién luan theo m s6 nghiém cia phuong trinh :
sint+cost=msintcost{0<t<2n)
Huéng dan gidi

a) Hoc sinh tyr giai.

b) Pat x =sint +cost, xe[—ﬁ ; \/5] ta dugc

=m.
x? -1
Bai 16. Cho ham s y =2x + " (9]
x —
a) Khao sat va v& dd th{ (C).
-b) Bién luan theo m sb nghiém ciia phuong trinh :
2x[x-l-mlx-1+1=0
¢) Bién luan theo m sb nghiém cua phuong trinh :
2cosx|cosx — 1 —mlcosx —1|+1=0 vdi §$n32%
Bai 17. 2) Khao sat sy bién thién va vé& db thi ham s : y = ————— (©)
DX -3x+2

b) Bién luan sé giao didm cia (C) vdi duong thing y = mx. Trong trudng
hop y = mx cit (C) tai 3 diém phin biét O, M, N hay tim quy tich trung diém
I cia MN.
¢) Gia sir A, B la hai diém trén (C) ¢6 cling tung d$ 12 k. Tim quy tich trung
diém P clia AB khi k thay déi.

~d) Cho M, va M 14 hai diém c6 hoanh d¢ tuong img 1a x, va x. Hay biéu
dién x theo -xo khi M,M tiép xac vai (C) tai M, .
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" e) Gia sir M. M,, M, M’ 1a 4 diém trén (C) sao cho M,M, song song Vv&i
Ox con MM va MM’ lan luot tiép xic voi (C) tai M, M,. Chirng minh
M, O, M'thing hang,

Huong dan gigi
a) Hoc sinh ty giai.

b) Phuong trinh hoanh dd giao diém Ia : x(mx? -3mx +2m -1} =0.

Quy tich ¢6 phuong trinh fa: x = %[y <-6vy>0,y# %]

c)y:-2 vGi y<—3—2\/5vy>—3+2\/5‘
X —
4 6
d) x= x,”
- X5 —2

Bai 18. Cho ham s6 y=x+vx’ -x
a) Tim tit ca cac tiém can xién cua dd thj ham sb trén.

b) Khao sat va vé& d6 thi ham sb.

{

c) Bién luan theo m s nghiém cia phuong trinh : x + Vx° —x = mx.
Huomg dén gidi

a) Tiém can xién (bén phai): y=2x —% ;

Tiém can ngang (bén trai): y = %

b) Bang bién thién va do thi :

-‘?\0// s

¢) Bién luan : m <0 : 2 nghiém, 0<m <1 : 1 nghiém,

l<m<2 :2nghiém.m>2 : | nghiém.
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2. BAI TAP TRAC NGHIEM

1. Timgiatriciaham s6 y=V3+x +/6-x la:

2)[0: 9] by [3;3v2]
¢)[0:3] d) Mét két qua khac.
- . 2
2. Tapgiaticiahimss y=2 X1 5.
X =-x+1
a) [1;1] b) [0:1]
3
11 NI
o) |z-:io d) Mot ket qua khac.
32
. , 2
3. Gié tri 16m nhit cia ham sb y = — 208X %2 5.
SINX +COSX +2
a) 0 b) 1
)2 , d) Mt két qua khac.

o . s x+1 néuxs<ti A .
4. Giatrichaadéhamso y=f{(x)= fiéntyc trén R 1a

J-ax’ néux>1

a)0 b) 1
“¢)2 d) Mt két qua khac.
, 1 néu x <3
5. Hiamsd y=f(x)=qax+b néu3<x<S5 liéntyctrén Rkhicip(a;b)la:
3 néu x > 1 ,
a)(l:2) b)(2: 1) c)(-1:2) d) (1:-2).

3
X" néu x<1

6. Hamso y=f(x)= i
ax+b néux>1

c6daohamtaix =1 khicap(a;b)la:

a)(2:-1) b) (1 -2)
)2 d) Mot két qua khac.
7. Dao ham cap n ciia ham s6 y =cos2x la:
a) y" =sin(2x+9~’q by y™ =cos(2x+ﬂj
2 2
o)y =2" cos(2x +%) d) Mot két qua khac.
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10. -

11.

12.

13.

14.

268

Dao ham cap n cia ham sb y =sin’x 1a:

a) y(_") = -2 cos[2x + %j b) y(") = 2“"'.cos[2x + _nz_n]

)y =2"" sin[2x+%j d) Mot két qua khac.

Ham s6 y =mx’ +3x” + 5x + 2 dat cuc dai tai x =2 khi :

aym=1 bym=-2
c)m=3 d) Mot két qua khac.

: 1 . .. .
Hamso y = Esm3x +msinx dat cyc dai tai x =§ khi

aym=2 b)m=0

-¢)m =-1 d) Mot két qua khac.

P6 thi ham sb y=ax’ +bx’ +x -4 nl{én diém 12 ; -6) lam diém udn khi
cip(a;b)la:

(1) (34

c) [l ; —3j d) Mot két qua khac.
4 2
‘ . | z .2 N T £ 2x +] \
Phuong trinh dudng thang qua 3 diém uon clia do thj ham s6 y = —— la:
X +x+1
1
a)y=2x+1 b)y=~3—(2x+1)
¢) Mot két qua khac d) Ba diém udn khong thing hang.
Xac dinh m dé ham s6 y = —xz—-ﬂ ¢ cuc tri ¢
X' =x+1
aym> | b)-l<m< ¢)0<m<1 dymtuyy.

Phuong trinh duong thing di qua cac diém cuc trj coa do thj ham sb
y=x'-x?-3x+1 la:

a) y=-%(7x+6) b) y=-;—(3x—l)

) y=—%(20x-6) d) Mot két qua khac.



15.

16.

17.

18.

19,

20.

21.

Giatrj m dé ham s8 y = x* + 2mx* + m —2 nghich bién trong khoang (1 ; 3) la:

a) —-3—<m<0 b)ms~%

¢) m> —% d) Mot két qua khac.
Cho ham s6 y = e*¥ cos4x. Ménh dé nao sau day dung

a) 3y—-2y'+4y"=0 b) y+2y' —4y"=0
c) 10y"+2y' -5y =0 d) 20y —4y'+y"=0.

Tai x = :—232 ham sé y =cosXx +cos2x dat:
a) Cuc dai b) Cyc tiéu

A . s 3
c) Khong dat cyee tri d) Gia tri bang -1+ X
Tiém can ngang hodc ti¢m can xién ciua d4 thi ham s

_mx’ ~(m*-m+1)x-(m?-1)

y= I luén tiép xic véi dudng cong ¢
» X + .
phuong trinh :
2 1 5
a) y=x" -1 by y=-x’+1 c)y=-%x2+l d)y:Zx’—l.
s x 2xtvax+s o (1] L _—
Po thi ham so y:ﬁ— nhén ‘diem | E ;6| lam diém cyc tri khi
+
cip(a:b)la:
a)y[d:1) b)(1:4)
c)(-4:1) d) Mot két qua khac.

’
D6 thi ham sé y= x* =3mx° +2m(m-4)x +9m? —m cit tryc hoanh taj ba
diém phan biét cé hoanh d5 1ap thanh cép sb cong khi :

aym=-1 ) bym=1
¢)m=2 d) Mot két qua khac.
Bang bién thién ctia ham sb y = x 3 la:
x? +1

a) X |—o0 1 +00

V' - 0 +

+00 . +00
y
\ . /
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22.

23.

24,

25,

26.

27.

b)

x | =00 -1 +00

c)

|
X -O0 -3_ +00
0

d) Mgt bang bién thién khac.

2x? —mx +m

Hamsd y= c6 hai gia trj cuc tri cung dau khi :

X+2
a)0<m<8§ b)-8<m<0
c)m<Ovm>8§ . d) Mot két qua khac.
Chohamsd y= —22}—-‘-1— . Ménh dé nao sau day ding ?

X" +x+1 ’
a) Ham sd khéng ¢4 cuc tri b) DO thi ham sd ¢6 hai tiém cin
c) D4 thj ham sb co ba diém uén  d) DS thi ham sb ¢6 1 diém udn.

T 2mx ~(m+3)x-2(m-2).

Goi (C) 1a db thj ham s y = mx

Ménh dé nao sau day dang ?

a) (C) chi c6 mdt diém curc tri b) (C) chi ¢6 hai diém cyc dai
¢){(C)cdba diém cé dinh thang hang  d) (C) luén c6 hai diém cure tri.

Cho (C) la 44 thj ham s6 y =x* —2x* —3x +8. Goi M la giao diém cua (C)

vi truc tung. Tiép tuyén cha (C) tai M cit (C) tai M' (M' = M) thi M’ ¢6 toa
do la: v X

a)(2;:-95) by(-1:1)

) (1 ;-3) d) Mot két qua khac.

Cho diém udn cua do thj ham s y = e a

a) 0 b) I c)2 d) 3.
Pd thj ham sd y=Xx+ V4x? +2x +1 ¢6 bao nhiéu tiém can xién ?
2)0 i ¢)2 d) 3.



28.

29,

30.

2x2 +4x +5

Bang bién thién cia ham s6 y="~———"——" la:
’ x +1
a) X | =00 % 2 +00
y' + 0 - 0 +
. 6 2
b) X —00 -2 -l- +00
2
\ - 0 + 0 -
12 6
©) X | ~c0 - % 2 +o0o
y’ + 0 = 0 +
6 +00

y . .
d) Mét bang bién thién khac.
D4 thi ham s6 y =x* ~4(2m+1)x’ —6mx” + x - m c6 hai diém udn khi :

a)l<m<] ) b)0<m<l
4 4

) —%<m<0 d)m<—lvm>—l.l

d

Do thi sau day ctia ham s6 nao ?

2 44x -5 R
a)y=—2— ) 6-:
x° -1 . i
1
2 1
b)y=2x, * :
X" +1 :

2x" +4x+ 5 ‘:" """""""
C) = 3 ll
X" +1 T '

dy :Zxﬁ‘- —‘5. 2 O % X
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31.

32.

33.

34.

3S.

36.

Cho ham s6 y =

. K c s . X -a
Cho ham s0 y = ax + b+ —— c¢6 bang bién thién sau :

X +
X | ~o0 2 -1 0 +oo
v + 0 - 0o - o+

+

. oo /7-2 \—oo

Khidébé(a;b;c)bﬁmgz
ay(1;1;-1)  b)(=1:1:1) ey (1;
3e* -1

X

e +1
Phuong trinh tiép tuyén cia d6 thi tai A la :

. Goi A 1a giao diém

a)y=x-—1i bly=x+1 y=-x+1

Cho ham s6 y =x' —3mx’ +3(2m - Dx +1.

OO\ , /+oo

b 1) d)(1;-1;1).

cia do6 thi ham s6 véi truc tung.

Xét cac ménh dé sau :

(i) Ham s6 ¢6 mét cue dai va mét cuc ti€u neum = 1.

(ii) Néu m > 1 thi gia tri cuc tiéu clia ham sb
(iii) Néu m < | thi gia trj cuc dai ciia ham sb
Ménh dé nio ding ? .

a) Chi (i) ding b) Chi

c) Chi (i) va (iii) ding d) Ca (i), (ii), (iit) déu dang.
Cho ham s6 y=-2x*+6x>+x—2 c6 dd thj (C). Tiép tuyén cia (C) tai

diém M € (C) c6 hé s6 gée 1am nhét thi M c6 toa dd 1a :
a)(0;2) b) (-1 5)
c)(1:3) d) Mot két qua khac.
Giatrim dé ham sd y=mx* +(m-Dx*+m cébacyctrjla;
aym>0 bym<|
¢)0<m<1 dym<O0vm>1,
bao ham cép n cha ham sb y= I]— la:
-X
(n) n! (n) n!
a)y = - b) y" =——
(0-x) a-x)""
(n) n n! (n) n+1 n!
)y =(-1". d) y™ = (D" ———.
(1=-x)" a-xm

la3m-1.

13 3m - 1.

(i) va (i) ding

dyy=-x~1.



37.

38.

39.

40.

41.

42.

43.

44.

4x-2x2

Do thj ham sb y=¢ ¢6 bao nhiéu diém uén ?

a) 0 b) I c)2 d) 3.
Cho ham s f(x) = 1—":;1 . Ménh dé nao sau day ding ?
x|+

“a) fla ham sb 1é

b) Tap gid tri cia f 13 T=[-1; 1]

¢) Tap xac dinh coa fla D=R\{+1}
d) B thi ham sb cit truc hoanh tai mot diém duy nhit.

Cho ham s £(x) = ~2x + +——— | Ménh dé nao sau day ding ?

x Ixl
a) f 1a ham sb 1é b) f 1a ham sb chin
¢) Tap xac dinh ham sé 1a D =R\ {0}
d) P thi di qua diém A(-1; 1).
Gid tri m dé phuong trinh x* —3x—m =0 c6 ba nghiém phan biét la :

a)-2<m<0 b) 2<m«< c)-2<m<2 dy-t<m<2,

.Pd thi ham sé y=mx? -(m-1x*-Q+m)x+m-1 di qua bao nhiéu

diém cé dinh ?

a) 0 b) 1 c)2 d)3.
: : x? +5x+15 .2 .
Trén d6 thi ham s6 y =——————— c6-bao nhiéu diém c6 toa d$ la cép so
X+
nguyén 4m ? _
a) | b)2 c)3 d) 4.

Cho 44 thj (C,) cta haim s6 y=-x*-2(m-Dx>+2m-1. Gia tri m dé

hai tiép tuyén cia (C.) tai hai diém c6 dinh cua (C,,) vudng géc nhau la:

a)mzi% b)m=&1

c)m =% d) Mot két qua khac.

x? —mx +3m?

(m = 0) ¢6 tim dbi ximg I(— 2 ; - 2) khi :
X—-2m

Pothjham sé y=

a)m-=l' b)m=—% c) m=-] d)m=%.
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45.

46.

47.

48.

49.

50.

P thi ham sb nao sau day c6 ba duong tiém can ?

X+2
2x —1

¢) y=x+V2x7 +1

a)y=

b) y

d) y=

b
X +Xx+2

2x +1

2x +1
X +2x-3

Ham sb y=x—-2Vx -1 giam trong khoang nio ?
¢)(—o; 1)

a) Luén luén tang b) (2: + )

Ham sb y=x+24+ Vx> +2x+2 cb:

a) | cuc dai

¢) Khong ¢o cyc tri

a) Chi cé 1t tiém cin xién

b) Chicd 1 ti¢ém cdn ngang

¢) Co | tiém can xién va | tiém can
d) Cé 2 tiém can xién.

x|

Cho hamso y =
1+x°

(i) Ham sb xac djnh véi moi x € R
(i) Ham s lién tuc tai x =0

(iii) Ham sé c6 dao ham tai x = 0
Ménh dé nao sau day ding ?

a) Chi (i) sai

¢) Chi (iii) sai

b) 1 cyo tiéu

d)[1;2}.

d) 1 cuc tiéu va | cyc dai.

DOthihamsd v=x+2+Vx’ +2x+2 ¢b:

ngang

—. Xét cac m¢nh dé :

-

b) Chi (ii) sai
d) Ca (i), (ii), (iii) déu dung.

Cho ham s y = xe*. Tim ménh dé sai trong cac ménh d¢ sau :

a) Tap xac dinh cia ham sdtaD=R.

b) Ham sb giam trong khoang (- ;

_l)

c) Ham so tang trong khoang (-1 ; +o)

d) D6 thi ham sd ¢6 diém cyc tiéu [

|-

€
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51,

52,

s4.

5S.

Tap gia tri cta ham sb y=Vx+1+J7-x la:

a)[-1;7] by [242 ;4]
c)[0; 4] d) Mot két qua khac,
(1.2 )
b’ —a néu x=0
2

cosax — cosbx

Cho ham sé f{(x) =+ = néu x >0
I_W néu x <0
X
Xét.cac ménh dé sau ;
(i) fliéntyc taix =0
(if) f lién tyc trai tai x =0
(iit) f lién tyc phai taix =0
Ménh d& nao sau day dang ?
a) Chi (i) ding b) Chi (i) ding
¢) Chi (iii) ding d) Ca (i), (i), (iii) déu ding.

Goi (C) 1a do thi cia ham s6 y =2x? ~ x*. Ménh dé& nao sau day ding ?
a) (C) ¢6 1 diém cue tiéu va 2 diém cue dai
b) (C) ¢6 1 diém cyc dai va 2 diém cyc tiéu
¢)(C)cod 1 tam dbi ximg
d) (C) ¢6 3 diém udn.
Néu db thi ham sb y=-x' +2mx> —2m+1 cit tryc hoanh tai 4 diém co
hoanh d¢ theo thir tyr 1dp thanh cip sb cong thi
I

a)ng . bym=1I,m=9

c)m=5 m= % d) Mot két qua khac.

(C) 13 db thi ham sd y =x* —x? +2. Dudng.thing y = m cit (C) tai 3 diém

phan bi¢t c6 hoanh dé a, b, ¢ thi a’ +b* +¢? bing:
a)0 _ b) 1
c)2 d) Mot két qua khéc.
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X2 =2mx +3m?

56. Giatrimdéhamsb y= tang trén timg khoang xéac dinh (a :

X—-2m
a)0 b) 1
c)—1 d) Mot két qua khac.
5§7. Phuong trinh x +v2x? +1 =m c6 nghiém khi :

a) m> Q b) m< ﬂ
2 2
c) m =€ d) Mbt két qua khac.

58.  Gia trj m dé phuong trinh x +3=mvx® +1 c6 2 nghiém phan biét 1a:

'a)mslvm>\[f6 b) —-1<m<l
c)l<mg Jio d) Mot két qua khac.
§9. Xac dinh m dé phuong trinh VX +9-x=v-x?+9x+m ¢ nghiém
a)m>—2 b) —2Sm510
4 4
c) m=>10 d) Mot két qua khac.
2
60. DG thihamsé y =x—l c6 tam dbi xirng la :-
x_
ayl(2;4) B I(1;2)
c)I(0;-1) d) Mot diém khéc.
61. Ddthjhamsd y=x*—4x + 7x* - 6x + 4 co truc ddi xtng c6 phuong trinh 1a :
a)x=0 byx=1
c)x=2 d) Mét phuong trinh khac.
62. . Db thi ham s6 y=x"+4x’ + mx* ¢6 tryc d6i ximg song song vdi truc
tung khi : :
aym=2 bym=3"
c)m=4 d) Mot gid tri khac.
63.  Bang bién thién sau irng véi ham sb nao ?
X -0 . -1 | +00
y' - 0 + 0 -
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65.

67.

68.

69.

_a) Ham s6 tang trén khoing (0 : lj

1
W) y=—
X

c) y=x>—6x’+9x

"Ham sé y=xe" tang trén khoang :

(-

¢) Lubn ludn ting

2x
b y=
)Y ’x2+1

d) y:2x2—x4.

(g

& [_%;m].

Gia trj cyc dai cia ham sb y=vx+l+J7-x la:

a)l
3

c)7

b) 3

d) Mot két qua khac.

Cho ham s6 y=x* (x >0). Ménh ¢ nao sau dau ding

e

. L .- 1
¢) Ham s6 ¢ cuc dai tai x = —
e

2

b) Ham sb tang trén khoang (0 ; + )

[

2 . . 1
d) Ham so ¢o cyc tidu tai x = —.
e

Ham s y:x_-‘-_nz+_1 dat cuc dai tai x =2 thi giatrimla:
X+ m
ﬂ)mzl b)m=3
om=-3, m=-| dym =-3.
2

Véi x =1 gid tri nho nhit cia y = XX+ 13 4,

- 6(1+x)

25 13

a) l b)2 c) — d) —.
) ) )‘2 ) 6

miny = —E
Y=7%
a)

maxy —3
2

D S SR S 1 .
Gia tri nho nhét, gia tr 16n nhét cua him sb y =sinx —cos’ x —3 la:

miny~—i

3
b) 5
maxy =—
Y 3
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minyz—3
¢) 4 d) Mt két qua khac.
maxy = - —
Y=73
70.  Gia trj 16n nhit cia ham sb y= sin® x +cos’ x —sinxcosx 1a:
) 9
a)l b) —
) by
3 e LAy s Ly
) 5 d) Mot két qua khac.

71. . Gia tri nho nhat, gia trj lon nhat chia ham sb y =+sinx +vcosx la:

miny =0 miny =1
a) b)
maxy =1 maxy = 48
miny.=0 o
c) d) Mot két qua khac.
maxy =-2
p— M 2
72, Gié tri nho nhit cila ham 58 y = 1T 2COSX TSI X .
2+ cosx
10
a)3 b) —
) ) 3
)4 d) Mot két qua khéc.
2
73.  Gid tri lom nhét cia ham sé y = 2% T 2272 .
X +1
"a)5 b)6 -
c)4 d) Mot két qua khac.
Yo qs £ X2-+1 , ‘a R on R
74. Dothjhamsé y = W—I- <6 bao nhiéu dudng tiém can ?
x —
a) | b)2 c)4 d) Mot gia tri khac.
75.  Phuong trinh dudmg tiém cén xién ciia d thi ham sé y = x X _T la:
x p—
o1 b vy )
a))’——X—E )Y~X—‘2'
gy=x+1 d) Mot két qua khac.
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76.

77.

78.

79.

80.

81.

Cho ham s6 y =X =0 '“‘)2“ M2 (1n20). Tiém cin xién cia dd thi
x—

ham s6 vudng goéc véi dudng thang d : x + 2y — 1 = 0 thi gid trj cia m la:

a) 2 b) % c) 2+S d) Mét sb khac

Ham sb vy :-;1)(3 —2(1-sina) x? ~(1+sin2a)x + 1 ddng bién thi gia trj cua

o fla(keZ):
T
a)k2n b) E-l— k2n
¢) g +kn d) Mét két qua khic,

Ham sb y =(1+x)* —ax~1(0<a <1,x > 0). Xét cdc ménh deé sau :

(i) Ham sb giam trong khoang (0 ; +o0)

(ii) Ham sb tang trong khoang (0 ; +o0)

(iii) Trong khoang (0 ; +) ham s6 ¢6 cuc tri

Ménh dé nao sau day dung ?

a) Chi (i) dang b) Chi (ii) ding

¢) Chi (iii) ding d) Ca (i), (i), (iii) déu sai.

Tiém cén xién cua db thi ham sb y= V3x?-x* la:

a)y =x byy=x-1

c)y=-x+1 d) Mét phuong trinh khac.

Gia tri ciia a dé dd thj ham sb y= %’ +3x? +3x + 5 ¢6 it nhat mét diém ma
tiép tayén tai d6 vudng goc voi duomg thing y = ax (a = 0) la:

aa>0 bya<0

c)a<] d) Mot két qua khac.

D4 thi ham sé y=x>-3(m+Dx* +2{m> +dm+1)x - 4m{(m+1) cit truc
hoanh'tai 3 diém phan biét 6 hoanh d 16n hon | thi gia tri cia m thoa:

t 1
a)3<m¢1 b)m>E
c) -1 xm<% d) Mot két qua khac.

e
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82.

83.

84.

85.

86.

87.

88.

89.

. 2 ~ i 4 bl » Y » N A .
Xac dinh m dé ham sb y = x* —me3 ~2x* ¢6 mot cue dai va mot cuc ticu.

a)ym > 1 bym<1
¢) Moim d) Mot két qua khac.

9 b
X~ +3mx+3m-

Puong tiém can cia dd thi ham sd y= di qua diém A(-1;2)

) X+2m
khi m béng :
I
aym=13 by m=—
) ) 2
c)m =%, m=3 d) Mot két qua khac.
Sé cac diém trén db thi ham sb y=“—x1‘4— cé toa do 1a nhing sb
x_—
nguyén fa :
a) | b) 2 c)3 d) 4.

Gia tri cia m ma dd thi ham s6 y=x* ~2x* —(m - x +m tiép xilc véi tryc
hoanh la:

1
- =0 b -
a)m _ Ym a

¢)m =0, mz—% d) Mét kétqué khac.

C6 bao nhiéu tiép tuyén ké tir A(1 ; —1) dén d6 thj ham s6 y =x* =3x+1 2

‘a) b) 2 ¢)3 d) 0.

Phuong trinh duong thing tiép xic vdi do thi ham s6 y =x* —4x* +3 tai hai
diém phan biét 1a :

a) y=8x-1 . b) y=—8x-1

¢) y=8x+l d) Mét phuong trinh khac.

D6 thi ham s6 y=mx’ -(m-Dx’-(2+m)x+m-1 di qua bao nhiéu
diém cb dinh ?

a)0 b) i c)2 d)3.

Db thi ham sé y=(m + )x> -(2m+1)x —m+1 di qua bao nhiéu diém ¢
dinh ?

2)0 b) 1 ¢)2 dy3.



90.

91.

92.

93.

94.

9s.

Phuong trinh (x +1)’ —=k{x-1)° =0 cé ba nghiém phan biét khi :

a) k <-2-Z b) k =2—7
2 2
) 27 WY
c) k> ) d) Mt két qua khac.

Phuong trinh tiép tuyén vai dd thi ham s y =x_+: song song va&i duong
x e

thing 2x +y - 1 =0 la:

a)2x+y-7=0 b)2x+y+7=0

c)2x+y=0 d) Mot két qua khac.

X +x+m

2

. Xét cac ménh dé sau :
x° +1

Cho ham s y =

(1) Ham sé tudn ludn ¢6 cye tri
(ii) Phurong trinh dudmg thang di qua hai diém cuc tri la x = 2y + 2m =0

(iii) Tap hop cac trung diém cua doan thang ndi hai diém cuc trj cua dd thi la
duong thang x + 2y -2 =0,

Ménh dé nao sau day diang ?

a) Chi (i) diing b) Chi (ii) dGng

¢) Chi (iii) dung d) Ca (1), (ii). (iii) déu dang.

Gia tri ciia m dé trén do thi ham sb y= X’ +mx®+9x +4 cob mot cap diém
dbi x(ng nhau qua diém géc toadoOla:

aym>0 bym=40
c)m<0 d) Mot kér qua khae.
]
Cb bao nhiéu cap diém thudc do thi ham sb y = §_+x—]+2 va d6i xing nhau
_ X—

2 5

qua diém I(O : —] ?
2
a) 1 b)2 c)3 d) 4.
Gia tri cila m dé phuong trinh @ +3tan’ x+ m(tanx +cotx)—1=0 co
sin” x

nghiém 14 :
a) Iml<4 . b) Im|>4
c)m<-lvm>4 d) Mot két qua khac.
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96.

97.

98.

100.

101.

102.

Gia tri coa k dé phurong trinh cos” x +sin® x = ksinx cosx c6 nghiém fa :

a) Ikl> V2 by kl< V2
¢) Moi k d) Mot két qua khac.

oy 2 .
Gi trj chia m dé bat phuong trinh : (m —1)6* ot 2m+1<0,vxe[0:1] la:

1 |
a) m> 3 b) m< 3
¢) 0<mc<l d) Mét két qua khac.
Bat phwong trinh JXx+Jx+m<m c6 nghiém khi :
2)0<m<]| by m > |
c)m< ] d) M6t két qua khac.

x> +(a+)x-3
tie
X+a

Gid trj cia a dé tiém can xién cia do thi ham s6 y =
xiic voi parabol y=x’ +5 la:

a)a=3 bya=-3
cja=z=3 ' d) Mt két qua khac.

Gia tri cha m dé diém cyc dai va cuc tiéu cua dé thi ham sb

XA mxomE8 s hai phia cua dudng thing 9x - Ty - 1 =0 14 ;

x—1

9 .

a)—3<m<7 by m<-3
9 b Ee s Lhs

¢) m>; d) Mot ket qua khac.
Ho duong cong (¥%,) : y=x'+(m-3)x"-(2m-Dx -3(m+1) di qua
diém cb dinh ndo (Ym € R)? e
a)(-1:-8) b) (-3 0)
¢)(3;0)hay (-1;-8) d) (-1 ;-8) hay (-3 :0). _

Vi gia tri nao cia m thi dudng cong (6,) :

y=x>+(m-3)x> —(2m-1)x—3(m +1) cit Ox tai ba diém c6 hoanh do
duong ?

a) 1<m<2-2J2 b) ~l<m<2(1-2)
c)m>—l- d)m>2+2\/5.



103.

104,

10S.

106.

107.

'Goi (€,) 1a b thi coa ham s& y=f(x)=

mx +a . Hai sb thuc khac

bx + m -1

khdng 2 va b phai thoa diéu kién nao sau day thi ho (¥, ) chi c6 mot diém
£ . A

c0 dinh duy nhat ?

a)4ab+1=0 b)ab=1 ¢)4ab=1 d)ab=4,

Diém cb dinh duy nhat cua ho duong cong (\?m) : y=f(x)=L+El la:
bx +m-1
a)[i;i];\fm b)(l;—L];Vm
2b 2b a 2b
c)[l;l];‘v‘m d)(—l—;L];Vmil.
a a 2b 2b 2

A 2x> +(6-m)x +2a
mx + 2

Khi ho dwong cong (6,) : y , di qua 3 diém cé dinh

" (c6 thé trr ra mot gia trj hitu han nao d6 cia m) thi tham sé a phai thoa diéu

kién ndo sau day ?

_ajaz -1l b)a<E
' 4
c)a<§/\a¢l d.)a>§/\a¢—l.
9 4
Ho dudmg cong (¢,) : y=f(x)=(x- ~eosa+ xeosa [OSQSE] c6
X —cosa 2
nhitng diém ¢6 dinh nao ?
a) M, (0:1) b) Mz[";ﬁ;o]
. 2 »
d) Ca badiém M, M,, M, ;Va;tB[cosB: ~1—2\/§]_
2 . ;
Vi gia tri ndo cia o thi () : y:f(x):(x Noosa+ xcosa cat Ox tai
) X —cosa
3 diém c6 hoanh d6 duong ?
n n
aya=—" b) a=0 c)a=— d) acd.
) 5 ) ) 2 )
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108. Cho ho dudmg cong (¢,) : F(x;y)=axy+m(y-x)+y+a=0. Véi gi

trj ndo cia a thi (', ) c6 duy nhit mét diém cé dinh ?
1 1

a)a=+— b)ae‘O;t—~l
2 2

c)a=0 d)a=0va=%.

_mx2+3mx—4m+l

109. Tap hop nhiing diém ma dé thi (%) : y > khong thé
X+
diqua (vm=0) 1a:
a) (d,):x=-2 b)(dz):x=l(Vy:%j
¢) (dy):x :—4(Vy¢—%j d) Ci a), b) va c) déu ding.

110. Trén parabol (P) : y=x"+1 c6 cac diém ma ho dudng cong (‘%m) :

y=x" —2mx> —mx khéong thé di qua voi moim 1a:

1 5
O:va|-=:= s Dva(l;
a) ( )va( 5 4] b)(0; Dva(l;2)
c)(l;2)va [—léj dH1;2va(l,2)
Yy 254 2] b ‘

2 2
111, Tiém can xién ciia ho diomg cong () : y=2mX +m{m+Dx-m+3

X+m

(¥m #0) khéng di qua cac tap hop diém nao ?
I 1y
a)y=x2+x+Z b) Mién trong yz(x—i)

¢) Mién ngoai y = [x —%j d) Mét két qua khac.

m-)x’-m’

2X+m

112. Cho diém A(x,;y,) va dudng cong (¥€,) : y . Khi ¢cé
hai d6 thi (¥¢,,) di qua A thi x,, phai thoa ?
a) x,<3 b) x4, <3vx, >4

C) Xy <-3 d) x, <-3vx,>6.
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113.

114.

115.

116.

117,

Nhirng diém trén dudng thing (d) : y = | ma khong thé c6 dudmg cong nao

_ 2.2
-cua ho (‘%,:\) : y=£n—)—‘—+—1 diquala:
X

a) M(x, <1;1) b) M(1;-1)
SM(=1; 1) d) M(x,<2:1).
Xét hg dudng cong (1‘2’:“) . F(x; y)=xy-2my —2mx + 2m’ —4m .

Tap hop nhing diém M sao cho c6 ding mdt duong cong cua ho (Fﬁ,) di
quala:

a) Puomg thing (d): 2x — Sy +2=0

b) Puémg cong (C) : (x +1)* +{y+1) =1

c) Puomg cong (E) : 2x> +y’ =4

d) Puéng cong (H) : x* —4y =4,

- Xét ho duong cong (ﬁn) : F(x; y)=xy-2my-— 2mx + 2m? -4m.

Tép hgp nhimg diém M(x, ; y,)} ma cé ding hai dudng cong cia ho (‘%{m)
diquala:

a)Mién(E): 2x+y* 22

b) Mién (C): x* +y? +2x +2y+1>0

¢) budng thing (D) : 2x +3y - 1=0

d) Mién () : 2 —x + 3y <0.

Xét ho duong cong (%:\) : F(x; y)=xy -2my -2mx + 2m® - 4m .

Tap hop nhirng diém M € (d) : x = | sao cho qua M ¢b it nhit ba duong
cong cia ho (¢,,) diqua la:

ayM(l;-3) byM(1,43)

¢) M(1;y,<5) d) Mot két qua khac.

~-m(x+1)+x+2
m(x+1)-1

tiép xtic v&i db thi (¢, ) coa ham sé tai mét diém c6 dinh A dugc cho boi

cau nao sau day ?

a)y=x-1vaA(l;0) b)y=-x+1vaA(-1;2)

c)y=x+1vaA(-1;0) dyy=x-1vaA(-1;-2).

Cho ham sé: y =

, Vm # 0. Phuong trinh dudng thing (d)
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118.

119,

120.

121.

Ho dudng thing (dy):y=mx+ m’ ludn [udn tiép xic véi duong cong cb

dinh nao sau day (¥Vm) ?

2 3 2
A y=—=V—x b) y=-—=vV-x
Y735 7738 :
¢) 27y’ +4x* =0(x <0) d) 27y’ -4x* =0 (x 20),
Ho dudmg cong (€,) : y=f(x)=x"—4x" +3x* = 5%’ + mx+— ~ luén
luén tiép xac vai mét duong cong c6 dinh 1
a) y=f(x)=x* —dx* +3x* - 5x2
b) y=f(x)=x*—dx*+3x" —4x°
. ‘s 1 3 1 3
¢) y=f(x)=x"-4x" +3x" -4x +z
5 4 3 > 3
d) y=Ff(x)=x"-4x" +3x" —4x v
Duédmg tiém can xién (d,,) cua do thi ham 56
(m+Dx?-2mx-{m*-m*>-2) . N ST
y= Ym#-1 luén ludn ticp xic vé mot

X—m
duong cong ¢o dinh 1a :

I 5 3 ] |
a) y=——x"+=-X~—.(x#3) b) y=—x’+1
VY=g Y=g

1 4+ 3 1 | 5
C)y=——X"+=X-—-— d) y=—x"—1.
VY=Y 'Y=y

Xét ho dwong cong (fm ) y=-x>+2(m +1)x* —Smx + 2m .

Mg¢nh deé nao sau diy sai ?

a) (*¢, ) qua hai diém cé dinh A2 : 0). B(-_l; : %]‘Vm

r4

b) (fm)luén c6 mét diem cuc dai va mét dicm cyre tiéu véi moi m.
m

¢) (¥¢,,) tiép xiic Ox khi me[O 1 g—l

d) Ca ba ménh dé a). b) va c) déu sai.



122,

123.

124,

125.

126.

T4t ca gia tri nao cia x, ma cac tiép tuyén cia ho duong cong (%:,) :

y:f(x)‘=(3m+l)x3—%x2~mx—m+l tai (x,;¥0)e(%,) luon song

song voi nhau la ;

| ] | 1
a) XO =§ b) Xo :—5 C) xU :i; d) ‘xolsg_

Xét ho dudng cong (f ) :

n
y=f(x)=x" ~(m+Dx>-(2m* - 3m+2)x + 4m* - 2m
Ménh dé nio sau diy sai ?
a) (‘6‘“) luén ¢ diém cyre dai va diém cye tidu
by (¥¢,,) qua hai diém cé dinh A(2; 0) va B(3 ; -1)

c)Khi m=5vm= —131\/ m = -g thi (%, ) tiép xiic véi dudmg thing (d) :

y =98 — 49x
d)Khi -2<m < % thi (¢, ) 12 d6 thi ciia ham sé ddng bién trén [2 ; +w),

Phuong trinh tiép tuyén véi dé thj (€,) : y=x" -3x* +2 tai diém uén ta:

a) y=3x+3 b)y =31 -x)
Ay=1-3x . d)y=-3(1 - x).

3
Tiép tuyén véi d6 thi ¢): y= x? —x? +2x -3 6 hé sb goc k bé nhit la :

]
k=1 b) k =—
a) ) >

¢) Tiép wyén tai diém udn d) Ca a) va c¢) déu ding.
Vi gia trj ndo ciia m thi tai giao diém A clia dd thi (_f) :

~_Gm+Dx-m’+m

(m #0) véi truc Ox tiép tuyén cia (¢ ) song song
X+m

voi dudng thang (d): y + 10 = x.

aym=-1| b)m=—l

¢ym=~1, m=—l d)m=0.m=~l.
5 5
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127.

128.

129.

130.

131

132.

288

+b

Vi gia tri ndo ctia a va b thi 5 thi (%) ry= ax cit tryc Oy tai A(0;-1)

va tiép tuyénltai A cia (%) co hé sé gock=-37?

a)a=2,b=1 b)a=2,b=-]

cJa=-1,b=-2 d)a=-2,b=-1.

Hay tim gia trj k sao che ton tai b dé dudmg thang y = kx + b tiép xic véi
3

dudng cong (%) - y=%—x2—l.

‘a) k=>-1 b)k>-1 c) —1<k <] d) -1<k<0.

2
Phuong trinh tiép tuyén (T) véi dudmg cong (€) :y :szﬁi’ biét
X+

ring tiép tuyén (T) vudng gbc véi duong thing 3y - x +6 =014 :
a)y=-3x-11 byy=-3x-3

¢) Ca a) va b) déu diing dy=11-3x

Pudmg thing (d) qua A(0 ; —1) va tiép xic véi dd thj () : y=2x> +3x% -1
c6 hé sb goc la:

a)k=0_ b)k=0,k=—%

k=2 dk=0, k=1,
8 9

Dé tir diém goc toa 46 O co thé ké duge hai tiép tuyén tdi do thi (‘@) :

_x’ +2xcosa +1

thi o phéi thoa (k € 7):

X+2sina
a) a=kn , b)az%-{-kn
a#kn ) i
<) a¢§+kn d)a;tz+kn.

. 7 > £ 3 g :
Tir diém A(% ; gj trong mét phang Oxy c6 thé dymg duoc dén db thi (¢):

, .
1 ca ek 2
y= )h;—x+ bao nhiéu tiép tuyen ?
X+
a) Mot tiép tuyén b) Hai tiép tuyén
¢) Khéng ¢6 tiép tuyén nao d) Ba tiép tuyén.



133.

134.

135.

136.

137.

138.

Qua diém A(-2 ; 5) trong mit phﬁng Oxy c6 thé ké dugc dén dd thi (‘tf)
y=x%> —9x* +17x +2 bao nhiéu tiép tuyén ?

a) Mot tiép tuyén b) Hai tiép tuyén

c) Ba tiép tuyén d) Khéng c6 ticp tuyén nao.

Vi gia tri nao cha m thi qua diém A(0 : 1) trong mat phang Oxy khéng c6

2x? +mx+m

duong thang nao tiép xic vai do thj (%;) Ty= ?

x+1

aym < bym<1 )-1<m<|1 dym>-1.

4
Cho diém Me(¥'):y ="7—3x2 +§ ¢6 hoanh d6 x,, =a. Vi gia tri nao
ciia a thi tip tuyén véi db thi (F') tai M sé cat () tai hai diém nira (khac
véi M) ?
a)a= -] bya=+I1
c) ~B<a<3 d) Ca b) va c) déu ding.

Tép hop cic diém M(x,, ; ¥y, ) ndm trén dudng thing (d) x = —1 ma tir d6

2
c6 thé ke dugc dén dd thj (¥): y= X tx+l it nhaAt mot tiép tuyén thi Yu
X
phai thoa :
a) y,, <-1 b) yy 2-1 c) yy <-1 d) -l<syy <l

Tap hop cic diém M(x,, : yy ) ndm trén dudng thing (d) : x = - t ma tir d6
c6 thé ke duge dé db thi (¢): y= @ ba tiép tuyén, trong d6 c6 hai
tiép tuyén vudng goéc nhau thi y,, phai thoa :

Dy=14 B yy=1-B  Oyy=1:V3  d)yy =

Dé diém M(x,, ; yy ) nam trén dudng thén-g (d) 1 y = =2 ma tir 46 ¢6 thé ke

dugc dén dd thi (¢ ): y =x>(x-3)+2 ba tip tuyén thi x,, phai thoa:

a) Xy #2 b) xM<—lv%<xM;¢2

5
c) -1<x, SS d) x,, €.
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139.

140.

141.

142.

143.

200

Tép hop cic diém M(xy ; yy ) ndm trén dudng thing (d) 1y = -2 ma tir d6
c6 thé ké duge dén db thi (¢): y=x2(x-3)+2 ba tiép tuyén, trong d6 co
hai tiép tuyén vudng géc nhau thi Xy phaithoa:

a) XM:_% b) xM=—§—3- c) xMz——i—z d) x,, =2.

4

: : TN 2x -t . :
Pé tir cic diém M(0 ; b) ké duge dén dd thi (¥): y="""" hai tiép tuyén
. X"

- thi b phai thoa :

a)O:tb(i b)b<i
3 3
) —isbsi d)0¢lbl>i
3 3 3

Biét ring voi 0=b <%thi tir.cac diém M(O ; b) ké duge dén dd thj (¥ ):

y = 2x —— hai tiép tuyén. Khi d6 phuong trinh dudng thang néi hai tiép
NE

diém 1a:
2b b 1-b
==X+ — b)) y=—x+——
a)y 9‘< 3 )y > 3
b 8 2 3b+8
=24+>-b d) y=—bx+ A
Vy=Egrgx ) y=—ghxr—y

Cac didm M(O0 ; b) nam trén truc tung ma tir d6 co thé ké duoc it nhat mot
tiép myén dén db thi (‘f) y= m thi b phai thoa :

a)0<bz< b)0<bx) c)0<b<t d) be{0: +1}.
Xét cac ménh dé sau :

(i) Ton tai duy nhit mot tiép tuyén tai diém ubn cia 46 thi ham sb
y=ax’+bx’ +cx +d(a=0) “

(ii) Khong ton tai mot tiép tuyén nao di qua tdm ddi ximg clia d6 thi ham sd
:ax+b(ad:tbc).

cX +
(iii) Khong ton tai mot tiép tuyén nao di qua giao diém cuoa tiém can dimg va
. NS S Ax’ +Bx+C a . % .
tiém cén xién coa do thj ham sb y =————— (nghiém cua mau khong

+b

- 1a nghiém cba tir)



144,

146.

147.

148.

(iv) Ludn luén ton tai mot tiép tuyén di qua diém cyc tri cha ham sb

cy=ax'+bx’+cla=0).

Ménh dé nao dang ?

a) Chi (i) va (ii) b) Chi (ii) va (iii)

¢) Chi (i) va (iv) d) Ca (i), (i), (iii) va (iv).

Trén dd thj (€ ): y :%ﬂ ¢6 bao nhiéu cap diém M, va M, dé cac
tidp tuyén tai M, va M, song song voi nhau ?

a) Hai cap diém M, vaM, b) Ba cap diem M, va M,

c) Mgt cap diém M, vaM, d) V6 56 ciip diém M, va M,. |

Phuong trinh tiép tuyén chung ciia ho duomg cong (\’r'f“ ) :

y=mx" -22m+Dx+4m+1,Ym=0 la:

La)y=2x+1 b)y=1-2x c)y=2x-1 dy=1-x
Tap hop cac diém trong mit phing Oxy ma tir 46 c6 thé ké duge dén dé thj
(¢):y= 1 i tiép tuyén vudng géc vai nhau I3 ;
X

a) Durdmg tron tdim O ban kinh R =4
b) Mat phang Oxy bo di hai dudng tiém can clia (%) )
¢) Phan mat ph:‘ing Oxy chan boi hai tiém cin c6 chira hai diém cyc trj clia (%)
d) Pudng tron tam O, ban kinh R = 2 b di bbn diém la giao diém cia duong
tron nay voi hai dudng tiém ¢an cia ((5)
Vi gia trj nao cua m thi duong thing (d) : y = x + m va dudmg cong (¢):
y = X(4 — x) ¢6 hai giao diém phén biét ?

9

4 9 4
— by m«— ¢ <= d >—,
'a)m<9 ) 2 ) m a )m 9

Véi gia try nao coa m thi db thi (%’) y= x> +mx2 —m cit truc Ox tai ba
diém phan biét ?

33 3f

a) |m|>—2- b) Im|>—==

3f < J'_

¢) 0#|ml>=—= d) 02|m
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149.

150.

151.

152.

153.

154.

158.

292

V&i gia tri nao ciia m thi d6 thi (€): y =x* =3mx* +3(m> = )x—(m> -1)
cat tryc Ox tai ba diém c6 hoanh 46 duong ?

a) m|>1 ’ b)\/i<m<l+\/5

c) ~Same<-t d) Mot két qua khac.

Hay cho biét diéu kién ctia a va b dé dudng thing (d) : y = ax + b cit dd thj
(¢): x> ~3x? —9x +1 tai ba diém phan biét A, B, C ma AB = BC theo thir

“tu do. .
aya+b=—10Aa>-12 b)a+b=~10Aa>12
c)a-b=5Aa>-10 d)a-b=10Aa<s5s.

Khi d thi (¢, )cua ham s6 y=2x*—x’ —a cit trpc Ox tai ba diém co

hoanh do x,,x,.,x; thi gia tri ctia tong x] +x3 +x; la:
a)2 b) % c)x2 d) 1.

Khi a6 thi (*¢,)cia ham s6 y=x"—3ax’ +4a’ cit dudng phan gisc thir
nhit tai ba diém phan biét A, B, C va AB = AC thi gid tricoaa la :

a)0 b) [?_ c) '—ﬁ d) 0,+ ﬁ
2 2 2

- V§i gia tri nao cia m thi dd thi (%m) y=x'-2x* —x? + 2mx cit tryc Ox

tai 4 diém c6 hoanh dd lap thanh mot cfxp sb cong ?
aym =12 b)m = +1 om=| d)ym=0.
Véi gia tri nao cla a thi dudng thang (d) : y = ax + 3 khéng cht dd thi (¢):
_3x+4
x—1

a)-28<a<0  b)a20 ¢)2<a<27  dyae[1;2])

Véi gia tri nao cha a thi duong thang (d) 1y = x — | cét do thi (ﬂ):

y=_X FX*2 i hai diém phan biét ?
X+a
a)a<—6—4\/8 b)a>—6+4\/g
-c)a<l—6—'4\/5va>—6+4\/5 d-1<a<]l.



156.

157.

158.

159.

160.

161.

162.

163.

V§i gia trj ndo cia m thi phuong trinh @ x* +4x +

_Véi gid tri nao cua m thi dudng thing (d) : y = —x — 4 cit d6 thj (ﬁ,)

x +(m+2)x-m

w— tai hai diém dbi ximg nhau qua dudmg phin gisc
thar nhat ?
aym= | bym = -1 cym=2 . dym=-3.

Vé&i gia tri nao cia m thi dudng thfmg (d:y=m-x cit db thj (¢):

2 . . , .
X 2x+2 tai hai diém do6i ximg nhau qua duémg thing (A): y=x+37?

x—1
a)m =39 bYym=9 ¢)m=-9 dym=-3,

Vai gia trj nao cua m thi phuong trinh ¢ x* =3x+1-m =0 cd ba nghi¢m
phén biét ?

aym >3 b)m <~1 ¢)-1<m<3 dym=-1.

- Vi gia trj nao cia m thi phuong trinh : x* -3x+1—-m =0 c6 nghiém kép ?

aym=2 bym=1 c)m=-1 dym=3.

Vi gia tri nao cia « thi phuong trinh : 4x* —3x —cos3a =0 luén luén cé
ba nghiém phan bi¢t thudc khoang (-1 : 1) ?

T
v Ba==
a)vVa ) a p
c)outan(keZ) ’d)a=%’f(kez).

log, m]A|x+ 61-3=0 co6
2
4 nghiém phan biét ?

a)ym<-14 bym<2 c)m>'~ d)y m>2".
Véi gid trj nao ciia m thi phwong trinh x* —3x = 22m 1 c6 ba nghiém phan biét ?
. m- +

a)vm - b) -2<m<2 c)0sm<2 d)-2 <m <0.

Véi gid tri nao cia tham sb k thi phuong trinh : x* —2x =2 :ﬁ c6 ba
x—

nghiém don ?

a)k <-2 b) ke c)-2<k<0 d)k=0.
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164,

165.

166.

167.

168.

165.

170.

171,

294

Phuong trinh 2x* - #xz-l +1=0 c6 nghiém :
ayx=0 b)x=-1
c)x=2 d) Mét nghiém khac nita.
Tuy theo tham sé m, phuong trinh : x +m’ - m -1=0 conghiém la:
ayx=m-1 . b)x=m’l—l
) x=m—l+m’ d) Mot két qua khac.

Vi gia tri nao caam = 0 thi: m2x* —zxz +m=20,Vx

a)ymz=1 b)02zm<I ¢) Iml <1 dym = t1.

Cic sb a va b phai thoa didu kién nio dé

y =1 (x)| =[8x* +ax? + bl <1, ¥x ef[-1:1]

aja=1,b=-8 b)a=-1,b=8 c)a=Ib=l dya=-8,b=1.
Db thi (¥,) ctaham s : y=(m+2)x’ +2(m+2)x> =(m +3)x - 2m +1
¢6 ba diém co dinh A, B, C thoa : _

a) AABC déu b) AB = kAC

¢)A, B, C théng hang d)Ca b) vac).

b thi (¢,): y=(m-3)x’-4(m-3)x" ~(m+Dx +m, cé ba diém cb
- dinh va ching ciing nim trén dudng thing :

a)y=-4x+3 b)y=4x-3 c)y=4x+3 ~ dyy=x-3.
Phurong trinh dudng thing (d) di qua hai diém cuc trj clia do thj (ﬁ‘)
)y'=x3 -3x?-9x+m,Ym c6 dang :

a)y =—8x ) b)y=-8x+m-3

c)y=8x+m-3 d)y = 8x.

Phuong trinh duong thing di qua diém cuc dai va diém cyc tiéu cua do thi
(€. ):y=-2 +x+t-m(x*-1) :vm ta: ~

2 b

m- m- 17

a) y=—x+1 b) y=—x+—

)y 9 X )Y PR
17 m? 2} 17
c)y=x—-—m dDy=| —+=[x+1+—m.
Oy=x-i3 - ”[9 37 T s



172.

173.

174.

178.

176.

177.

2
ey ax" +bx+c¢ u . - "
Gia sir ham sb y=,—b,(a,a' #0) ludn ludn ¢é cuc dai va cyc tiéu.
a'’x +

- Phuong trinh dudmg thing qua cac diém cyrc trj cia dd thi ham s6 1a:

a ba' -ab’ a
a)y= ) + 0 b)y=_,

ax a’ a
c)y=£?—x+£, d)y=—a—,x+£,.

a a a a

Phuong trinh duong thing qua hai diém cuc tri cia 45 thi (¥, ):

X 4+mx+1 |,

=— la:

. x—1

a)y=2x + m (m >-2) b)y=2x+m(m<-2)
c)y=-x+2m(m<-2) d)y =—x+2m(m>-2).

Ba diém udn néu c6 ciia 46 thi ham s6: y= zx- phai ciing nam trén
_ X" =-3x+3

dudng nao sau day ? ‘

a) 3y’ =x b) x2+y’ =3 c)y=§ d) y2=§.

Gia sir db thi (%,): y=— "; ;VmeD, c6 3 diém udn thi ching phai
X+

ciing ndm trén dudmg nao sau day ?

2
x° +3m X—-3m
= = b =
a)y 2 )Y 2
c) y’ =mx ‘ d) y=%x+%m.

S& lugng cac diém cyc trj cua dd thj ham s6 : y=x*—x>-5x? +1 12 bao
nhiéu va chiing cing ndm trén dudng ndo sau day ?

a)2va y=2x’-3 b)2 va y’ =3x

5 : 43 , 5§
A)3vay=x"+1 d3Iviy=—>x" ——x+1.
) y ) y 6 7%

Duong thing qua cic diém udn cia db thi (¥¢,) cua ham sb :

y=f(§()=x‘+x3—x2+m 1a:
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178.

179.

180.

181.

182.

296 -

‘ [8~2s/§ 8+2J5
c¢) x=0

a) —2—-x+m—l% b) —Eyurm-B
Y= 1s 13 Y= 7
15 : 7

=m-— d) y=—-x+m.
€)Y 24" VY=0

Tap hop nhimg diém nim trén duomg cong (&,) @ y=x+2x +3x+m

m
r

ma tai d6 tiép tuyén vai (€, ) cling phuong vai dudmg thing (d) : y = 2x + |
12 dudng cé phuong trinh la :

a) x2+y’ =0 _ b)x=- 1

¢) x= ! d) Ci b) va c) déu ding.

3
Goi A va B 1a hai giao diém cia dudng thang (d) di qua M(1 ; 4) va parabol

(P) : y=x’. Tap hep cédc trung diém [ cia doan thing AB la dudng cé
phuong trinh :

a) y=2x>-x+2 b) y=2x" —2x+4

X2
c) 2x - x* d)y=T+x—2:

C=2mx+m?+2m+2

Cho hg dudng cong (¥¢,,) : y= . Tap hop cde giao

xX*+m’+m+3
diém cia (¢, ) vai truc Ox la dudmg c6 phuong trinh :

a)y=0[x5——;—] b)x:O[y$~%]

1
=1 = dy=-1.
<)y (Dz) )y=-1

x? =2mx +m’ +2m+2

Cho ho dudmg cong (¥, ) : y= . Tap hop cdc giao

X+m’ +m+3
diém cda (¢, ) vai tryc Oy la dudng c6 phuong trinh :
a)y =1 b)x=-1(y22)

8+2\/—5-]‘

<y< d) x=0 <
ir Y 11} )X [M T

Tap hop cac diém trong mat phing Oxy ma tir db c6 thé keé dén (¥) :

CXT=XAD e . .
= -——!— hai tiep tuyén vuong goc vai nhau la dudmg c6 phuong trinh :
x —



183.

184,

18S.

186.

187.

a) x* +y? =27 (b di 4 diém) b) (x—1)* +y? =27 (b6 di 4 diém)

c) (x-1)F —y? =27 (bo di 4 diém) d) x> +(y—1)’ =2 (b6 di 4 diém).

Goi A va B 1a hai giao diém (néu c4) ciia hai dudmg :

(¢):y=x'+2x"+7va {ﬁ‘} Dy = 43¢ mx 1.
Tap hop cac trung diém | cha doan AB la dudng coé phuong trinh :

a) y=x"-2x+3 b) y=x*-4x
¢}y =4x" +4x” +18x +19 d)y= X)H-
x" +1

Goi A va B 12 hai diém di ddng trén parabol (P) : y =x*. Tap hop cac trung
diém [ cia diy cung AB 1a dudng c6 phuong trinh :

2x +1
) y=x+- b) y =22+
X . X~ +1
¢) y=x+3x+1 d)y:x2+-——,1-—.
4x° +1
. x’ -mx-6
Tap hop cic tam doi ximg 1 cia hg duong cong (%-m): y=——-2~—-— 1a
X+2m
dudmg cé phuong trinh :
a)y=x"(x#1) b)y=%x(x¢2)
¢) y=x (x=£2) ' d)yy=1-x(x=-1).

Goi M va N la hai giao diém cua dudmg thang (d) qua A(l ; 2) véi duong
cong'(?k) cy=x' —4x2 +4x +1. Tap hop cac trung diém [ cua doan MN
1a duong :

a)y=x-11(x>3) b)y=1-x(x>-13)

3(3. 1 1'] .
C)X=—|=—#2y>— d) y=x"(vx).

) 5 [2 Y>3 )y
Cho parabol (P) : y =x’ —2mx+2m—1. Goi A va B 1a hai giao diém phén
biét khac gde O cua (P) viri truc Ox ; C la giao diém cia (P) vdi tryc Oy. Tap
hop céac trong tim G cia tam gidc ABC la duong :

a)y=3x3—‘ [x#%,%] b) y=—x (x=0)
c)yz—x-+1(x¢l) d)yy=x> -1 (x=+l).
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188.

189.

190.

191.

192.

193.

298

g

Nhimg diém trong mét phing Oxy ma tiém cén xién cia ho duong cong (fa ) :
x’ +3xcosa . .
y=———diquala:
X +4sina )
a)y=x-95 b)y=x+5
)x-5<y<x+5 . dy (y-x)’-25=0.
Quy tich trung diém cia doan thing néi hai diém cuc tri cia dd th (f;“) :
x24x+m |,
y=—7— la:
X" -1
a)y=x+3(x>1) b)y=-x+3
c)y=-xX(x>1) d)y=%X+l(lx|>l)n
Cho h¢ duong cong (‘6.0) : yz(—Kcos‘O)(x—Ksm‘O) véi 96[0:%]
X
va X > 1. Quy tich cac diém cyc tiéu cia (¥, ) 1a:
-2 A
a) y=2x-2A T£x<0 by y=2x-A 05x<5
c)y=x+2A d)y=x-A

Khoang cach ngin nhit gira dudmg thang (D) : y = x ~ 2 va parabol (P) :
y=x>-2x+2m la:

8 2 8 3
Cho parabol (P) : y =-x + 4x va hai diém : A(—4:0). C(x ; 0), Vx € [0 ; 4].

Tim diém B wy y trén (P) sa0 cho AABC (C =90°) ¢6 dién tich lom nhit.

b)B[4f:I6(\/§—l))

3
o B 7 1 Vi-4] & B(442:4-45).
V3
3 I
Tur diém M wy y trén (H) ; y:x—-hl' ta ha MH, MK vuéng géc vai hai tiém
x -—
cén dimg va ngang theo thir tyr do. Tich 50 MH.MK c6 gia trj khong dbi fa :
: 16
a)4 b) —
) ) 3
7 _ N AR
c) > d) Mot ket qua khac.



194,

198.

196.

197,

198.

199,

X+2

Cho duong cong (¥¢) : y= Tim diém N e(%) sao cho téng khoang

X -

cach tir diém d6 dén hai truc Ox va Oy 1a ngén nhat.
a) N(v3:1) b) N{(1-v3;1-3)
©) N(2—\/§;3—\/§) d) N[—l;—%}

x'+1

Lap phuong trinh tiép tuyén cua @b thj (¢) : y= , biét ring tiép

. T 1
tuyén d6 tao vai hai truc Ox, Oy mot tam giac cé dién tich S= 3 (dvdt)

: 9 3
a)y=x+1 b) y=—/=x-—F
d TR
c)y=-2x+3 d) Ca a) va b) déu duang.
Véi gia trj ndo cua m thi dudng thing (d) : y = — x + m cit d6 thj (H) :
= ixl+2 tai hai diém phan biét d6# ximg nhau qua dudng thing (A) :
x —_—
y=x+37?

aym=| b)m=2 cgm=9 dym=-9.
k)
Vi gid trj no ciia m thi 85 thi (¥, ) : y=——+3mx> -2 nhan K(1 ; 0) lim
m

tdam ddi ximg va (‘?m) ¢t truc OX tai ba diém phin bi§t cé hoanh d§ tao
thanh mot cép sb cong ?
aym=| bym=-1 ¢ym=3 dym=-3.

X +2m’x + m?

V&i gid trj nao cia m thi trén duong cong () : y 1
X +
hai diém ddi x{img nhau qua goc O ?

ﬂ)m>£ ’ b)m(-ﬁ
2 2
V2 2 V2
C)l¢|m|>“‘£— d)lTI(—TVm)T.

Véi gid i ndo cia m thi dwomg thing (d) : y = m cit 88 thi (¥) :

‘ y:x+%———l—l tai hai diém A va B ma OA L OB?

X+

1+43. b NS J3+1
ym=— ¢)m=

Aym=— 2 2

dym=2.
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200. Véi gia tri nao ciia k thi tiép tuyén (T) v5i db thi (&) : y=x"—kx+k-1
tai giao diém cua (‘F/{) vai tryc Oy chin trén hai truc toa dd mét tam giac c6
dién tich 1a 4 (dvdt) ? ‘

a) k=512 )k, ,=5£2V6:k; , =—3222
c)kL2=—3+2J§ d)k,=5—2J€;k2=—3—2Ji
DAP S0

b | 2a 3c 4b 5d 6a Tc 8a 9d 10a
llc 12b 13d l4c 15b 16d 17a 18d 19a | 20b
2lc 22d 23c 24c¢ 25a | 26¢ 27¢ | 28b | 29d 30c
31b | 32b 33a 34c 35¢ 36d 37c 38b 309¢ 40c
41c 42c 43a 44c 45d | 46d 47c 48c 49¢ 50d

5tb 52¢ 53b 54c 55b 56a 57a 58c 59b 60b

61b 62¢ 63b 64d 65d 66d 67d 68b 69a 70b

7ib 72b 73b 744 75b 76a 77d 78a 79¢ 80b

8la 82c 83c 84d 85c¢ 86b 87b 88¢ 89d 90c

9la 92d 93¢ 94b | 95b | 96d 97b 98b 99b | 100a

101c | 102b | 103a | 104d | 105d | 106d-| 107d | 108b | 109d | [10a

Iid | [12¢c | 113a | 114b | 1I5b-| 1164 | 117d | 118 | 119¢c | 120a

1201d | 122¢ | 123b [ 124b | 125d | 126c | 127a | 128a | 129¢ | 130b

131c | 132d | 133c | 134a | 135d | 136b | 137c | 138b | 139b | 140a

141d | 142b | 143d | 144d | 145b | 146d | 147b | 148a | 149b | 150a

IStb | 152d | 153c | 154a | 155¢ | 156a | 157b | 158¢c | 159d | 160c

161d | 162a | 163b | 164b | 165d | 166a | 167d | 1684 | 169a | 170b

I71d | 172c | 1732 | 174c | 1754 | 176d | 177b ( 178d | 179b | 180a

181c | 182b | 183c | 184d | 185b | 186¢c | 187a | 188c | 189d | 190b

191c 1 192b | 193d | 194b | 1954 | 196¢ | 197a | 198¢ | 199a | 200b
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IIl. HUONG DAN GIAI - AP 88

§ 1. MIEN XAC D|NH
VA MIEN GIA TRI CUA HAM SO

11 -2<m<2:D=R ;m=-2:D=R\{-1} :m=2:D=R\{l};

m<-2vm>2: D=R\{m—\/r?—4;m+\/;1—?—4}

k2 a=3i4,b=3 1.3 D=R, T=[-1;1]

14 D=[1:3).T=[V2: 0]

LS a)D=R by D=[2: + ]

16 ax1

1.7 Tz[—E;Z] 1.8 t:[—l;ﬂ}
12 4

. § 2. AP DUNG MIEN GIA TR) CUA HAM SO
DE TiM GIA TRI NHO NHAT, LON NHAT CUA HAM SO

. 2 1
2.1 a)miny=—,maxy=2 b) miny=0, maxy = —
) y=4 y ) miny y N

. 3 3

22 2J2<k<2V2 23 mmyx—zgmaxy=5

§ 3. HAM SO LIEN TYC VA IPNG DYNG HAM SO LIEN TYC
DE CHU'NG MINH PHUYONG TRINH CO NGHIEM

31 a=1,b=-2

3.2 a=0:fliéntuctaix=0;a=0:f khdong lién tyc taix =0.-

3.3 Cdch ] - Xét f(O).f( m+ ] j
m+2

Cdch 2 : Ap dyng dinh li Lagrange vai ham sb
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34

36

3.7

4.1

43

4.6

302

f(x)=x"+8, 4.2 f(x)=

m+2 m+ m
Fox)=2__4 X" & trén doan [0 ; 1]
m+2 m+l m

Dt flx) = cosx + sinx - msinxcosx trén [g ; n] 4 f(g].f(n) <0.

Dat f(x)=x’ -x-2:f(1)f(2) <0 va ftang trén [I : 2]A
Taco x; =X, +2. ap dung BDT Cbsi cho hai vé x,, va 2.
Dat f(x)=ax" +bx+c: f(x).f(x3)=~%xfx§ <0

Xét ham s6 g(x) = f(x) - x : g(a).g(b) < 0.

§ 4. PHUONG TRINH HAM

X2 0)
3x

f(x)=—%+7;g(x)=-;£-%, 44  Tinh f{0), 1(;) va f(;]
a) t‘(x)=1x3+—l—x3+lx ’
3 3

b) S, = n(n+l)6(2n+l) .S, :%n(ﬁrn2 ~1).

a) Chirng minh bing phuong phap quy nap va ap dung ii).
b) Xét khoang (-1 ; ) chita 0, theo 1) f{x) > 0 Vx € L.

Vi x € R chon n kha lon dé |—

{<l.taco: f(x)>{ [%H >0,Vx

¢) Theo ii) fix + h).f(h) > f(x).f(h) = f(x)(1 + k)

= f{x + h) - fix) > hi(x)
Theo ti) f(x) = f{x + h).f(-h) > f(x + h).(1 = h)
hf(x)

= f(x+h)—f(x)<

d) f'(x)=f(x).Yxe R f(x)=¢",



51

53

54

S.5

5.7

6.1

7.1

7.2

7.3

7.4

§ 5. DUNG DINH NGHIA DE TINH BAO HAM
CUA HAM SO TAI MOT DIEM

f'(0)=1. 52 £{0)=0,f.(0)=1.
lim xsin—l-=0 (vi ifoxsinlsixl)vé khéng tn tai Iimsinl=0
x—0 X X x—0 X
-X néu x <1
f(x)=1 1 .
-— néux2xli
2
‘a=-3,b=3. 56 a=1,b=0.
a=-L £(0)=-1 58 a=1,b=1
2 8 2
§ 6. DAO HAM CAP CAO
) _ . nmn ) __ o, nm
a)y —sm[x+—2—j b) y --cos[x+—2—j
¢) y(nl =(-l)“_| (- ])'L“ d) y(u) —a"e™
X
(-1)" n! 1 l
e) (n) =(n+x)e‘ f Lo 2 d l: n :'
g ’ 2 G0 o
§ 7. CONG THU'C LAGRANGE
Xétham s F(x)=x" véi xe[a:b]

Xétham s6 f{x)=tanx v&i xe[a;b]
Chirng minh ham s6 f(x) = xIn ['l + lj ting trén (Q ; +oo).
X

Xét ham s6 g(x) = Int v&i te[x 1 x +1].
f(0) = f(1) = 2.
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7.5

7.6

8.1

8.2

304

Xét ham sb f(x) =

Dung phan chimg. Gia sir f(x,)=f(x,}=0 v6i f(x)=x"-3x+m va

0<x,<x,<| suyra f'(x) =0 c6 nghiém trong khoang (0 : 1) (V4 1i).

a 5 4 ¢ .
mre 4 x™ M = x™ véi xe[O;l].
m+2 m+] m

§ 8. HAM SO PON DIEU

a) : b)
X |-o0 =3 -1 1 +00 X [=00 0 p) +00
v - 0+ 0 - 0+ y + | - 0 +

400

c) d)

‘N N NS

x |-00 -1 1 +00 X |=® 0
}_,/ + 0 - 0 + V- 0

¢) Ham sd ddng bién trén R.

ifm<-7vm>5

m -3
X |-o0 5 +00
Y’ - b -
1N H N

ii)-7<m<S$

m-3
X |—oo 5 +00
y' + ] +

iiym=-7: y=—%(x¢—2), ivim=35; yzl[x;t%‘l

T~ SN~



83

84

8.5

8.8

89

9.1

9.2

93

9.4

KHAO SAT HAM SO - 20

aym2>4;

a) |m|<~l-;

V6

m<-3

4
a)ag<——
) 3

b)-1<m<1

b) ms>i ;
12

8.6 —lSaSi
12

5
by m<—;
) 3

y'=acosx-bsinx+120,VxeR

el-VJal+b?20oal+bl<l.

c) —lSmsi
12 12
87a<2-3

c)m>7

§ 9. AP DUNG TINH BON DIEU CUA HAM SO
DE CHU'NG MINH DANG THUC, BAT DANG THUC

a) bit f(x)=x—sinx;g(x)=sinx~x+% voi x> 0.

2

b) bat f(x) = xsinx +2cosx véi xe[o;g}

Xét ham sb f(x)=sinx+tanx—2x véi x € [0 : —’25] va ap dung BDT Cési.

a) Xét ham sb f(x) =sinx+tanx —2x véi xe[O;

 Xétham sd f(x)=x*-ax?-bx-c.

¥

Chimg minh f(x)>0, ¥x € [o : g] Thay x = A, B. C réi cng lai.

b) Xét ham s6 f{x)=2sinx + tanx —3x véi xe|:0;12t-].
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§ 10. AP DUNG TiNH PON BIEU CUA HAM SO
DE GIAl PHUONG TRINH, HE PHUONG TRINH
VA BAT PHUONG TRINH

10.1 - x=y=

oA

10.2 a)Pat t=5" >0;S={~. 2+Iog5-;—}

b) Dt y = log, cosx <> cosx =2" va tot x=3",

}
; L, , cos” X
Ap dung cong thirc cot’ x = — ta dugc :
I -cos™ x

[ZJ =3 +l<:>v=-lc>x:£+k2n
4) . - 3

) bat t=log3(x+l);S={2;_%(ll

d) Bt f(x)=[2‘4‘5] +[2"4‘/§] -S={1}.

103 a)x=9: b) x =4.
104 Dat 1=vx* - 5x+5 va (1) = log. (1+1) + log, (% +2)

SZ!L"S_anjU[S:@ :4J

10.5 Dit t=log,x:S=1{2}

10.6 a)Xélhéms(')f(x)=(%] +[%J ;S=(—m;!)‘

b) Xétham sd f(x) =2 +3"" + 557 ;S ={1; w]

c)S=(-o; O)U[l L+ ).

107 limS, =+
p

X—pae

tad



- §11. PIEM CUC TR]| CUA HAM SO
11.1 a) Ham sb dat cuc dai tai x = — | va dat cuc ticu taix=1.
b) Ham sd dat cyc tif:u tai x = -2 va dat cuc dai tai x = /2.
¢) Ham s dat cyc tiéu fai cac diém x =—%+k2n va dat cuc dai tai cac
diém x =3—47£+k21t (keZ)

d) Xét hai truémg hop n chin va n 1.

e) Ham sd dat cyc dai tai x = 2 va dat cyc tiéu taix=1,x=3.

11.2 0<a<—l—— 113 m<2. 114 a=-2,b=1.

N
115 a<-2.
11.6 a) 1v\/:’-SmleMﬁ.m:—l. bym> 1.
3 3
1.7 m<l. 1.8 a=k21t,a=§+l21t (k./eZ)
119 m<—L
9 me-—.

§ 12. CUC TRI CUA HAM SO
VA DUONG THANG DI QUA CAC DIEM CYC TR

12.1 d=4+5. 122 —3<m<%

123 m< I7vm>4+\/ﬁ:y=—§(m3—8m—l)x+§(in3+m3+3m+2)

124 [m{>V3;yy, =m>+24>0, Ym.

1—J§v 1+5
>

128 m< m>
2

307



12.6 Tim diéu kién dé y' = x* —6x +3(m +2)x — (m + 6) c6 ba nghiém phan biét.
127 |ml>V3;y=2(3-m’)x+6m-5.
128 y=—(m-3)x-1-(m-1){m-2)

k<0: m=3%v—k,k=>0:khong thn tai m.

§ 13. GIA TRI LON NHAT
GIA TRI NHO NHAT CUA HAM SO

13.1 a) maxy=\/§,miny=-l, b) maxyz%,miny:—-i—
c) mi")’=l d)maxy=§,miny=—3
2 2
13.2 a) max(x;‘-&xg):}{i.min(x,‘+x§)=_¥
133 p=1J/2
13.4 a)a=—‘1-“9—; b)a:3’a=-£
4 2
13.5 a=—l,a=l+\/_3_
| LLIGVRNIES -
13.6 maxy= ' . miny = ——

] P
I+§m3 néu lm| <2

13.7 Dt x=%+E (Ix{>2); miny=-2.
a

av6
a3

13.8

13.9 Chiéu cao hinh nén x = R(2 + \E)
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§ 14. AP DUNG GIA TR] NHO NHAT, LON NHAT
CUA HAM SO DE CHUPNG MINH BAT DANG THUC
14.1 minyzZ[-;-] . Apdungvéic=a+bvax=a.
142 m>V2.

3
143 a) Dat t=sinx +cosx, f(t)=—-%+32—t ;te[—ﬁ; \/—ﬂ im<—1.

4

by mx'—4x+m20o m> 4x ;mz@.
x*+

- c) 0<m<L.
27
144 f(x)=x*+px’ +q20, VxeR
@minf(x)ZOQ-37"3%+qzo@256q3 >27p*

145 a)Pjt t=x’+4x+420, m<-2,

b)Pat t = 2x, ()t <1).
I+ x”
c)Pat t=Ix-21; -2 <m< 2.

146 a=-1: 1470<a<2; 1480<m<?2.

] § 15. AP DUNG GIA TRI NHO NHAT,
LON NHAT CUA HAM SO BE GIAI PHFONG TRINH, BAT

PHUONG TRINH
15.1 6‘/52_95ms3; 15.2 ms”4‘/g : 153 m< 3.
3x -2 |
15.4 Xét f(x)= [x>—].VaeR.
V2x -1 2
15.8 a)—i)-SmSI; b)25m<£: ¢) -1€mxg0.
16 8
| . n
15.6 a)sz, b) x=0- c_)x=2.
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§ 16. TINH Ldl LOM VA DIEM UON

CUA PO THIHAM SO
6 & 1
161 ayy =4 """ @ix=1,y" khong tdn tai.
. —-6x néu x > 1
X [ 0 1 4
y' - a0 - -

loi 0 I1om 0 loi

b) y,_(x+l)3(x—2)2.Iny,_lxz-x—Zl o)yt = -2
' (xz—m+l)2 x'-x+l 9(x +2)°
d
) X |—o6 I_E E—Q +ac
: 5 3 .
yw + 0 - 0 +
16.2 m=-1; 1632a=1,b=-3;
1 3
16.4 a)-y=—-(x-5) ; b) y==x:
)y\3 Yy P
c) y:l(x+3m) ) d) y=l(x+3)
4 4
165 aym>3 ; b)— 1 <m <4

16.6 —i <a<~l
10 4

16.7 y'=6ax+2b;y'=0<:>x=—£.
3a
a>0 _ a<o
x|-o0 -2 oo x [~o0 -2 4oo
3a 3a
v - + yv" + 0 -
Kl 4 C'B

16.8 a) Ap dung dinh li Viét trong phuong trinh bac ba.
“bym = 1.

16.9 Toa dd diém ubn thoa hé phuong trinh -
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§ 17. DUPONG TIEM CAN CUA PO THI HAM SO

171 a)Tiémcanding : x =% 1 ; Tiémcanxién:y=1x
b) Tiém can dirng : x =+ 1 ; Tiém can xién : y =|x|-1 |
¢) Tiém cén dimg : x=0
d) Tiém can dimg : x =0; Ti¢ém can xién : y = x
172 a)Tiémcanxiény=2x+m(m=0va m=1l)
Tiémcan dingx=mvéim=z20vam= )
b) Ti¢m cén ngangy =0
"Bién luan tiém can, xét

A;(m+l)2 va f(2m)=4m? +2m(m-1)-m=6m> -3m

3
[

| . 1
— :Tiém can &itng x =——
> em ca g >
m=0 :Tiém candimg x =1

1 ‘a A 4
m=0, m#E,m:t—] :Tigmcanding x=1,x=-n

m=—1:Tiém can &rng x = 1.

¢) m=0: Tiém cin ding x =— 2 ; tiém cdn ngang y = 6.

m=z0: m$~% : Tiém cén dimg x=—2 ; tiém c@n xién y =mx + 6 - 2m.

“d) Xétm > 0.
173 a=2,b=-3,c=0; 174 m=0,m=-2
175 a=1; : 176 L L
» s . y 2’ 2

17.7 y=mx+ | - 3. Tiém cdn xién qua A(] ; 1) cd dinh va khoang cach tir 0 dén
tiém can xién d<OA = J2 A ‘
17.8 maxC=6m khi tga=-2 ; 179 a=-3,
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§ 18. TAM DOI XUNG, TRUC 601 XUPNG CUA BO THI,
CONG THUC BOI TRYC

x=X-1
y=Y+1

x=X-1

18.1 Céng thirc dbi truc {
y=Y

; 18.2 Cong thirc dbi tryc {

18.3 Truc dbiximgx=1; x=1£4+10

184 aym=0,m=4, b)m=0, m=+4,
185 m=1; 186 m=1
18.7 Ding phuong phap chimg minh phan chimg.
T =X+2
18.8 DOoi truc {X y R 18.9 Tuong tyr vi du 5.
y =

§ 19. HAM SO BAC HALI .

19.1 b) Moi diém tvén truc hoanh.

19.2 a)a=-1,b=-2,¢c=4: c)y=2x+8.
19.3 M,[—ﬁ;z];M,[ﬁ:zj
2 2 N2 2
19.4 a) y=x+3 ;b) M,[—] ;lJ, Mj[»g;gj, M3[§;2—5]
2 2 N2°8 2 8

§ 20. HAM SO BAC BA
20.1 b)y=k(x-4)+4 v4i0<k=0.

20.2 b)m<0vm>4;m¢—%, 203 bym=11

204 byy=9x-15,y=9x+17; c)m=0,m=_%

§ 21. PHUONG TRINH BAC BA

21.1 —g<m<—-—. 21.2 m> 1 21.3 Khong tén tai m



-t<m«<lI

21.4 |m >3—2‘@, 21.5 Giaih¢ {y(m-1D.y(m+1) <0,
y(0) <0
216 a=c=0,b=-3, 21.7 a=-3
3
21.8 b) m<3;/—2_, 219 m =4,
§ 22. HAM sO BAC BON
22.1 b)h=—£,m=l2, 22.2 b) m=-1."‘ﬁs:ns'+‘ﬁ
19 3 3
223 b)m=2

22.4 Xac djnha, b dé x* - 4x° —ax+3—b:(x—x,)2(x—x2)2
y=-8-1.
228 b)a=0,a=14.

§ 23. HAM SO NHAT BIEN

23.1 S, =1,

232 aym=2,n=1, c)y=-3x-2

23.3 b)— 4 <m <4 : khéng c6 giao diém
m=+4:co | giao diém, m <-4 v m >4 :cé 2 giao diém
y=—2x-4,x¢ (—@;«2)u(0;+oo)

23.4 b) Tim giao diém clia do thi v&i cac dudng thingy = £ x.

L g 4 L. X+2
¢) Xac dinh k dé phuong trinh

=k{x+6)+5 cénghiém kép x # 2.

x_.,

4

I
LY



24.1

24.2

243

25.1

25.2

253

§ 24. HAM HOPU Ti BAC HAI TREN BAC NHAT

. 2sina +cosa+1=0 ., . |cosa=0
b) Tim a sao cho ,c)Gidih¢ <
cosa #0 sin“ o -cosa<0

m
b) A[O:—T

P4

]:y:f”"‘x-—‘}. k> 1.

a) y=x+2(cosa -sina): I(-2sina : cosa - 4sina)

b)Moia € R.

§ 25. CAC HAM SO HUL Tl KHAC

aym=—f,m=2

2 +4t-2
c)bat t=cosx (—1<t<1):k=—v—"
- +1
b)ym=0
t-1 ‘2 .
c) m:‘—-—-,—:m:,‘— véi x=t'>0
tT+2t7 -2 X" 4+Xx-2

aym<-2vm>2: m;t%(mix/m—z—4)

==2:xz2-1l.m=2:x=

-2<m<2 :moix € R.

‘m<-2:hai tiém can dimg & bén trdi tryc tung.

m > 2 : hai tiém cén déng & bén phai tryc tung.
Ody=4ax+1:y=(4+23)x+1:y=(4-2)x+1.
a=—x" —g—;a>—3

X
a=1.a=3:1nghiém.

11 -43

-

a<lva>3,a=2+ : 2 nghiém, 1 <a < 3; Vo nghiém.



§ 26. HAM SO VO Ti

262 -2

IA
>
A
9

§ 27. HAM SO MU - HAM SO LOGARIT

27.2 b) Ap dung ciua) vai u, = -Ed'— vl M = —;—(x, +Xy +o X, )

§ 29. PO TH) HAM SO €O CHUPA GIA TR| TUYET PO
PHEP SUY DO THI.

2|xl

29.1 a)-l<m<0; ' 29.4 b)mzH 1
x_.

xe[-l;Z].

§ 30. V| TRi TWONG DOl GICA HAI DO TH|

300 m<O0vm>1: 302 m=1J5

30,3 m=13; 30.4 a=—l,a-—-§, a:i.
2 3
9
305 m=2, 30.6 a=—g
307 m=0.m=-3: .
308 a)k<-3vk>1; bym<-1lvmz=3
309 k>1: 30.10 a=2

§ 31. PHU'ONG TRINH TIEP TUYEN

31.1 y=-3x-2

312 x, =1 thiqua M(x, : y,)€(C) cd hai tiép tuyén di qua. Néu x, =1 thi qua
M(1 ; 0) chi cé mdt tiép tuyén di qua 1a tiép tayén tai tiép diém M(1 ; 0).

313 aym=-3, b)y=x-3,y=xt1

314 AQ1:0) JLSA(L:0)
a<-4va >i

317 M(a: - 4)voi 3, 318 -":_3’(.‘ 1.
ax?2

oI
S



§ 32. DIEM CO D|NH CUA HO DO TH].
BIEN LUAN SO O TH| Bl QUA MOQT DIEM

32,0 A(-1:0): 32.2 (2:0)va(=2;0)

32.3 a)(2;0); b)%<m¢l

324 y=17x-2; 3285 m#+2 ;(2;2);(-2:2)
326 y>x'; 32.7 (0;0); (6 36)

32.8 Dudng thing x = 1 vax =0(y 2 0)
329 x-6<y<x+2.

§ 33. HQ PO TH| TIEP XUC
VOI MOT BUONG CO D|NH

330 y=-x-2tai A(-1:-1): 332 y=x+1

333 y="7+1; 334 y=x+2,y=x-6 3385 y=x- 1.

- § 34. BIEN LUAN SO NGHIEM
CUA PHU'ONG TRINH BANG DO THI

34.1 a)(0;-3),(3:0) bym=0,m=2, m=§

342 a)-1<m<0
b)a<—1:v6nghiém; a>-1:2nghiém; a=-1:1 nghiém.
343 b) m<2(1+\/5) : 1 nghiém ; m:2(l+\/_2-) 1 2 nghiém
m>2(1+ J2) 3 nghiém
c) —%S m <3 :vé nghi¢m.
34.;1 bym <-2vm>2:1 nghiém

-2<m<2vam=zzl:3nghiém: m=21vm=12:2nghiém
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34.5

34.6

34.7

34.8

349

35.1
35.2

353

355

kl
x4 x’ 41 3
—s——; m>c
X' +X 2

b) y:—x-\/g,yz—x+«/§

Xétham sé y = -

c) m<—JSvm>+/5 : 2 nghiém ; m =15 : nghiém kép ;

- S<m<vS : v6 nghiém.

* _ -1+
a) X, +X,=-2; b) k= I_2\/3.1(,k2=—|
a=1x3 : phuong trinh c6 1 nghiém am.
f+v3<a<3: phuong trinh c6 2 nghi¢m am
a>3: 1 nghi¢ém am ; “l<a<l1-43 : 2 nghiém am
a<-1:nghi¢gmam: I-V3<a<l+\3 : vO nghiém.
c)-6<a<-2,
§ 35. TI:\PHQPD(EM
bya=-3 c)y=3x+1
b)-9=2k<0. c)x=3;-23»y<4
b)|k‘>[§_,k¢1;y=25'_+3i+_%
2 2x +2
; =X+1
a) Céng thire ddi tryuc {"
y=Y+2
b) (x, —1) +(y,-2) =4 X2l y, #X, +1.

Tap hop Ia duomg tron tam I(1 ; 2) ban kinh R = 2 bo di 4 diém la giao cua
dudng tron vai hai duomg tiém ciin cha do thj ham sb.

J5 -1

a) cosa=———

M, (0:1), Mz[—H\/g : DJ.M{_]_\/E ;0]‘

-2 2
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36.1

36.3

371

37.2

37.3

374

37.8

37.7
37.8

318

J5-1

b)y=x’+1;0<x<

J5 -1
2

)a tap hop diém cyc dai ;

y:x3+l VoI

<x <2 latiphop diém cye tiéu.

Khoang cach I6n nhit gitra hai diém cye tri 1a 25 .

c) cosa=\/§—l.

§ 36. TiM CAC DIEM BOI XUNG NHAU

TREN DO TH}
m<90; 362 m<-1lvO0<m«<l],
M[15+J5_7‘15—J§),M[:5-J§7_|5+J§7]
"6 T 6 e U T3
_—x2+3x—6
- x-2
§ 37. KHOANG CACH
a)y=2x+% b))y =2x+4
[ J6 3]_ {\/Zq]
M| ——:= | M| —:=
2 2 2
m=-1
) 1 9
a) A[—l;——], B(3;—] b)m=iJ§
2 2 :
m=ﬂ : 37.6 ngu:—i
25 o3

A0 : 1), B(-2:3)
a) Cac diém c6 hoanh do -12. -6, -2.0, 6

b) A,['_i_z\/a ; -1'-\/6]‘ A1[~’+2Ja;-l+\/a].




Phy lyc
TRICH GIO1 THIEU MOT SO BE THI TUYEN SINH
DAI HOC (2005 - 2008)

NAM 2005

TRICH BE THI KHOI A

Goi (C,,) 1a 45 thj coa ham sb y =mx + 1 (*) (m la tham sd).
X

1. Khio sat sir bién thién va vé dd thj cia ham sd (*) khi m = %
2. Tim m dé ham sé (*) c6 cuc tri va khoang cach tr digm cuc tiéu cua

(C,,) déntiém can xién cta (C,,) bing %

Huomg diin gidi
1

1. Khi m=l‘tacéhi‘1m $0 y=1x+—.
4 . 4 X

e Tip xac dinh : D = R\{0}.
ODaohém:y'=l—L,=ﬂ;y’=0c>
4 x- 4x- X
e Gidi han :
. 1 . | U S
im|y-—x|= llm—=0:>y=zx la tiém cén xién cua do th.
X —>a8 X X

limy =0 = x =0 lxti¢m can dimg cua d6 thi.

x—=0

_e Bang bién thién :

X|=00 =2 0 2 + oo

T +o0 - - o~

, 1 +oo + a0
I Aop™N \ClT/v
-o0 -o0

» Diém dac biét : D thj khomg cét cac tryc toa d§.
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o D6 thi:

2. Xét ham so y:mx+l. taco: y'=m—~17 ; ¥ =0 c6 nghi¢m khi va chi
X X"

khi m > 0.
Néum>0thi y' =0

Xétdauy’:

y + 0 - - 0 +

Yeu +00 cT +0C
y AN \Y sl
-0 -0 . CT

Ham s ludn c6 cyec trj véi moi m > 6.

Diém cyc tidu cia (C,,) 1 M[—l- ; 2\/;]

Jm
Tiém cén xiéncoa (C,) la(d):y=mx o mx-y=0.

Goi dM, d) Ia khoang cach tir diém cyc tiéu M dén duong ti€ém can (d) cia
45 thi ham sb (*), thi
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Wa-2m Im
vm® +] vym? +1
. 1 Jm !

Tatd: d(M.d)= —= &> — =
\/5 Vi ? + 1 \/5

Vav vai m = | thi ham so (*) ¢6 cuc tri va khoang cach tir diém cyce tidu cua

\
NEX
'TRICH DE THI KHOI B

xC+m+Dx+m+1

d(M. d)

(C,) dén tiém cén xién ciia (C,,) bang

(*) (m 1a tham s8)

Goi (C,,) 12 db thi cua ham sb y = |
X+

1. Khao sit su bicn thién va v& db thi coa ham s (*) khim = 1.
2. Chang minh rang voi m bat ki, d6 thi (C,,) luén tudn cé diém cuc dai.

m

diém curce tiéu va khoang cach gitra hai diem dé bang J20»

Huong din gidi

A

) T+ 2x+2
1. Khim =1, tacé ham s0: y‘z$=x+]+-]—.
x+1 x+1
e Tap xac dinh :D=R\1--1J.
X7 +2x x=-2
e Daoham : y'=1- : ﬂz\ * ): y—0<:>[
(x+1)Y  (x+1) x =0.
e GiGi han : lim[y—(x+l)]= lim =0
N nex X+ |
= y=x+1 latiém can xién cia do thi.
IimI y =0 = x =~ {2 tiém c¢dn dimg cua dd thi.
e Bang bién thién :
x |-o0 -2 -] 0 +00
v + 0 - - 0 o+

-2 +

(==} CT + 00
4 Tep S ~
oo 0o 2

e Diém dac biét : DO thi cét truc Oy tai diém (0 : 2).
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e D thi:

S

a
—_—

et

2.Tacé: y=x+m+—]—t Tap xac dinh : D=R\{-1}.

X +1
by 1 —X(x+2)‘y'—0c> x=-2
(x+1)  (x+1P x=0
Xétdau y':
X |-o00 -2 -1 0 +00
vV + 0 - - 0 +
¥en +°O\ /+oo
Vv \
-o0 -00 Yer,

D4 thi ham s6 (*) luén b diém cye dai la M(-2; m —3) va diém cure tiéu la

NO:m+1).

Khoang cach giira hai diém M va N [a :

MN =\/[0—(—2)]2 +[m+D)=(m-3] = J20.

TRiICH PE THI KHOI D

Goi (C,,) 1a do thi ciia ham 6 y =%x3 LN +§

(*) (m la tham sd).

2



1. Khéo sat sy bién thién va vé dd thi cha ham sb (*) khi m = 2.
2. Goi M 12 didm thudc (C,,) c6 hoanh d bang —1. Tim m dé tiép tuyén cia
(C,) tai diém M song song v&i dudng thing 5x —y = 0.

Huong din gidi

1
Pox? -,

].Khim=2.tacéhémsé:yzgx 3

e Tap xac dinh: D=R.

=0
¢ Bao ham : y'=x2—2x;y'=0<s[X 5
. X

y'=2x-2;y'=0ex=1.

e Bang bién thién :

Y Cb 3 CT /
N ~
—eo  Ldi P/U -1

o Diém dic biét : Db thi di qua diém (-1 ; -1).
e Do thi:

.y 3
2. Tacd: y =x" —~mx.

KHAO SAT HAM 56 — 21 323



} c6 hoanh dd x = - 1 1a M[—l ; —ﬂj.

Piém thudc (C 5

m

Tiép tuyén tai M cta (C,,) la:

m+2

(A):y+g:y'(—1)(x+1)<:>y=(m+l)x-t

(A) song song vai (d) : Sx —y =0 (hay (d) : y = 5x) khi va chi khi :

m+1=35
oS m=4.
m+2=0

Viy khi m = 4 thi tiép tuyén cia (C,) tai diém M song song voi dudmg

thang Sx —y =0.

NAM 2006
TRICH PE THI KHOI A
Céu 1. 1. Khao sat sy bién thién va v& do thj cia ham s y =2x* —9x? +12x — 4.
Hudng din gidi
y=2x"-9x” +12x—4,
s TXD : R.

o Su bién thién : y'=6(x-3x+2), y=0x=1x=2.

Bang bién thién :

-00 | 2 +00
y’ + 0 - 0 +
v 1 +00
_/ ™~ 0 /

Yep = Y(D =1y =y(2)=0.
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o Do thi:
y A

@)
ro
<V

-4

TRICH PE THI KHOI B

Ciu 1. Cho ham sb y :u—_l
X+2

1. Khao sat sir bién thién va vé b thi (C) ciia ham sb da cho.
2. Viét phuong trinh tiép tuyén cia dd thi (C), biét tiép tuyén dé vuong goc

vai tiém cian xién cua (C).

Hiwong diin gidi

« Tép xé4c dinh : R\{-2}.

y'=0< x=-3 hoac x=-1.

e Swbién thién: y' =1 -

PIR

(x+2)

Bang bién thién :
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X |-00 =3 =2 -1 + 00
vl + 0 - - 0+
_5 + oo + 00
I 70N ~N
- 00 -00 -1

p =Y(=3)=-5 y , =y(-D=-L

e Tiémcan: -Ti¢m can ding: x=-2.

-Tiém can xién: y=x—1.

o D thi (C) :

Ll

N

2. Viét phuong trinh tiép tuyén vudng géc voi tiém can xién cia do thi (C) :
Tiém cén xién cua d6 thj (C) c6 phuong trinh y=x -1, nén tiép tuyén
vudnyg goc vai tiém can xién co hé sb goc 1a k = -1,

Hoaah d6 tiép diém a nghiém caa phuong trinh : y’' = -1

1 2

s=-lox=-2+——.
(x+2) 2

N5 32

Vai x:—2+73y_——3:>pttleptuyen la (d)): y_—x+2\5—5‘

2 V2

o1 -

Vdix=—2—,~2—3y=—7—3:>ptt|eptuyen la (d,):y =-x-2J2-5.



TRICH PE THI KHOI D

Ciau 1. Cho ham s y=x’ “3x+2.
1. Khao sat sur bién thién va vé dé thi (C) ciia ham sd d4 cho.
2. Goi d ta duong thang di qua diém A(3; 20) va c6 hé s6 géc 1A m. Tim m
dé dudng thing d cit d thi (C) tai 3 diém phan biét.
Hudng diin gidi
1. Khao sat sy bién thién va v& d5 thi (C) cia ham sé y =x’ ~3x+2.
e TXP :-R.
o Sir bién thién : y’ =3x* -3, y=0x=-1,x=1.

Bang bién thién :

X | —0o -1 1 +* 00
y’ + 0 - 0 *
y 4 +00
/’ \ , /7
-o0o

Yen =y(-D=4, y4 = y(h=0.
Do thi :

2. Tim m dé d cit (C) tai 3 diém phan biét
Phuong trinh dudmg thingd la: y =m(x-3)+20
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Phuong trinh hoanh d6 giao diém cuad va (C)la:

x'=3x+2=m(x-3)+20 < (x - 3Xx” +3x +6-m) =0.
Pudng thing d cit dd thi (C) tai 3 diém phan biét khi va chi khi
f(x)=x? +3x + 6—m cb 2 nghiém phan biét khac 3

{'A:9—4(6—m)>0 m>]—E
=4 4

f(3)=24-m =0 m =24,

NAM 2007

TRICH DE TH1 KHOI A

x? +2(m+l)x+m2 +4m

(1), m 1a tham so.
X +2

Ciu 1. Choham sb y =

1. Khao sat sur bién thién va v& dé thi cua ham s6 (1) khi m=-1.

2. Tim m dé ham s (1) ¢6 cyc dai va cuc tiéu, d6ng thai cac diém cyce tri

cua do thi cling vai goc toa d§ O tao thanh mdt tam gidc vuong tai O.
Huéng dan giii

1. Khao sat sir bién thién va vé do thi cta ham so6 (1)

Khi m=-1 tacé yzx__3=x—2+ ! .
X+2 X+2
e Tap xac diph : D=R\{-2}.
o Su bién thién :
., i X' +4x+3 x=-3
y=1- - = —. y=0o
(x+2) (x+2) x=-1
Bang bién thién : ‘
X |-o0 =3 -2 - -1 + oo
vl o+ 0 - - 0 +
v -6 + o0 + 00
-00 ~o0 -2

Yeo =¥(-3)=6. Yy =y(-1)=-2.



e Tiém can : Tiém can dimg x = -2, tiém cdn xién y=x—2.

eDdthi:

N\

e\ e m——————— )

1
)
L
1
)
1
1
[}
1
=}

2. Tim m dé ham s6 ¢6 cue dai va cuc tiéu va...

,_X2+4X+4—m2
(x+2)°

Ham sd (1) ¢b cyc dai va cuc tidu o g(x)=x1 +4x+4-m’ ¢6 2 nghi¢m
. e A=4-4+m?>0
phan biét x = 2 o i <m0
g(-2)=4-8+4-m #0

Goi A. B la cac diém cuc tri = A(=2—m; —2), B(-2+m; 4m - 2).

Do OA=(-m-2:-2)20, OB=(m—2;4m—2)#0 nén ba diém O, A, B

tao thanh tam giac vuéng tai O < OAOB=0o-m>-8m+8=0
i om=-4+2V6 (thoé_me‘m m = 0).

Viy gi4 trj m cin tim [ : m = -4 £ 26,

TRICH PE THI KHOI B
Cau 1. Cho ham sé : y=-x* +3x? +3(m? - )x “3m?-1 (1), m 1a tham sb.

1. Khao sét sy bién thién va vé& dd thi cia ham s (1) khim = 1.

2. Tim m dé ham s6 (1) €6 cuc dai, cyc tidu va cdc didm cue tri ctia dd thi
ham sb (1) cach déu géc toa do O.
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Hudng din gidi

I Khao sat sy bién thién va v& do thi cia ham sé

Khi m=1tacéd y=—x"'+3x>-4.

» Tap xac dinh: D=R.

o Syr bién thién :
Ty'=-3x?+6x,y =0<> x =0 hodic x=2.

Bang bién thién : '

X |-o0 0 2 400

vl - 0o+ 0 -

+00

W, — 0\_00

Yep =¥(2)=0, yr =y(0)=—4.

o D4 thi :
yA

o
=N

2. Tim m dé ham s6 (1) ¢6 cyre dai, cuc tiéu...

Tacd: y' =-3x> +6x+3(m’ -1, y =0 x> —2x-m? +1=0(2).

Ham sd (1) ¢6 cuc tri < (2) <6 2 nghiém phan biét
SA=m’>0=m=0.

Goi A,Bla2 didmecyctrji = A(I-m; -2-2m’), B(l+m;-2+2m"),

OcéchdéuAvéB <::~OA=OB<:>8m3=2mc>m=i% (vim#0).’
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TRiCH PE THI KHOI D

Céu 1. Cho ham s y ==X
x+1

1. Khao sat sy bién thién va vé @b thj (C) cua ham sé di cho.
. 2. Tim toa do diém M thude (C), biét tiép tuyén cia (C) tai M cit hai tryc
Ox, Oy tai A, B va tam giac OAB c6 dién tich bang %.
Hubng din gidi
1. Khao sat sy bién thién va vé dd thi cha ham sb
Tacéy =2—x = 2—L.
: X+1 X+1
e Tap xac dinh: D = R\{—]}.

‘o Sv bién thién : y'=i,>0, Vx eD.
(x+1)y

Bang bién thién :
X [-o0 -1 +o0
y + +
+00 2
2 -%0

e Tiém cén : Ti¢ém can dimg x = -1, tiém cdn ngang y =2.

bl

« Db thi : yA
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2. Tim toa d6 diém M...

Vi M & (C) nén M{x(, . -gi‘—’T] Phuong trinh tiép tuyén cia (C) taiM 1a
-+
/]
2x 2 2x;
’ =y (XX —Xy)+—2- >y = ~X + .
Y=yt O et Y 1Y (% £ 1)

s 2x,
= A(-x} ;0), B[O;ﬁ].

2
2%

(x, +l)3

!
. 2X2 4+ X, +1=0 =—
Tir gia thiét ta c6 : % { o7 Xo

3
1=x;

2xg =X, —1=0.

Véi x, -1 ta co M(—l:—2].
2 2
Vai X, =1 tacéd M(l: 1)

Vay c6 hai diém M thoa min yéu ciu bai toan |3 : M[—% 5 — 2] va M(1; ).

NAM 2008

TRICH PE THI KHOI A

mx’ + (3m2 -2)x-2

X +3m

Céu 1. Cho ham sé y = (1), v&i m 1a tham sb thuc.

1. Khao sat sy bién thién va vé& do thi cua ham sb (1) khi m =1.
2. Tim cac gia tri cha m dé goc gitra hai dudng tiém can cia db thi ham sé
(1) bang 45°.

Huwdng din gidi

1. Khao sat sir bién thién va v& dé thj cia ham sd (1)

Khim=1hz‘amsétrc’ythénh:y:ﬁ=x—2+ 4 .
x+3 Xx+3
OTXD:D=R\{—3}.
e Subidnthien: y'=1-— 4 _ X T6x+5 o =
(x+3) (x +3) x=-5
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®* Yop _'—')'("5):“95 Yer =y(-)=-1

eTCD: x=-3, TCX: y=x-2.

e Bang bién thién :

X|[-e0 -5 -3 -1  +eo
A + 0 - - 0 +
-9 + o0 + 00
Y / N N | A
-0 -o0 -

¢ Dé thi :

2. Tim céc gia tri cia tham sém...

mx? +(3m?-2)x -2 6m -2
= =mx+2+ .
X +3m X+3m

o Khi m =% dd thi ham sb khong tdn tai hai tiém can.

e Khi m;t% d6 thi ham s ¢6 hai tiém cén :
d:x=-3mox+3m=0. d,:y=mx-2omx-y-2=0.
Vecto phap tuyén cua d,.d, lan luot fa ;,' =(1;0), n_z' =(m;~-1).

Géc giita d, va d, bang 45° khi va chi khi

. [mna
cos4s5 = ——
) In,‘.n2

m| |m|

= & =
Jmiel  Jm2+1

S m==21.

NS
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TRICH DE THI KHOI B

Cau 1. Cho ham sb y=4x3 —6x” +1 ).

334

- nghiém {

1. Khao sat sy bién thién va vé do thj cia ham s (1).
2. Viét phuong trinh tiép tuyén ciia db thi ham sé (1), biét ring tiép tuyén do
di qua diém M(-1:-9).

Hicomg dém giai

1. Khao sét sir bién thién va v& do thi cua ham so (N

o TXD : R.
o2 . b) X =
o Su bién thién: y'=12x" —12x,y' =0 <:>[ l
x=1.
® Yop = y(()) =1, Yor = y(l) =-1.
e Bang bién thién :
X | —oo 0 I + 00
y + 0 -0 +
y | + o0
/V \ 5 /7
~o0

e D6 thi:

2. Viét phuong trinh tiép tuyén véi do thi ham sb (1)...

Puang thing A véi hé sb goc k va di qua diém M(=1: —9) c6 phuong trinh
y=kx+k-9.

A 12 tiép tuyén caa do thi ham sb (1) khi va chi khi h¢ phuong trinh sau c6
4P —6x* +1=k(x+1)-9  (2)

12x% -12x =k 3)



Thay k tir (3) vao (2) ta dugc : 4x> —6x? +=(12x* = 12xXx+1) -9

- x=-1
S (x+1)Y@x-5=0 5

4
e Véi x = -1 thi k =24, phuong trinh tiép tuyén la : y = 24x +15.

o Vi x =% thi k = R phuong trinh tiép tuyén 1a : y =%x —2.

4
.k L N . 15 21
Cac ticptuyéncantimla: y=24x+15 va y=—x—~4—.

TRiCH PE THI KHOI D

Ciu 1. Cho ham sé y =x’ -3x* +4 (1).
1. Kho st sy bién thién va vé 83 thi ciia ham s (1),

2. Chimg minh ring moi dudng thing di qua diém I(1 ; 2) véi hé sé goc
k(k >—3) déu cit do thj coa ham s (1) tai ba diém phan biét I, A, B dong

thai | 1a trung diém cia doan thing AB.

Hudng din gidi
1. Khao sat sy bién thién va v& do thi ciia ham sb (1)

e Tap xac dinh : D=R.

. s =0
© Su bién thién : y'=3x* ~6x,y' =0 | __
) x=2,
8 Yep =Y(0)=4, yor =y(2)=0.
e Bang bién thién :
X | -o00 0 2 +00
y’ + 0 - 0 +
4 +00
y /’ \ 0 /’
_w . .



3

6

e DO thy:

»y;;

4
_l R
[

2. Chimg minh ring moi duong thang...

Goi (C) 1a dd thi ham sb (1). Ta thay I(1 ; 2) thudc (C). Puong thing d di
qua I(1 ;2) vai hé sb gée k(k >-3) ¢b phuong trinh : y=kx —k + 2.

Hoanh do giao diém cua (C)va d 1a nghiérﬁ cua phuong trinh
X' =3xT+4=k(x -+ 2<:>(x—l)[x2 —2x—(k+2)}=0

x =1 (ing vdi giao diém |)
c> L

X —2x—(k+2)=0(").

Do k >-3 nén phuong trinh (*) co biét thiic A'=3+k >0 va x =1 khong
la nghiém cuia (*). Suy ra d luén cit (C) tai ba diém phan biét Kx, 1 y)),

A(X, YAk BOx, 1Y) VO X, X, langhiém cua ¢*).

Vi x, +x; =2 =2x, va I, A, B clng thuc d nén 1 14 trung diém cla doan
thfmg AB (dpcm).
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